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MEMOIR  No.  51. 
The  Secular  Variation  of  the  Motion  of  the  Moon's  Perigee. 

(Agronomical  Journal,  Vol.  Z,  pp.  78-74,  1890.) 

In  NOB.  220  and  221  of  this  Journal  appears  an  article  by  Mr.  Stock  well, 
in  which,  in  opposition  to  all  previous  investigators,  an  acceleration  is  found 
for  the  motion  of  this  element  of  the  lunar  orbit  The  introductory  history 
of  this  matter  given  by  the  author  is  incomplete,  as  he  passes  over  without 
notice  the  most  recent,  and  perhaps  the  only  correct,  determination  of  the 
coefficient,  viz. :  that  by  Delaunay  (Camptts  Rendus.  Tome  LXXIV.pp.  162, 
153).  Delaunay  finds  that,  assuming  —  1 270" »'s  as  the  value  of  nf(tf*— tf0')dt, 
the  coefficients  of  i-  in  the  motions  of  the  perigee  and  node  are  severally 
-39".986  and  +  6".778. 

Before  astronomers  accept  the  new  values  advanced  by  Mr.  Stockwell, 
in  order  to  judge  intelligently  about  the  matter,  they  doubtless  would  like 
to  know  how  it  happens  that  the  author  differs  so  greatly  from  his  prede- 
cessors. No  information  in  the  article  itself  is  given  on  this  point;  it  is 
strange  that  the  author  should  deem  this  a  matter  of  no  importance.  The 
explanation  is  not  far  to  seek  ;  the  quantities  e  and  o,  which  appear  in  the 
author's  equation  (1),  are  treated  as  though  they  suffered  no  periodic  pertur- 
bations. Yet  the  equation  is  not  true  unless  these  two  symbols  denote 
severally  the  eccentricity  and  longitude  of  the  perigee  in  the  instantaneous 
orbit  which  the  moon  is,  at  the  moment,  describing.  All  the  previous 
investigators,  while  they  do  not  employ  equation  (1),  have  employed  methods 
in  which  this  principle  is  tacitly  admitted.  It  should  be  pointed  out  that 
VOL.  IV. -1. 
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equation  (1)  is  not  in  the  shape  astronomers  generally  give  it.  It  appears 
that  the  lunar  elements  have  been  partially  eliminated  from  it  by  the  intro- 
duction of  the  differential  coefficients 

dv      A  dr 


But  the  method  followed  by  the  author  requires  that  the  elimination 
should  be  complete  ;  no  instantaneous  element  of  the  moon  should  appear 
in  the  equation.  Very  simple  equations  exist  suitable  for  this  purpose  ; 
such,  for  instance,  as 

•  dv  * 
lie  COB  (v  —  w)  =  i*     >  —  /* 


The  equation  would  then  take  the  form 

.  dv  r  .  dv*  ~|  ldR\  dr  r  .  dv^ 
d.  _*dtl*  &-*]•(  ft  rdtl*& 
3T  "  r  ,  ^  -i2  ,  .dr'dv' 

- 


in  which  the  right  member  is  expressed  purely  as  a  function  of  the  four 
quantities 

dr      -i  dv 


It  may  be  thought  the  equation  in  this  shape  is  too  cumbrous  for  use  ; 
and  so  it  is.  For  this  reason  it  has  not  been  employed  by  astronomers.  The 
method  followed  by  Delaunay,  for  instance,  involves  far  less  labor.  This 
method  furnishes  the  equations 


dR        dh_       dR 


But  it  is  more  convenient  to  express  R  in  terms  of  a,  e  and  y,  than  in 
terms  of  L,  G  and  H;  hence  we  write 


dw_   _lda      da  \dR      I  de    ,   de  \dR      I  dr    ,   dr  \ 
3t~       \3d  +  dH)d^~(m  +  m)~3i~\3G  +  JS) 


dR 


This  equation  holds  true  through  all  the  transformations  Delaunay 
makes  for  the  purpose  of  removing  from  R  the  various  periodic  terms  it 
contains  by  reason  of  the  action  of  the  sun.  In  these  transformations,  how- 
ever, e'  the  solar  eccentricity  is  treated  as  a  constant.  It  is,  however, 
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variable,  and  it  is  permitted  to  conceive  it  as  developed  in  ascending  powers 
of  t.  Hence,  wherever,  in  the  old  development  of  R,  we  wrote  d,  we  ought 
now  to  write  <tt  +  ft,  et  and  /  being  regarded  as  constant*.  The  new  portion 

of  R  is  then 

dR 


for,  limiting  the  determination  of  the  secular  variation  to  the  term  propor- 
tional to  f1,  it  is  not  necessary  to  go  beyond  the  first  power  of  t.  And,  in 
this  new  portion  of  R,  we  ought  to  make  all  the  transformations  of  variables 
which  have  as  object  the  removal  of  the  periodic  terms  of  the  earlier  portion 
of/2.  Again.it  is  plain  that  the  /.which  appears  in  the  still-remaining 
non-periodic  term  of  the  earlier  portion  of  R,  should  be  regarded  as  constant; 
that  is,  eft  should  be  substituted  for  it.  Also,  the  making  the  transforma- 

tions in 

dRn 
dTft 

is  the  same  thing  as  substituting  in  it,  for  the  three  coordinates  of  the  moon 
their  values  as  affected  by  solar  action.  This  being  done,  and  the  resulting 
function  limited  to  its  non-periodic  term,  it  is  plain  the  term  we  are  in  search 
of  will  be  given  by  the  integration  of  the  equation 


._        f 
J-     '  I 


da       da      fR      I  dt       dt  \  d*R      I  dr       dr     d>R 
- 


In  this  care  must  be  taken  to  have  a,  0  and  -y  of  the  same  signification 
in  all  the  factors.  When  we  neglect  the  inclination  of  the  lunar  orbit  the 
last  term  may  be  neglected. 

The  advantage  of  the  employment  of  such  a  formula  as  this  over  the 
one  employed  by  Mr.  Stockwell  consists  in  the  circumstance  that  since  the 
first  factors  are  non-periodic,  the  second  may  be  limited  to  their  non-periodic 
terms.  The  expression  is  correct,  however  far  we  may  wish  to  push  the 
approximation  in  reference  to  powers  of  the  solar  disturbing  force. 

It  would  be  impossible  to  give  here  a  redetermination  of  the  coefficient  in 
dispute  to  the  degree  of  approximation  adopted  by  Delaunay,  on  account  of 
it*  length.  Nevertheless,  some  approximate  statements  may  be  of  interest. 
In  another  place  I  have  found  (Astronomical  Papert  of  the  American  Ephemerit, 
Vol.  III.  p.  388), 
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When  we  neglect  the  inclination  of  the  lunar  orbit  and  the  solar  paral- 
lax, with  Delaunay's  notation,  we  have 


x  —  A'  — 

Thence  we  derive 

dR          ,pd.logr' 

d7  =  de'       ~~fc 

Here  it  will  be  sufficiently  accurate  to  put 


Then,  if  we  suppose  the  disturbing  function  and  its  derivative  contains 
severally  the  terms 

R  =  eM  (A,  +  AJ  cos  /')  ,         ^  =  Ba'nV  sin  I' 
where  Aat  At  and  B  are  functions  of  a  and  e  only,  we  shall  have 


From  PontScoulant's  Th&orie  Analytique  du  Systeme  du  Monde,  Tome  IV, 
pp.  100,  106,  185,  253  and  256,  we  get 


A!  =  f  Ml'  —  J         TO4  +  dm1  +  Wwl"  + 

£  =  (•m> 


Thus  the  function        would  contain  the  terms 


Pont^coulant's  and  Delaunay's  c  are  not  quite  identical  ;  but  neglecting 

the  difference,  substituting  this  expression  in  our  formula,  and  adopting 

-1270"tsas  the  value  of  nf(ef*—  cffidt,  we  get  as  the  coefficient--  33" 

instead  of  Delaunay's  —  40".     The  difference  is  caused,  in  the  main,  by  our 

neglect  of  the  terms  of  higher  orders. 

In  conclusion,  it  should  be  stated  that  it  is  not  true  that  when  we  have 
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derived  a  formula  such  aa 


on  the  supposition  that  the  solar  eccentricity  is  constant,  we  shall  have,  aa 
the  proper  correction  to  this  when  the  eccentricity  is  variable,  the  formula 


Delaunay  baa  given  the  value  of  B  (Oompiea  Rendua,  Tome  LXXI  V, 
pp.  15-17),  and  a  difference  will  be  observed  between  the  coefficients. 
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MEMOIR  No.  52. 
Additional  Terms  in  the  Great  Inequalities  of  Jupiter  and  Saturn. 

(Astronomical  Journal,  Vol.  XI,  pp.  49-51,  1891.) 

The  discussion  of  the  observations  of  Jupiter  and  Saturn,  now  in  progress 
in  the  office  of  the  American  Ephemeris  and  Nautical  Almanac,  has  reached 
such  a  stage  that  we  can  exhibit  the  results  in  reference  to  the  correction  of 
the  mean  longitude  of  Jupiter  as  it  is  given  in  my  new  theory  of  Jupiter  and 
Saturn,  (Astronomical  Papers  of  the  American  Ephemeris,  Vol.  IV,  p.  558). 
Dividing  the  material  into  eleven  groups  roughly  corresponding  to  as  many 
revolutions  of  the  planet,  values  of  oL  were  obtained,  which  are  shown  in 
the  following  table : 

Interval.              Mean  Year.  fit.  Weight. 

1750-1765  1758  -OV50  +  0.137/t  4.2 

1766-1777  1772  -0.71  —  0.037/1              1.4 

1778-1789  1783  -0.52  — 0.063/1               0.9 

1790-1801  1796  - 1.28  —  0.111/n               2.8 

1802-1813  1808  -1.33  +  0.133^              5.5 

1814-1825  1820  - 1.30  +  0.040/*               6.1 

1826-1837  1832  +  0.01  —  0.097/x.  11.7 

1838-1849  1844  -0.04  —  0.098,1  16.7 

1850-1861  1856  +  0.02  —  0.068/*  16.6 

1862-1873  1868  +  0.28  +  0.179^  16.5 

1874-1887  1881  +0.16  +  0.139^  19.0 

In  the  values  of  oL  the  modifications  caused  by  a  change  in  the  mass  of 
Saturn  are  shown  by  the  terms  involving  (i,  an  indeterminate  so  chosen  that 
(i  =  1"  corresponds  to  an  augmentation  of  Bessel's  mass  ^ir.*  by  a  thous- 
andth part.  The  column  of  weights  is  added  that  some  idea  of  the  degree 
of  precision  of  the  several  values  of  &L  may  be  obtained. 

These  values  can  be  very  well  represented  by  a  linear  function  of  the 
time,  with  the  exception  of  the  three  belonging  to  the  interval  1790-1825, 
which  have  abnormally  large  negative  values.  And  the  latter  cannot  be 
brought  into  harmony  with  the  rest  by  assigning  to  (i  any  possible  value;  in 
fact,  the  solution  of  the  equations  gives  for  n  an  insignificant  quantity. 
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The  disagreement  might  be  attributed  to  personal  equations  in  the 
observers;  but  this  seems  not  likely,  as  the  three  values  of  1796,  1808 
and  1820  are  closely  coincident,  and  yet  are  founded  on  material  coming, 
in  the  first  from  Greenwich  and  Palermo,  in  the  second  from  Greenwich, 
Palermo  and  Paris,  and  in  the  third  from  Greenwich,  Paris  and  Konigsberg. 

Again  we  may  suppose  that  there  is  some  inequality  of  long  period  in 
the  mean  longitude  of  Jupiter  not  taken  into  consideration  in  the  theory.  If 
this  arises  from  the  mutual  action  of  Jupiter  and  Saturn,  the  observations  of 
the  latter  should  more  clearly  exhibit  the  effects  of  this  perturbation.  How- 
ever, there  does  not  seem  to  be  any  indication  of  an  inequality  in  Saturn 
two  and  a  half  times  as  great  as  that  which  would  seem  to  have  place  in 
Jupiter. 

In  order  that  nothing  might  be  wanting  to  the  clearing  up  of  this  diffi- 
culty, I  determined  to  compute  the  terms  in  the  great  inequalities  which 
depend  on  three  times  the  principal  argument,  that  is  to  say,  on  the  argu- 
ment \btf  —  6*7.  These  terms  have  hitherto  been  neglected,  and  from 
induction  one  would  suppose  their  coefficients  were  at  the  limit  of  smallness, 
permitting  their  being  passed  over,  at  least  if  regard  is  had  only  to  the 
representation  of  the  observations.  The  period  of  these  terms  is  about  310 
years,  and  their  coefficients  are  seemingly  in  the  neighborhood  of  0".l. 

As  we  have  here  to  deal  with  very  small  quantities,  we  may  confine 
our  attention  to  what  are  presumably  the  largest  components  of  these  coeffi- 
cients. Thus  we  assume  that  these  terms  arise  solely  from  the  variations 
niz  and  n'fu/  of  the  mean  longitudes  of  the  planets,  and  that  all  consideration 
of  the  variables  v  and  i'  may  be  omitted. 

The  developments  given  in  the  New  Theory  (Astr.  Pa/jen,  Vol.  IV, 
p.  50)  do  not  reach  as  far  as  the  argument  15</'  —  6g,  but  they  may  be  easily 
extended  to  this  point  by  the  mode  of  induction  explained  at  pp.  46-46. 
By  considering  the  terms  involving  the  six  arguments  from  Ibg1 —  8e  to 

16^ — 13f,  we  conclude  that  the  function  °  contains  the  terms, 

+  0.0000000038  coe  (IV  -  6«)  +  0.0000000132  sin  (Ity  -  6«) 
+  0.0000000754  ooe  (IV  —  It)  -  0.0000000374  sin  (IV  -  7«) 

and,  in  consequence,  the  terms 

—  0.0000000114  cos  (IV  — fy)  +  0.0000000136  sin  (IV  -  Kg). 

By  means  of  this  expression,  we  can  complete  the  terms  of  T  and  T 
dependent  on  5^ —  2g  and  its  multiples  given  at  pp.  76-91,  so  that,  writing 
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Ffor  5g'  —  2g  they  stand  as  follows: 

T=  —  0".07676841  sin  V—  0".18132165  cos  V 
+  0".0007626  sin  2  F—  0".0007509  cos  2F 
+  0".0000066  sin  3  V+  0".0000079  cos  3  V, 

T  =  +  1".1766033  sin  F  +  2".7790743  cos  F 
-  0".01  16886  sin  2  V+  0".0115086  cos  2F 
-  0".000101  sin  3  F—  0".000120  cos  3  F. 

It  is  evident  that,  as  far  as  these  terms  are  concerned,  with  sufficient 
approximation,  we  have  the  equation 

T  +  0.06524557  T'  =  0. 

Hence,  after  the  inequalities  of  Saturn  have  been  obtained,  it  will  be 
only  necessary  to  multiply  them  by  the  factor  —  0.4024  to  have  those  of 
Jupiter.  Dealing  therefore  with  Saturn  alone,  we  have  to  consider  that  F 
in  the  expression  for  7"  receives  the  increment  5F=  Sn'&z'  —  2n$z,  and  thus 
becomes 


From  the  expressions  of  n&z  and  n'Sz1  (Astr.  Papers,  Vol.  IV,  pp.  403,  449) 

we  get 

3  V  =  bn'SJ  -  2«te  =  —  6595"  sin  F—  15593"  COB  F—  107".5  sin  2  F  +  113".2  COB  2  F, 

as  also 

J  (dVy  =  +  242".0  cos  2  F+  249".2  sin  2  F 


Substituting  these  values  and  confining  our  attention  to  the  terms  involving 
3  V,  we  find  that  T'  becomes 

T  =  -  0".002377  sin  3  F—  0".000925  cos  3  F. 

Integrating  this  twice  we  get 

n'iz'  =  +  0".286  sin  (3  F  +  21°.3). 

And,  multiplying  this  by  the  factor  —  0.4024, 

niz  =  +  0".115  sin  (3  F  +  201°.3)  . 

It  has  been  assumed  here  that  F  will  be  more  correctly  denoted  by 
5</'  —  2<7  —  82"<  than  by  69*  —  2</,  consequently  the  integrating  factor  has 
been  taken  at  10.58. 

The  evections  associated  with  these  long-period  inequalities  are  not 
much  beneath  them  in  magnitude,  and  we  propose  to  compute  them  in  the 
same  approximate  way. 
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By  induction  from  the  terms  involving  the  six  arguments  from  1g'  — 


to  1  V  —  69  in  thc  functions  a'  -£  and  d^j-  (A*tr.  Papm,  Vol.  IV,  p.  71) 


it  is  found  that  the  latter  contain  severally  the  terms 

«f  4jBL  =  +  0".OOOUO  tin  (IV  -  6?)  +  0".000176  cot 

=+  0".000118  oot  (lif  -  eg)  —  0".000071  tin  (IV  -  6g)  . 


By  means  of  these  additional  terms  we  complete  the  expression  of  T', 
p.  83,  so  that  the  terms  which  involve  V  now  become 

T  =  +  2".50567  «in  (—  J  +  F)  -  20".38129  cot  (-  /  +  V) 
+  0".10783sin(—  /  +  «F)  —  0".0»866  cot  (-  /  +  2  F) 
+  0".00039  tin  (—  r'  +  3  F)  +    0".00048  co«  (—  /  +  3F) 

Exactly  as   before,  we  must   now  suppose   that  in  T,  V  receives  the 
increment  jF,  and  thus  that  T'  becomes 


Making  the  substitution  and  preserving  only  the  terms  involving  3  F,  we  get 
r  =  +  0".01055  tin  (-  r'  +  3  F)  +  0".01576  oot  (-  ^  +  3  F)  . 

Integrating  this  once,  making  y'  =  y',  and  then  integrating  again,  the  effect 
on  the  coefficients  is  the  same  as  multiplying  them  by  11.11,  and  we  obtain 

=  +  0".212  sin  (1  V  -  fy  +  55°.6)  . 


Proceeding  in  like  manner  for  Jupiter  we  obtain 

a  fUl  =  +  0".0000ia  tin  (\ty  -  Ig)  —  0".000012  CM  (IV  -  lg)  , 


or       =  +  0".000011  cos  (Ity  —  Ig)  +  0".000029  fin  (IV  -  7g)  . 
or 

By  means  of  these  expressions,  we  are  enabled  to  add  to  7*  terms  involving 
3F,  so  that  it  now  becomes 

T  =  —  2".02863  sin  (-  r  -f  F)    +  0".15263  cos  (—  r  +  F) 
—  0".00484  Bin  (-  r  +  2  F)  —  0".00»70  oo«  (-  r  +  »  F) 
+  0".00003«n  (—  r  +  3F)  —  0".00006  cot  (—  y  +  8F). 

Supposing,  in  this  expression,  that  7  receives  the  increment  A  F,  it  is  found 
that  T  contains  the  terms 

T=  +0".00103«n(-r  +  8F)-0".00131  co«(-r 
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We  then  obtain  n&z  by  multiplying  the  coefficients  by  25.88  and  substituting 
g  for  y.     Thus 

niz  =  +  0".043  sin  (15/  -  tg  +  308°) . 

From  induction  it  is  supposed  that  these  two  evections  will  be  obtained 
with  greater  precision  if,  in  place  of  llg1  —  Qg  and  15</  —  Tg,  we  put 
14g'  —  6g  —  180'7  and  15^  —  Tg—  120"*. 

Gathering  together  our  results,  the  mean  longitude  of  Jupiter  ought  to 
be  increased  by  the  terms 

nSz=  +  0".115  sin  (15^  -  60  -  246'7  +  201°.3) 
+  0".043  sin  (15/  —  7g  — 120" 't  +  308°) , 

and  the  mean  longitude  of  Saturn  by  the  terms 

n'Sz'  =  +  0".286  sin  (15^  -  60  —  246'7  +  21°.3) 
+  0".212  sin  (14/  —  6g  —  180"*  +  55.6) . 

It  will  be  seen  that  the  long-period  inequality  for  Jupiter  is  not  of 
a  magnitude  sufficient  to  remove  the  difficulty  stated  at  the  beginning  of 
this  article.  However,  it  appears  worth  while  to  have  computed  these 
inequalities,  if  the  only  result  is  that  the  doubt  is  removed. 
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MEMOIR  No.  53. 

On  the  Connection  of  Precession  and  Nutation  with  the  Figure 

of  the  Earth. 

Uitronomlcal  Journal,  Vol.  XIII,  pp.  1-4,  1808.) 

Some  difficulties  have  been  encountered  in  reconciling  the  various 
values  derived  for  the  compression  of  the  earth.  On  reading  the  discussions 
which  have  been  published  on  this  subject,  it  is  suggested  that  they  might 
possibly  be  removed  if  the  formulas,  on  which  the  derivation  depends,  were 
made  more  nearly  rigorous.  In  the  present  article  I  propose  to  supply  some 
omissions  in  the  theory  of  precession  and  nutation,  one  of  the  sources 
whence  has  been  derived  a  value  for  the  compression.  The  expressions 
hitherto  given  for  the  constant  of  precession  and  the  coefficient  of  the 
principal  term  of  nutation  have  been  obtained  by  the  substitution  of  elliptical 
values  for  the  lunar  coordinates.  The  only  deviation  from  this  mode  of 
proceeding  I  have  been  able  to  find  is  in  Prof.  Harkness's  The  Solar  Parallax 
and  its  Related  Constant*,  where,  in  the  first  of  his  equations  (158)  for 

1  1     I     »' 

Serret's  -  he  substitutes  —  —   -  ,  it  standing  for 
a  a 


(4  +  I  •")"•'—  ttf  m'-Hm* 

in  Delaunay's  notation.  But  the  part  of  the  constant  of  precession  pro- 
duced by  lunar  action  and  the  coefficient  of  the  principal  term  of  nutation 
are  augmented  by  about  a  340th  part  through  the  solar  perturbations  of  the 
lunar  coordinates.  Prof.  Harkness's  innovation  brings  us  much  nearer  the 
truth,  but  is  not  quite  rigorous.  When  the  object  is  simply  to  show  how 
these  phenomena  result  from  the  forces  in  action,  and  an  appeal  is  finally 
to  be  made  to  observation  for  the  values  of  the  constants  involved,  no  great 
objection  can  be  made  to  the  old  method.  But  when  we  wish  to  derive 
from  these  observed  values  the  mass  of  the  moon  and  the  ratio  of  the 
moments  of  inertia  of  the  earth  it  is  important  that  the  factors  involved 
should  be  determined  with  some  approach  to  rigor. 

The  differential  equations  for  precession  and  nutation,  first  stated  by 
Poisson,  are 

d*_        1  _  dV          d*  1  _  dV 

&  ~  C*  tin  «  3*  '         dJ~       0.8.1  .....  /.  ' 


=—\(C- A) 


1 2  COLLECTED  MATHEMATICAL  WORKS  OP  G.  W.  HILL 

Here  o  denotes  the  obliquity  of  the  equator  to  a  fixed  ecliptic,  4*  the 
amount  of  retrograde  motion  of  its  node  on  this  plane,  C  is  the  moment  of 
inertia  of  the  earth  about  its  axis  of  rotation,  A  half  the  sum  of  the 
moments  of  inertia  about  the  two  principal  axes  lying  in  the  plane  of  the 
equator,  m  and  m?  are  the  masses  severally  of  the  moon  and  sun,  r  and  r1 
the  distances  of  their  centers  from  the  center  of  the  earth,  and  <$  and  # 
their  declinations. 

When  we  treat  precession  alone,  it  suffices  to  substitute  for  the  terms 

^  sin*  5  +  -jg  sin8  3'  their  non-periodic  portions.     In  the  case  of  the  second 

of  these,  neglecting  all  periodic  perturbations,  we  can  assume  that  the  sun 
moves  about  the  earth  in  an  ellipse  whose  elements  are  slowly  changing. 

o8  a* 

From  the  theory  of  elliptic  motion  we  know  that  -j  cos  2/  and  -3  sin  2/ 

have  no  non-periodic  terms ;  also  the  addition  of  a  function  independent  of 
u  and  41  to  V  does  not  impair  its  use  for  our  purposes.  Thus  it  is  plain  we 
may  substitute  for  sinz  &' 

—  J  cos1  «/  =  —  }  [COB  i  cos  w  —  sin  f  sin  u>  cos  (v''  +  0)]*, 

where  w'  denotes  the  obliquity  of  the  actual  equator  to  the  actual  ecliptic, 
and  t  the  inclination,  and  6  the  longitude  of  the  node  of  the  latter  on  the 

a'8 
fixed  ecliptic.     And,  for  -Tt  ,  may   be   substituted   its   non-periodic  term 

(1  —  e**)"1,  ef  denoting  the  eccentricity  of  the  earth's  orbit. 

If,  with  Delaunay,  we  denote  the  longitude  and  latitude  of  the  moon 
by  Fand  U,  we  have 

sin  S  =  cos  u>'  sin  U  +  sin  w'  cos  £7 sin  (  F+  <J>) 
.'  sin'  U  +       sin  «/  cos  «•'  sin 


+     ~  sin1  «•'  cos1  U—  1-^  sin1  «»'  cos8  #cos  2  (F+  <f>). 

As  it  is  evident  that  the  two  terms  of  the  latter  equation,  which 
involve  V,  are  wholly  periodic,  they  may  be  rejected ;  and  from  the  expres- 
sion we  may  subtract  -j  sinfZ7,  which  does  not  contain  u  or  ^.  Thus,  for 


precession,  we  may  substitute  for  -.  sin*5, 

j  «.  [1-3  sin1  Z7]  sin1  «/. 
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Let  us  denote  the  Don-periodic  term  of-,  [l  —  3nin*f7]  bj  N.  The 
value  of  thin,  corresponding  to  elliptic  expressions  for  the  lunar  coordinates, 
is  easily  found.  For  the  non-periodic  term  of  ,  is  (1  —  «")"'.  and  sin  U  is 

equal  to  the  sine  of  the  inclination  multiplied  by  the  sine  of  the   true 
argument  of  latitude.     Thus  the  elliptic  value  of  N,  in  Delaunay's  symbols,  is 


To  obtain  the  part  of  N  which  arises  from  solar  perturbation,  we  con- 
sider first  the  function  '   .     Let  jr  denote  the  perturbation  of  -  ,  so  that 


In  this  formula  it  is  sufficient  to  put 

3^  =  8  -i-  ft*  +  f  +  [«•  +  K]  co«  J  + 
*• 

SlsS  +  Cfc-t^owl  +  VcosH. 

We  propose  to  compute  N  to  terms  of  the  seventh  order  inclusive,  and 
shall  make  use  of  Delaunay's  expressions  for  the  lunar  coordinates.  How- 
ever, in  the  case  of  n  ,  the  expression  goes  only  to  terms  of  the  fifth  order, 

and  we  need  the  non-periodic  term  of  this  coordinate  to  terms  of  the 
seventh  order.  Fortunately  Adams  has  published  the  expression  for  this 
term  to  this  degree  of  approximation  (MantMy  Notice*,  Vol.  XXXVIII,  p.  472). 
We  also  need  the  coefficient  of  cos  I  in  the  same  coordinate  to  terms  of  the 
sixth  order.  To  get  this  we  resort  to  Pontecoulant's  expression.  His  e  and 
y,  however,  differ  from  Delaunay's  quantities  denoted  by  the  same  symbols, 
and  a  comparison  of  their  coefficients  of  sin  /  and  sin  F,  severally  in  the 
expressions  for  the  moon's  longitude  and  latitude,  shows  that,  in  order  to 
obtain  Delaunay's  form  for  the  coefficients,  we  ought  to  substitute  for 
Pontecoulant's  e  the  expression 

[i  -  Im1  +  tftm«  +  W»'  +  HHH1'»']«  +  CW"«'  •*•  VWW§J«'  +  [!"»'+  • 


and,  for  his  y ,  the  expression 

P-H"*1  -  W"»4 -i- fHH"«']r- [l  -H*'  +  W^Jr1  -  »/ - 
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Pontecoulant's  expression  for  the  coefficient  of  cos  I  in  -  is  (Thforie 
Analytique  ,  Tom.  IV,  pp.  138,  276,  332), 


-  (¥«•  +  wo  «"  -  (-fh^f  -  w 

However,  it  must  be  noted  that  in  the  final  result  at  p.  568  he  has  315 
instead  of  the  1707  at  the  end  of  this  formula.  I  adopt  the  earlier  stated 
number.  Substituting  for  Pontecoulant's  e  and  y  their  values  just  given, 
we  get  as  the  coefficient  of  cos  I  in  terms  of  Delaunay's  constants, 

[1  -  ^m'  -  W*  -m1™'-4*^™6]'  +  C-  i  +  ***»'  +  ¥i¥<l«s 


Delaunay's  value,  as  far  as  it  goes,  agrees  with  this,  except  that  he  has 
the  terms  Iy4e  —  fy2^3,  overlooked  by  Pontecoulant. 

By  squaring  and  cubing  ^r  as  given  by  Delaunay,  and  preserving  only 
the  terms  which  are  useful  to  us,  we  get 


«'•  -t-  [V  —  W  ' 

1  +  WB4'"']      +  CH-  W»]  «"  - 


By  the  substitution  of  these  values   in   the   preceding  equation   we 

a8 
ascertain  the  non-periodic  term  of  -j  ;  to  which  we  annex  the  few  periodic 

terms  which  are  necessary  for  the  complete  determination  of  N: 

-p-  =  (1—  «')-«+  J  w1  —  &wi*  +  flwt*  +  HF"'"  +  4F»«7 

6]eJ—  [6»n4  +  ^m']r' 


—  2$p  m]  «V4 

1  +  W*§]  ^  +  [tf  -  W  »]  «"  $ 

+  3«  cos  I  +  fe1  cos  27  +  [6m8  -  9m1  —  A^e1]/-'  cos  2F  +  [-  ^  +  WOr'e  cos  (2^-  /) 

+  i$L  mr>e  cos  (2^+  /)  +  [3m1  +  tym'  +  ifi/n4 

+  (i|im  +  -L^iff,')  e'  —  ^mV  _  6»iV]  cos  2D 

+  [^m  +  ^wi']  e  cos  (2Z)  -  0  +  Ye1  m'«  C08  (2^>  +  0  +  ¥"*'«'  ° 

—  f  mV  cos  (2D  f  O  -  9ff»V  cos  (2D  -  2F) 
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For  computing  the  periodic  development  of  sin1  £7,  it  is  sufficient  to  take 
•in'0=  0«_J0« 


And  let  us  suppose  that  U  •=•  U0  +  I7j,  Ut  denoting  the  elliptic  portion, 
and  E7,  the  perturbational  portion.  Then,  employing  the  symbol  £  to  denote 
the  perturbational  part. 

*  (iin't/)  =  (20'.-|  Uf  +  *0.§)  Ut  +  (1  -  80.')  0/-1  0.0,' 
=  sin  20.-  Ut  +  cos  80.-  0,'  —  }  U.D? 

But,  on  making  U0  =  Spain/1  and  Ut  =  }ymsin(2Z>  —  F),  it  is  per- 
ceived that  the  last  term  of  the  second  member  contains  no  constant  part  ; 
hence  we  neglect  it  ;  and  for  cos  2£70  it  suffices  to  substitute  its  constant  term 
1  —  4y*.  Thus 

a(§in'  U)  =  tin  20.-  0,  +  (1  -  4y»)  0' 


For  sin  2U9  it  is  sufficient  to  write  the  expression 
•in  20.=  [4r  —  V*"—  S^iin  /•+  4r«  «n  (/*+  /)  —  V«  «n(^—  0~  *r«'  »in  (f—  27) 


We  obtain  the  needed  expression  for  £7,  from  Delaunay  by  subtracting 
his  value  of  £7,,  (vol.  I,  p.  58),  from  his  value  of  17  (vol.  II,  p.  862).  It  is 
necessary  to  take  all  the  inequalities  of  the  second  and  third  orders  with 
one  of  the  fourth,  but  their  coefficients  must  be  carried  to  terms  severally 
of  the  fifth  and  fourth  orders  inclusive.  Thus, 


+  A"*']  r*  wn  (F—  F)  —  [I  M  -  H  '»T  rf  «n  (  F  +  f  ) 

n  (F+l) 
-  W  "•«•  +  H*«"rt  r«  «n  (/•-  0 


H"1*  +  W""1  -  I  w^r  «n  (2/>  -i- 
4-  tV«»  +  Wm>]  r*  «n  (2D  +  F-  I) 


(t«*  - 


n  (2D  — 
+  [3m  +  ififji']  re  tin  (2D  -/•—/ 


For  the  elliptic  value  of  sin*  U9  it  suffices  to  take 

•iu'  0.  =  2r«  —  V  —  Voo§8^+  VootC/*—  /)  —  V«c«(^+  0 
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By  performing  the  multiplications  we  get 


sin  2  Ut  •  U,  =  -  C^m'  +  4#m']  «V  +  [^  +  ftf  m]  «V  - 
+  [Jj^m*  +  ^fV-m1  +  (|  —  -HPm)  «*  +  ^m^r'e  cos  Z 
+  [-  *  +  W™]  rV  cos  2Z 

+  [_  |  m  —  i  m'  +  f£f  »t'  +  Sme1  +  ^wze'1]  f  cos  2D 
—  \  mfe'  cos  (2Z>  —  I')  +  \rnfd  cos  (2D  +  F) 

cos  (2D  +  Z)  +  [3m  +  *£/»']  r'«  cos  (2Z)  —  I) 


i'  =      [-8y  ro'  +  «»»• 

+  [tt»'  +  fH<l  ^V  + 

+  CM  - 


+  [ff  m'  +  ^fV-m']  r*«  cos  i 
The  sum  of  the  three  parts,  of  which  it  is  composed,  gives 

sin'  U  =      [2  +  &  m'  +  H™'  +  tH*  »4  +  WT¥  «*]  r1 

+  CH»«'  +  iHI4'»8]eV 
+  rtt"*1  +  HI  »»']  «'V  -  [2  +  A«'  +  WO  r4 

ii»»«V 

-fe  cos  Z 


cos  2Z  -  2rJ  cos  2F 

cos  (ZF—  Z)  —  4r'fl  cos  (2Jf  +  Z) 

"]  r'  cos  W 
—  \mfd  cos  (2D  —  Z')  +  f  ro/V  cos  (2D  +  Z') 
+  [3m  +  ^m*]  r'e  cos  (2D  —  Z)  —  3mfe  cos  (2Z)  +  Z) 

r'sin  (2D  — 


a8 
By  multiplying  the  series  given  for  —  ^  by  that  for  1  —  3  sin2  U,  and 

retaining  only  the  non-periodic  terms,  we  obtain  the  following  expression 
for  N  (we  prefer  to  write  the  portion  which  arises  from  elliptic  values  of  the 
coordinates  in  its  finite  form), 


W»]  ^r1  +  C-44  -  HF  »»]  ^r4 

-  - 


The  expression,  given  for  this  quantity  in  Astronomical  Papers, 
Vol.  IV,  p.  515,  and  intended  to  be  exact  to  terms  of  the  sixth  order,  is 
rendered  erroneous  by  a  misprint  and  some  omissions  in  Pontecoulant. 
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The  principal  term  of  nutation  arises  from  the  term 
™  «n  «'  (x»  .'  iin  tUtia(V+  *) 

of   j  sin  A,  and,  using  always  Delaunay's  notation,  has  the  argument  ^  +  A. 

Hence  we  must  find  the  coefficient  of  cos  (^  +  h)  in  ^  sin  2 17  sin  ( V  +  ^), 

which  we  will  denote  by  ff.  The  means  of  deriving  this  coefficient  I  have 
given  (A*tru>wmi<;il  Papers,  Vol.  Ill,  p.  233).  We  have  only  to  sum  the 
parts  of  the  term  (39),  and  double  and  reverse  the  sign  of  the  whole  to  have 
the  value  of  A".  But  the  approximation  is  carried  only  to  term*  of  the 
fifth  order  inclusive.  It  seems  desirable  to  go  one  order  further,  and  there- 
fore I  propose  to  complete  the  nine  sources  of  terms  worked  out  pp.  216-229 
by  the  addition  of  terms  which  are  of  the  sixth  order.  It  is  necessary  then 
to  add  to  the  development  of  R  at  p.  216  the  terms  in  three  dimensions  of 
jr,  f>V  and  f>U.  However,  it  is  discovered  that  two  only  of  these  contribute 
anything  to  the  desired  coefficient,  viz. : 


We  now  repeat  the  nine  divisions  of  pp.  217-229  with  the  necessary 
extensions,  so  far  as  they  are  needed  for  the  computation  of  this  term  : 
I.     For  the  two  factors  it  suffices  to  put 

-  fr**]  oo.  (*  +  *)  -  3,*  oo.  (0  +  h  ±  t) 


—  3r*  cot  (t  +  A  4-  2/"—  J) 

m«  -  HI"*4  -  H»**  -  (iV«'  +  W  «*)  • 
2m1—  3m*)r1coe2.F 

-  0 


The  coefficient  of  cos  (^  +  h)  in  the  product  is 


II.     For  the  two  factors  it  suffices  to  put 

—  r  »>n  (*  +  *  +  »^)  +  *r»  "n  (^  -H  *  -I- 


a  V-  [-  y,V  -t- 

sin  (2/1- 


The  coefficient  of  cos  (4  +  h)  in  the  product  is 

Vou  IV.  -t. 
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III.     For  the  two  factors  it  suffices  to  put 
—  |«sin  (<p  +  h+  F+  0  —  i«sin(4>  +  h+  F—  1)  —  fe1  sin  (<f>  +  h  +  F—ZT) 


sin  (     +)  + 
']  sin  CF  -  0  +  [—  Ire2  +  Wr«*»»]  sin  (-**—  20 


The  coefficient  of  cos  (^  +  h)  in  the  product  is 


IV.     For  the  two  factors  it  suffices  to  put 

i^s  =  —  3r  cos  (^  +  A)  —  f  r«  COB  (<l>  +  h  ±0 

•V  =  fJfflW  +  Sf&f-e'm1  +  ^|m4  +  ^»t6  +  J^m*  cos 

The  coefficient  of  cos  (^  +  h)  in  the  product  is 


V.     For  the  two  factors  it  suffices  to  put 
"iron  (<*  +  *)  +  ir«coa(<&  +  A± 


+  *$>-ems  cos  i  +  fir*"1'  cos  IF 
The  coefficient  of  cos  (^  +  A)  in  the  product  is 


VI.     For  the  two  factors  it  suffices  to  put 


=  _  2r  C08  (0  +  j  +  2J?)  +  ar  cos  (0  +  A) 

'  cos  ZF 


The  coefficient  of  cos  (-^  +  h)  in  the  product  is 

1  + 


VII.     For  the  two  factors  it  suffices  to  put 


=  —  3r  sin  (<f>  +  A  -I-  2F)  +  3re  sin  (</>  +  h  ± 
iri7=  -Jfaem'sinl  —  Sr'm'BmZF 

The  coefficient  of  cos  (^  4-  h)  in  the  product  is 
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VIII.     For  the  factors  it  suffices  to  put 


.  [_8  +  IV  +  f^j.in  (*  +  k  +  r)-to  iiu  (*  +  A  +  f+  0 
(*  +  *—  P) 

-  V  +  W—  *«")««• 
—  f  /«'  OM  f  +  J/m'  001  («D  -  f) 
+  *  •*»»•  OM  (W  +  f)  +  [V«m  +  W 

oo§  (8Z>— 


and  the  necessary  terms  of  SCTmay  be  selected  from  the  expression  for  U* 
previously  given.     The  product  of  the  two  latter  factors  is 


»>  P 

(F+  /) 
And  the  coefficient  of  cos  (4-  +  A)  in  the  product  of  the  three  factors  is 


IX.     For  the  factors  it  suffices  to  put 

'-  1  •  IT*—  !<]«•  ,  .  ^ 


WW|4]  •">  2/> 

—  Vm  tin  r  +  ft/m«  sin  (2Z)  -  f)  -  H«'»»'  «n  (2D  -I-  f) 

n  (2D  -  0 
1]  «n  (2D— 


and  as  before  the  necessary  terms  of  W  may  be  taken    from    ZTj   given 
previously.     The  product  of  the  two  latter  factors  is 
sv»u~  [(A/  +  *t#r*  +  fjV)m«  +  (f|r  -  fHr1 
+  HI  r"*4  +  ^^r»«']  ooi  .P 

•  (/*-  0 


And  the  coefficient  of  cos  (^  +  A)  in  the  product  of  the  three  factors  is 


X.     For  the  factors  it  suffices  to  put 


The  coefficient  of  cos  (+  -|-  A)  in  the  product  is 
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XI.     For  the  factors  it  suffices  to  put 

=~3  cos  (v''  +  h  *  F}'    drSVKU=  &*r"1*  cos  F 


The  coefficient  of  cos  (i£  -f-  A)  in  the  product  is  — 

By  adding  the  terms  arising  from  these  eleven  sources,  and  multiplying 
the  sum  by  —  2,  and  joining  the  result  to  the  part  of  N'  arising  from  the 
substitution  of  elliptic  values  for  the  coordinates,  we  obtain  the  following 
expression. 

N'  =  2  (i  -  t)-fy  (i  -  2r')(i  -  r')»  +  [w2  -  H™S  -  tti">*  +  tffl&m']  r 


[-  A  +  ttf 
For  deriving  the  numerical  values  of  N  and  2f  we  put 

m  =  0.07480133,    e  =  0.0548993  ,    r  =  0.04488663  , 

«'  =  0.01677106  ,     a,  =  0.002576 
a 

all  from  Delaunay,  except  the  last,  which  is  modified  to  correspond  to  the 
value  8".81  for  the  solar  parallax.  Then  we  have 

N=  0.99241874  +  279762'  +  7045*  +  4949"  +  24206  +  842'  +  308  =  0.995372 
N'  =  0.08972677  +  25115s  —  1145'  +  6486  +  914'  +  491  =  0.089987 

The  first  terms  of  these  expressions  are  the  values  which  result  from 
the  employment  of  elliptic  values  for  the  moon's  coordinates  ;  the  following 
terms  are  the  aggregates  of  the  terms  of  each  order,  the  figure  above 
denoting  the  order  ;  and  the  last  terms,  obtained  by  induction,  are  added  to 
complete  the  series.  In  Peters's  Numerus  Constans  Nutationis,  p.  27, 
0.99212  and  0.08967  are  given  as  the  values  of  these  two  quantities. 

In  seeking  readily  applicable  expressions  for  p  the  constant  of  luni- 
solar  precession  and  the  coefficient  of  the  principal  term  of  the  lunar 
nutation  of  the  obliquity  N  ,  we  call  to  mind  that  the  first  is  usually  given 

for  a  tropical  year,  as  finding  a  more  general  use  in  the  theory  of  the  stars. 

1 
Moreover,  for  the  constants  —  3  and  -^  ,  putting  M  for  the  mass  of  the  earth, 

we  substitute  their  equivalents  in  terms  of  the  times  of  revolution  of  the 
moon  and  sun  about  the  earth.  Let  us  suppose  then  that  T,  T1,  T11,  T111 
and  TIV  denote  severally  the  times  of  the  rotation  of  the  earth  on  its  axis, 
of  revolution  of  the  earth  about  the  sun,  of  the  moon  about  the  earth,  the 
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tropical  revolution  of  the  moon's  nodes  and  the  tropical  year.     Then  we 
shall  have  the  following  expressions  for  P  and  N  : 


The  first  factor  of  P  is  simply  3n  in  sexagesimal  seconds  of  arc.     All 
the  quantities  entering  into  the  right  members  of  these  equations  are  known 

with  precision,  except  the  two  ratios  and      "'  -  .     Let  us  deduce 

C/  M  T  m 

numerical  expressions  for  P  and  N  for  the  epoch  1860.     We  assume 


T  ,  '  r'V=,  8«-  0(mft 

TI      366.25S36  '     TT      365.2563d  '     T* 

T"i       6798.353  m'          riv-TVM         ,  _  „,»  „.,_.  „  „ 


For  convenience,  writing  the  common   logarithm*  of  the  numerical 
factors  in  brackets,  we  have 

P  -  [3.6876097]  ^^  +  [5.9375945]  ,J?—  °~A 
l>  M  +  tn      C 

N  -  [5.8654818]  ^  m°~ffA 
These  expressions  give  the  quantities  immediately  in  seconds  of  arc. 

Q  _     A 

When  it  is  desired  to  get  —  ^      and  ^r—    -  from  given  values  of  P  and 
N.  the  following  formulas  serve  : 


m  [8.3221779JN 

™  P  —  [0. 


[6.3123903]  P  -  [6.8845530]  N 

.3221779JN 
0.05721627]  N 

As  an  illustration  let  us  take  Struve's  value  of  the  luni-solar  precession 
and  Peter's  value  of  the  nutation  constant  Reduced  to  the  epoch  1850. 
they  may  be  set  down  at  50".38227  and  9".22355.  Then, 

£-  O.<>032729«5  , 
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MEMOIR  No.  54. 
On  Intermediate  Orbits. 

(Annals  of  Mathematics,  Vol.  VIII,  pp.  1-20,  1898.) 

The  assuraptioii  of  the  Keplerian  ellipse  as  the  first  approximation  to 
the  motion  of  a  planet  leads  to  some  inconveniences,  the  worst  of  which, 
perhaps,  is  that  the  mean  longitude  at  the  epoch  suffers  a  perturbation 
proportional  to  the  time,  and  thus  the  mean  motion  in  longitude  is  not  the 
same  in  the  perturbed  and  unperturbed  orbits.  In  the  case  of  Saturn  this 
perturbation  amounts  to  110"  per  year.  This  inconvenience  would  be 
avoided  if,  developing  the  perturbative  function  in  a  series  proceeding 
according  to  the  cosines  of  multiples  of  the  angle  H  contained  at  the  sun 
by  the  radii  of  the  planets  thus 

R  =  fl>(r,  r>)  +  9>,(r,  /)  cos  H  +  y,(r,  O  cos  2H  +  .  .  .  , 

we  should  suppose  4>0(r>  r/)  annexed  to  the  potential  of  the  attraction  exerted 
by  the  sun  and  the  resulting  differential  equations  integrated  and  the  expres- 
sions of  the  coordinates  thus  deduced  regarded  as  the  first  approximation. 
Then  the  following  approximations  could  be  obtained  by  the  method  of 
variation  of  the  elements  or  otherwise  by  attributing  to  R  the  value 

R  =  9l(r,  O  cos  H  +  9>,(r,  /)  cos  2fl  +  .  .  . 


In  this  way  of  approaching  the  question,  the  first  approximation  to  the 
motion  of  a  system  of  planets  revolving  about  their  central  body  would 
involve  a  potential  function  containing  the  radii  of  the  planets  alone,  with- 
out their  longitudes  or  latitudes;  thus  the  force  acting  on  each  planet  would 
be  directed  along  its  radius,  but  would  be  a  function  of  all  the  radii.  The 
orbits  are  then  all  plane  curves  whose  planes  pass  through  the  central  body, 
and  thus  we  know  precisely  what  functions  the  latitudes  and  the  reduced 
longitudes  are  of  the  orbit  longitudes.  Also  there  is  equable  description  of 
areas  by  the  radii,  and  when  the  latter  are  known  functions  of  the  time  the 
determination  of  the  orbit  longitudes  is  reduced  to  quadratures.  Thus  the 
question  is  narrowed  to  the  finding  of  the  radii  as  functions  of  the  time. 
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Let  r,  / tr.v' denote  the  radii  and  orbit  longitudes  of  a  system 

of  planets,  m,  m' their  masses  and  M  the  mass  of  the  central  body; 

H  =  J/-f  m,  p'  •=.  M  +  m',. . . .;  R,  JRf, . .      the    perturbative   functions   for 
m.  m'.  Then  the  differential  equations  for  determining  the  radii  are 

rfV 

3P  """P 

'•3F  +  P 


But.  A,  h' being  constants,  we  have 

*  _  *       ^  _  *' 

»-•?•    w-p»'-- 

The  functions  /2.  /? are  to  be  reduced  to 

*  -  mV(r.  O  -I-  m"f  (r,  r") 


where  we  have  the  relation  $(z,y)  =-$>(y,x).  To  evaluate  the  function  <p, 
let  the  symbol  W  denote  the  operation  of  taking  the  arithmetico-geometrical 
mean,  then 

1  _  1 


_ 

r,  r'  -  r)  ~  SR(r',  Vr^-r*)' 


r(r,tO« 

where  it  is  supposed  that  r*>r.  The  two  quantities  under  the  symbol  SR 
may  be  brought  still  nearer  to  equality  by  continuing  the  operation,  and 
writing  i/'r1  =  a,  Vr"  —  r1  =  j3,  we  have 

And  if  r  and  r7  are  not  too  near  each  other  a  sufficiently  approximate  value  is 

f(«-.O  =  i 
If  we  write 


A          pfl»     •_/*"•  i  "»*•  .IH  * 

-  _       -pr  4- ...  —  »  -^r  —  *  -i — 


r 
4-  rnm'f  (r,  r')  +  mm"?  (r,  r")  4-  m'm"t(r/,  r")  4- . . . , 


the  differential  equations  determining  r,  r1, .    .   become 
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From  which  we  derive  the  integral  equation 


C  being  the  arbitrary  constant.  The  left  member  of  this  cannot  be  a 
negative  quantity.  Consequently,  if  we  construct  in  a  space  of  n  dimensions, 
n  being  the  number  of  planets,  the  surface  whose  equation  is 

fl  +  G  =  0, 

the  representative  point  P,  whose  coordinates  are  the  values  of  the  variables 
r,  r1,  .  .  .  .  ,  must  lie  on  the  positive  side  of  this  surface.  In  such  a  system  of 
planets  as  our  solar  system  composed  of  the  eight  major  planets,  at  least 
one  fold  of  this  surface  is  closed  ;  and  it  is  within  this  that  the  representative 
point  P  always  falls.  Thus,  in  this  case,  we  are  able  to  set  definite  inferior 
and  superior  limits  to  r,  r1,.  .  .  .,  which,  however,  in  general  are  not  the 
minima-minimorum  or  maxima-maximorum  values  of  the  variables,  since  the 
point  P  only  attains  the  surface  when  all  the  planets  are  together  on  the 
lines  of  their  apsides. 

A  particular  solution  of  the  foregoing  system  of  differential  equations 
can  be  obtained  in  the  following  way  :  Put 


and  solve  these  equations,  regarding  r,  r1  ,  .  .  .  .as  the  unknowns.     Let 

r  =  a,    r>  =a',.  .  . 

be  a  system  of  values  satisfying  them.  Then  the  last  equations  evidently 
satisfy  the  differential  equations.  When  this  process  is  applied  to  the  solar 
system  the  values  found  for  the  a  do  not  greatly  differ  from  the  mean  dis- 
tances of  the  several  planets  from  the  sun.  The  excessive  smallness  of  the 
m  relatively  to  M  brings  it  about  that  there  is  but  one  real  solution  ;  and 
quite  approximately,  by  neglecting  in  Ii  all  the  terms  dependent  on  the 
functions  $,  we  get 


_       V         ,       A" 

a  =  —  ,    a  =— r 


By  substituting  these  values  in  the  terms  arising  from  these  functions  we  can 
arrive  at  more  exact  values  for  the  a ;  and  this  process  can  be  repeated  as 
often  as  is  deemed  necessary.  Evidently  all  this  comes  to  the  adjustment  of 
the  planets  at  such  distances  from  the  sun  that  for  the  given  values  of  the 
m  and  the  h  the  centripetal  force  may  be  equal  to  the  centrifugal  force  in 
each  case,  thus  rendering  it  possible  that  all  the  orbits  may  be  circles. 
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Desiring  now  to  find  inferior  and  superior  limits  to  the  particular 
variable  r1".  in  the  surface  il  +  C  =  0  we  suppose  this  variable  to  be  a 
function  of  all  the  rest,  and  thus  that  when  it  arrives  at  a  maximum  or 
minimum  value  we  have 


3r"> 
except  that  -  j()  =1.     In  order  to  find  limits  for  the  values  of  r'°  we  take 

the  group  of  equations 

I?--  !?=°  ..... 

and  in  it  replace  the  equation  _      =  o  by  the  equation  A  +  (7=0.     Solving 

these  equations,  regarding  r,  /,.  .  •  as  the  unknowns,  we  shall  always,  in 
cases  like  our  solar  system,  be  able  to  find  two  sets  of  corresponding  real 
values  for  these  quantities  such  that  the  two  values  of  r">  shall  contain 
between  them  the  observed  value  of  this  radius  from  which  the  value  of  (' 
was  derived.  And  no  other  roots  can  be  found  which  satisfy  this  condition. 
In  ordinary  cases  these  roots  are  non-multiple  and  there  is  but  one  solution 
to  the  problem. 

For  the  sake  of  illustration,  limiting  ourselves  to  two  planets,  we  may 
take  a  hypothetical  cape,  suggested  by  Jupiter  and  Saturn.  Assume  as  the 
values  of  the  planetary  masses 

1  «'-      l 

"1647.465'      .~860TB' 

For  Leverrier's  Tables  for  the  time  1876,  Jan.  1.0,  we  get 
log  r  =  0.7367630,      log  i>  =  0.9953604; 

and,  with  the  Julian  year  as  the  unit  of  time, 

log^  =  8.0841634«,      log  ^  -  8.8776073. 

From  the  same  source  the  values  of  the  osculating  elements  necessary  for 
the  computations  are 

log  a  =  0.7162505  ,  log  «  =  8.6866018  ,  log  tf  =  0.9794334  ,  log  «'  =  8.7291462. 

Accommodated  to  the  units  of  length  and  time  we  employ, 

tog  A.  =  1.5967563  ,  log  />'  =  1.5964658  ,  log  m  =  8.6762479  ,  log  m'  -  8.0620753. 
log  V  =  2.3119809,  log  *"  =  2.6746499. 
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When  these  numerical  values  are  substituted  in  the  equation  H  +  C  =  0,  t 
is  found  that  G  =  —  0.166513246.  Employing  brackets  to  denote  numbers 
corresponding  to  common  logarithms,  the  equation  II  +  0  =  0  becomes  in 
this  case 

[0.1730042]  r-1  -  [0.5871988]  r-'  +  [9.6485411]  /-1  —  [0.3256952]  r1-1 
+  [6.6283232]  r~l  <l>  (  ^  \  =  0.166513246  . 

And  the  equations  --  =  0,  -      =  0  become 


+ 


2  [0.5871988]  f-1  -  [0.1730042]  +  [6.6283232]  ^'  (L\ 
2  [0.3256952]  /-'—  [9.6485411]  -  [6.6283232]  [*(•£) 


where  ^  denotes  the  same  function  as  Laplace's  i{0)  is  of  a. 

The  solution  of  the  first  and  third  of  these  equations  gives  inferior  and 
superior  limits  for  r,  the  solution  of  the  first  and  second  the  same  for  /.  Em- 
ploying the  tentative  process  we  obtain  as  the  corresponding  values  of  the 
logarithms  of  the  radii  in  the  four  solutions 

log  r  =  0.6926819  ,    0.7390339,    0.7152497,    0.7152334; 
log/  =0.9776575,    0.9776183,    0.9238410,     1.0390527. 

The  solution  of  the  second  and  third  equations  gives  the  values  of  the 
radii  for  which  the  planets  could  describe  uniformly  circles.     These  are 
log  a  =  0.7152396  ,    log  a'  =  0.9776403  . 

If  we  assume  that  the  maximum  eccentricities  of  Jupiter  and  Saturn  are 
respectively  0.0594902  and  0.0845677,  the  minimum  and  maximum  values 
of  log  r  and  log  r1  are  severally 

log  r  =  0.6895907,    log  r  =  0.7413343,    log  /  =  0.9411223  ,    log  /  =  1.0147527. 

The  differences  between  the  former  values  and  these  are,  of  course,  due 
to  the  neglect  of  the  terms  of  R  involving  the  angle  H. 

For  the  purpose  of  graphically  exhibiting  the  numerical  results  just 
obtained  we  may  suppose  a  system  of  rectangular  axes  to  be  drawn  with  r 
and  i'  as  coordinates.  The  four  sets  of  corresponding  values  of  these  varia- 
bles give  four  points  on  the  oval  which  constitutes  one  of  the  branches  of 
the  curve  having  £1  +  G=  0  as  its  equation.  These  suffice  to  roughly  indi- 
cate the  course  of  the  oval  within  which  the  representative  point  P,  exhib- 
iting the  simultaneous  values  of  the  radii,  always  keeps.  The  position  for 
which  both  radii  are  constant  is  well  towards  the  centre  of  the  oval.  If  we 
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draw  the  right  line  bisecting  the  right  angle  at  the  origin  formed  by  the 
axes  of  coordinates,  the  intersection  of  this  line  or  its  noninteraction  with 
the  oval  will  show  whether  there  is  intrusion  or  not  of  the  spheres  of  the 
planets  on  each  other.  In  the  case  here  treated  there  is  no  intrusion;  each 
planet  maintains  its  character  as  exterior  or  interior  ;  consequently  the  dis- 
tance between  them  can  never  vanish,  and  stability  of  motion  is  assured. 

The  given  example  shows  that  there  must  exist  a  large  domain  in 
which  it  is  possible  to  expand  the  function  A  in  a  series  of  powers  and  pro- 
ducts of  the  deviations  of  the  radii  from  their  mean  values.  Here  we  will 
limit  the  exposition  to  the  case  of  two  planets,  as  the  formulae  given  can  be 
readily  extended  when  there  are  more.  Let  us  put 


where  the  second  terms  are  small  relatively  to  the  first.     The  differential 
equations  then  become 

fx  _  d 


In  developing  ft  in  a  series  of  ascending  powers  and  products  of  s  and  JT' 
we  will  stop  with  terms  of  three  dimensions.  The  constant  term  can  be 
omitted  as  its  retention  would  only  serve  to  modify  the  value  of  the  arbi- 
trary constant  C.  As  a  and  a'  are  corresponding  roots  of  the  equations 

=  0,  ...     =0,  the  terms  of  one  dimension  vanish.     Also  the  term  ucf 

can  be  supposed  absent,  for,  if  present,  it  could  be  remove  i  by  a  linear  and 
orthogonal  transformation  of  variables.  We  write  therefore 


where  a,  a',  6,  V,  c,  ef,  are  constants.* 

Adopting  two  constants  n  and  n'  at  present  left  indeterminate,  but  to 
be  determined  hereafter  so  as  to  fulfil  certain  conditions,  the  differential 
equations  can  be  written 


+    «•*  -  (»•  —  <f)x  +  of  +  UaS  +  *V, 


•The  reader  It  aaked  not  to  confound  tn«M  •  ud  «'  with  the  quantities  previously  donated  by  the 
UtUrm. 
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Before  integrating  these   it  will    be  well  to    ascertain   superior    and 
inferior  limits  for  x  andx'.     Those  for  x  are  determined  by  the  equations 

C  -  JoV  -  io'y  +  i  erf  +  foV  +  b'xx'1  +  i  cV'  =  0  , 
—  a'V  +  eV'  +  IV  xx'  +  bo?  =  0. 

If  we  put  YI  =  ±        —  ,  this  will  be  a  small  quantity  of  the  same  order  as  x 

and  the  limiting  values  of  a;  can  be  developed  in  an  infinite  series  of  powers 
of»?.     Thus 


where  we  take  >?  positively  for  the  superior  limit  and  negatively  for  the 
inferior.     The  corresponding  value  of  a;'  can  be  derived  from  the  equation 


The  limits  for  x1,  by  putting  vj  =  ±  —  —  ,  can  be  obtained  from  those  of  x 

by  removing  the  accent  from  the  symbols  which  there  have  it  and  applying 
it  to  those  which  are  destitute  of  it. 

By  neglecting  the  right-hand  members  of  the  differential  equations  as 
last  written  their  integrals  are  simply 

x  =  e  cos  <f  ,    x'  =  e'  cos  if'  , 

e  and  d  being  arbitrary  constants  and  <p  and  $'  are  arguments  increasing  pro- 
portionably  to  t  so  that  j?  —  n,  ^-  =ri  '  .  By  substituting  these  expressions 
for  x  and  x', 

cst?  +  2bxxf  +  b'af*  =  J  (ctf  +  JV)  +  lea1  cos  2?  +  bed  cos  (9  +  y>') 

+  bee'  cos  (?  -  v")  +  i&V  cos  V  , 

+  Wxx1  +  bit  =  i  (cV'  +  W)  +  i  c-s"  cos  2/  +  5V  cos  (^  +  /) 
cos  (y  —  y')  +  i  ie"  cos  2?>  . 


Whence  it  follows  that  x  contains  the  additional  terms  of  the  second  order 
with  respect  to  e  and  d 

i  i 

*  =  ±(ce>  +  b'e")  -      t  e*  cos 


and  a/  terms  which  are  obtained  from  those  of  x  by  simply  interchanging 
the  accents. 
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Pushing  the  approximation  to  terms  of  the  third  order,  z*  is  found  to 
contain  the  following  terras  of  this  order: 


'-l       oos  3, 


The  similar  terms  of  z*  are  obtained  from  those  of  z*  by  interchanging  the 
accents.     The  terms  of  the  third  order  of  xjc'  are 


The  coeflBcienta  n*  —  a*  and  n"  —  a*  are  of  the  second  order,  heuce  limiting 
ourselves  to  terms  of  the  third  order 


(»•  —  of)  *  =  (»'  —  if)  t  OM  f,    («" 

The  constants  e  and  e'  being  arbitrary,  the  coefficients  of  cos  <j>  in  z  and  of 
COB  ^  in  x7  need  receive  no  corrections  in  the  following  approximations. 
Hence  the  coefficient  of  cos  <p  in  the  right  member  of  the  first  differential 
equation  should  vanish,  as  also  that  of  cos  <f>'  in  the  second.  This  gives  us 
the  two  equations 


of  which  the  second  is  obtained  from  the  first  by  interchange  of  accents. 
To  the  degree  of  approximation  to  which  they  are  pushed  they  serve  to 
determine  the  values  of  «  and  n'  as  functions  of  the  constants  a  .a*,  6,  V,  c,  c/,  t,  J. 
As  the  next  terms  which  would  appear  in  these  equations  through  the  fol- 
lowing approximations  are  of  the  fourth  order  with  reference  to  «  and  J, 
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the  errors  of  n  and  n',  as  determined  from  these  equations,  are  of  the  same 
order. 

The  remaining  terms  of  the  third  order  in  the  right  member  of  the  first 
differential  equation  are 


The  similar  terms  of  the  right  member  of  the  second  differential  equation 
are  obtained  by  interchange  of  accents  in  the  preceding  expression.  The 
terms  of  the  third  order  of  x  are  then 


fe        ,*c        &y        .     by    n        ^        CTx,0  /0       « 

~  L2«M'  -  n"      *  n'      2nw'  -  n'      *  In'^T1  J  3»*  -  4nn'  +  n" 


The  similar  terms  in  a/  are  obtained  from  these  by  interchange  of  accents. 

On  many  occasions  it  will  be  interesting  to  know  the  equivalent  of  C, 

the  arbitrary  constant  attached  to  the  integral  equation,  in  terms  of  a,  a', 

b,  V,  c,  d,  e,  ef.     To  obtain  this  we   compute  the   non-periodic   terms   of 

«',      r,  of,  zV.     The  non-periodic  terms  of  a/*,  -  ~  ,  x'3,  x'*x  can  be  derived 
at  ar 

from  these  by  interchange  of  accents.     Limiting  ourselves  to  these  terms 
we  have 
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Substituting  these  values  in  the  integral  equation  and  eliminating  n'und  ;i';  1>\ 
means  of  the  two  equations  which  determine  them,  we  find 


(" 
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It  is  necessary  to  notice  the  effect  of  the  vanishing  of  the  divisors  intro- 
duced by  the  integration.  In  the  terms  of  the  second  order  if  n  =  2n'  the 
coefficient  of  cos  2$'  in  j-  and  the  coefficient  of  cos  ($  —  $>')  in  x'  apparently 
become  infinite.  Also,  if  n'  =  2n,  the  coefficient  of  cos  ($  —  $')  in  x  and  the 
coefficient  of  cos  2$  in  x*  are  in  like  case.  This  evidently  is  the  analytical 
warning  that  in  these  cases  the  arguments  2$,  2$',  <p  —  $  cannot  be  distin- 
guished from  $  and  $'.  Thus  the  coefficients  of  their  cosines  should  have 
some  indetermination.  But  let  us  see  what  conditions  the  quantities  a,  a7, 
b,  V,  c,  cf,  e,  d  must  satisfy  that  either  of  these  relations  may  have  place. 
We  shall  not  allow  that  any  of  the  quantities  a,  a',  n,  n'  can  be  infinite. 
Then,  from  the  equations  determining  n  and  n',  it  is  plain  that,  in  the  tirnt 
case,  either  b'  =  0,  or  2e"  —  e/s  =  0,  and  in  the  second  case,  either  6  =  0, 
or  «" —  20"  =  0.  Thus  all  the  mentioned  coefficients  in  x  and  x*,  instead  of 
becoming  infinite  in  these  cases,  really  take  the  form  I. 

The  particular  supposition  of  «  =  0,  e?  =  0  makes  the  first  approxima- 
tion vanish,  and  it  is  plain  from  the  differential  equations  that  x  =  0,  x*  =  0 
form  a  particular  solution  of  them  in  which  n  and  n'  are  quite  indeterminate. 
This  case  therefore  does  not  demand  further  consideration.  But  suppose 
that,  in  the  first  case,  b'  =  0  or,  in  the  second,  6  =  0.  Then,  in  ft,  the 
term  Vxaf*  or  the  term  &xV  disappears,  and  the  terms  in  x  and  x1  having 
indeterminate  coefficients  should  also  disappear.  However,  the  relation 
n  =  In'  or  n'  =  2n,  without  being  exactly  fulfilled,  may  be  so  very  nearly. 
Let  us  take  the  first  If,  in  the  equations  determining  n  and  n'  we  make 
n*  =  4n*  and  nn  =  an  except  in  the  first  terms  and  those  which  involve  the 
divisor  4n" — n1,  we  shall  have  quadratic  equations  for  the  determination 
of  n1  and  n".  Thus,  putting 

."  -  «"-(f«"  +  ti") £  -(We  +  U 
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the  solution  of  these  quadratic  equations  will  give  A     f\j 

n«  =  4a"  ±  4V^'-d"(2e>^7r)>  /   • 

n"  =  a"  —  }/S  ±  i  </p  —  b"(te'  —  e")  , 

-  n"  =  —  2,3 


The  ambiguity  of  the  sign  before  the  radical  is  determined  from  the  follow- 
ing considerations.  When  /?  is  a  somewhat  large  positive  quantity  it  is 
evident  that  we  ought  to  take  the  upper  sign,  as  always  approximately 
nn  =  a'2,  and  then  n*  =  4aw  +  4/3,  thus  nz  is  larger  than  4n'*.  Hence,  if  we 
begin  with  n2  larger  than  4n'2  and  keep  diminishing  /?,  continuity  demands 
that  the  upper  sign  be  maintained.  And  we  may  persist  in  diminish- 


ing /?  until,  if  2e*  —  efz  is  a  positive  quantity,  (3  =  +  ^b'2(2^  —  ^)  when 


n'2  =  a"  —  i  V6'2(2e2  —  e73)  and  n2  =  4a'2;  thus  n3  is  still  larger  than  4/*'2. 
But  if  /?  is  a  somewhat  large  negative  quantity  it  is  evident  that  the  lower 
sign  must  be  attributed  to  the  radical  ;  and  then  approximately  n'2  =  an, 
n2  =  4a'2  +  4j3  ;  that  is,  here  n2  is  less  than  4n'2.  Then  /3  may  be  numeric- 
ally diminished  until  /3  =  —  <SV*(2f  —  <?*},  when  n/2  =  a'2+  i  \/6'2(2e2^72) 
and  n2  =  4a/!!;  and  n*  is  still  less  than  4n'2.  On  the  other  hand  if  2C2  —  e^is 
a  negative  quantity,  /?  in  both  cases  can  be  numerically  diminished  until  it 
vanishes,  and  then,  in  the  first  case,  we  have  n'2  =  a®  +  j  V5ra(e'2  —  2C2), 


n2  =  4oa  +  4  %/6ra(e«—  2C2),  and,  in  the  second  case,  nre  =  a'8—  i  W(«"  —  2C2), 
n2  =  4a'2  —  4  V6'2(e?*"-^2?). 

From  all  this  it  is  apparent  that  we  cannot  have  4n'2  —  if  =.  0  unless 
two  conditions  are  satisfied.  The  first  is/3  =  0,and  the  second  either 
b'  =  0  or  2e*  —  e"  =  0.  If  the  second  condition  is  not  fulfilled  the  limits 

i'e"8  Wed 

towards  which  tend  the  coefficients  £    ^—    -—  /8  and  -^g  —  .—     —^  ,  severally 

W    —  471  71  (71  ••'  '  71  I 

belonging  to  cos  2$'  in  z  and  cos  (<J>  —  $')  in  x',  can  be  written  so  as  to  cover 
all  the  cases 

g"  ,  ' 

1  V  ±  (2*"  -  e")  ll          fc  V 


The  ambiguous  sign  within  the  radical  must  be  taken  so  as  to  render  the 
quantity  following  positive;  that  without  the  radical  depends  at  once  on 
the  sign  of  b'  and  on  whether  /?  has  been  supposed  to  approach  the  limit 
from  positive  or  negative  values.  These  limits  are  independent  of  b',  and 
it  will  be  perceived  that  instead  of  being  of  the  second  order  with  respect 
to  e  and  d  they  are  of  the  same  order  as  the  first  terms  of  x  and  z7.  The 
second  supposition  of  the  second  condition  viz.  2e*  —  e72  =  0  renders  these 
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limits  infinite;  but  it  is  probable  that  this  conclusion  would  be  modified  if 
terms  of  the  fourth  order  were  included  in  the  equations  determining  n  and  «'. 
There  is  no  need  of  giving  the  similar  investigation  for  the  assumption 
n'  =  2/1.  All  the  results  of  the  latter  are  obtained  from  those  of  the  former 
assumption  by  simply  interchanging  the  accents.  Thus  the  limits  of  the 
coefficient  of  cos  2$  in  x'  and  the  coefficient  of  cos  (^  —  $')  in  x  are  severally 

f 


In  all  this  we  have  assumed  that  the  quantity  under  the  radical  sign  in 
the  expressions  for  n1  and  nn  must  not  be  negative.  This  is  simply  to  insure 
stability  of  motion.  If  the  constants  of  the  problem  are  such  as  to  make  it 
negative,  or  if  either  rr  and  n*  come  out  negative,  the  problem  has  still  a 
real  solution  but  the  motion  is  unstable. 

The  question  of  periodic  solutions  is  intimately  connected  with  the 
vanishing  of  integrating  divisors.  If  we  suppose  that  in  +  t'n'  =  0,  where  » 
and  i'  are  integers  prime  to  each  other,  by  adopting  an  argument  ^  such  that 

~?  =  f  J*"  and  ~£  =  —  i-£,  the  series  for  x  and  a/  reduce  to  the  form 


The  variables  then  return  to  the  same  values  after  ^  has  gone  through  a 
circumference  as  also  do  their  differential  coefficients.  If  we  conceive  a 
system  of  rectangular  coordinates  for  graphically  exhibiting  the  values  of 
x  and  a/,  the  representative  point  P,  in  its  motion,  will  describe  a  certain 
curve  which,  if  the  variables  are  confined  within  limits,  will  lie  within  a 
limited  portion  of  the  plane.  This  curve  may  have  multiple  points ;  let  us 
see  what  is  the  condition  necessary  and  sufficient  that  this  may  have  place. 
The  motion  of  x  and  x'  being  a  constant  oscillation  between  minimum  and 
maximum  values,  the  curve  must  be  either  a  spiral  having  no  multiple 
points,  in  which  case  there  would  be  a  progressive  diminution  or  augmenta- 
tion of  the  minimum  and  maximum  values  of  x  and  x1,  or  there  must  be  an 
infinite  number  of  multiple  points.  The  periodic  solution  is  the  case  which 
lies  between  these  two  classes  of  solutions.  We  may  conceive  the  angle  of 
intersection  at  the  multiple  point  to  constantly  diminish  through  variation 
of  the  arbitrary  constants  of  the  problem  until  it  vanishes,  when  the  periodic 
solution  is  reached. 

Let  us  suppose  that  the  solution  of  the  system  of  differential  equations 

VOL.  IV.-l. 
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admitting  the  integral 

dz*  +  dot*          , 


has  been  discovered  and  that  it  may  be  written 

*  =  £,(<),    *'  =  f,(0. 

Let  t!  denote  another  value  of  the  independent  variable  t  ;  then,  if  the 
equations 

f1(O  =  f,(0,    fc(O  =  *«(<)> 

t  and  t'  being  regarded  as  the  unknowns,  are  satisfied  by  real  values  of 
t  and  t1,  the  curve  under  discussion  will  have  multiple  points  ;  but,  if  the 
roots  of  these  equations  are  all  imaginary,  the  curve  will  be  a  spiral.  It 
appears  that  when  x  and  x'  are  contained  within  finite  limits  the  roots  t  and  ^ 
are  all  real  and  infinite  in  number  ;  and  thus  that,  in  general,  there  are  an 
infinite  number  of  multiple  points. 

Let  us  now  suppose  that  the  arbitrary  constants  are  adjusted  so  that, 
in  addition  to  the  equations  f,  (t)  =  fi(f),  f2(t')  =f2(<)  being  satisfied  by 
certain  values  of  t  and  if,  the  equation 


is  satisfied  by  the  same  values.  (Accents  have  been  used  to  denote  differen- 
tiation of  the  form  of  f.)  Then  it  is  evident  that  the  last  equation  is  the 
condition  of  the  presence  of  a  periodic  solution  ;  and  if  we  put  t'  —  t  =  P, 
the  equations 


are  satisfied  for  all  values  of  t. 

A  periodic  solution  must  have  at  least  one  arbitrary  constant  less  than 
in  the  general  case.  But,  for  the  differential  equations  we  are  treating, 
there  is  usually  a  periodic  solution  in  which  there  are  only  two  arbitrary 
constants.  This  happens  when  both  variables  arrive  simultaneously  at  their 
maximum  or  minimum  values.  Integrating  the  differential  equations  by 
the  application  of  Maclaurin's  Theorem,  we  should  have,  in  general, 

x  =a  +bt  +£      +  .... 


where  a,  a',  b,  V,  are  the  arbitrary  constants,  and  in  the  derivatives  of  fl  it 
is  understood  that  x  and  a/  are  to  be  replaced  severally  by  a  and  a'.     In  the 
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case  where  both  variables  arrive  simultaneously  at  a  maximum  or  minimum 
value,  and  we  count  t  from  this  epoch,  not  only  6  =  0,  V  =  0,  but  also  all 
the  coefficients  of  the  odd  powers  of  t  in  z  and  x1,  as  is  easy  to  see  from  the 
successive  differentiation  of  the  derivatives  of  ft  with  respect  to  the  time. 
We  may  therefore  put 

*  =  a  +  of  +  a^*  +  of  +  .  .  .  .  =  f,  (<)  , 

*  =  it  +  «*,/•  +  »'f  +  atf  +  ----  =  £,(<). 


In  the  previous  equations  for  determining  the  times  of  the  representative 
point  P  passing  through  multiple  points,  we  may  suppose  f  =  —  t,  and  the 
equations  f,  (—  0  =  f,  (/),  f.  (—  <)  =  f.  (0  are  fulfilled  for  all  values  of  t.  Also 
tin-  equation  showing  the  presence  of  a  periodic  solution  is,  in  this  case,  an 
identity.  This  is  explained  by  the  circumstance  that  the  point  P  having 
attained  the  limiting  curve  whose  equation  is  ft  +  O  =  0  returns  on  its 
previous  path.  Hence  the  condition  necessary  for  the  existence  of  a  periodic 
solution  in  this  case  is  that  when  the  path  is  sufficiently  prolonged  backward 
it  should  again  meet  the  limiting  curve  for  real  velocities.  The  motion  of 
P  will  then  be  a  swinging  back  and  forth  on  this  arc.  This  is  tantamount 
to  saying  that  the  values  of  a  and  a'  must  be  so  adjusted  that  a  value  /,  for  t 
can  be  found  which  will  make  x  and  J  have  such  values  that  they  satisfy 
the  equation  ft  4-  (7=0. 

It  may  be  of  interest  to  know  the  earlier  terms  of  the  expansions  of 
x  and  x!  in  powers  of  f.     For  the  sake  of  brevity  we  put 


Then 

*"  ST 172  +  <Jx 1.9.8.4 

{rgo»>»         ftn    9i>9 
Ldz 

J=*      do  * 

+ 

where  in  the  partial  derivatives  it  is  supposed  that  x  and  x/  are  replaced 
severally  by  a  and  a'. 

Evidently,  for  these  series  proceeding  according  to  ascending  powers  of 
f,  we  may  substitute  others  proceeding  according  to  cosines  of  multiples  of 
an  angle  proportional  to  t.  or  x  and  x'  may  have  the  form 

Z  OF  x'  =  a,  +  a,  00*  nt  +  a,  CO*  ZlU  +  .  .  .  . 
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But  here  we  are  not  entitled  to  assume  that  the  coefficients  rapidly  diminish. 
To  bring  about  such  a  relation  as  n  =  n'  it  may  be  necessary  for  the  arbi- 
trary constants  we  have  denoted  by  e  and  d  to  be  of  the  zero  order  of 
magnitude. 

If  in  the  expansion  of  H  according  to  powers  and  products  of  x  and  «' 
we  omit  all  the  terms  involving  both  variables  the  integration  of  the  differ- 
ential equations  is  reduced  to  quadratures.     Let  us  write  in  a  more  general 
way  this  expansion  of  £1 
fl  = 


+  a,,a;V  + 
+  anzV  + 


+ 


+ 


It  must  be  noticed  that  the  coefficients  of  the  terms  involving  both  x  and  x1 
are  of  the  order  of  the  planetary  masses  while  those  which  multiply  the 
simple  powers  of  x  or  a/  are  of  the  order  of  the  central  mass.  If  we  put 

Q,  =  a^  +  as<fl?  +  a^  +  .  .  . 

"  +  amx"  4-  a^x"  +  ..  . 


the  differential  equations  resulting  from  this  expression  of  the  potential 
function  are 

d*x 

-     =  Za^e  +  Sayfc*  +  ±0,^3?  +  .  .  .  , 


= 

From  these  are  immediately  derived  the  integrals 

*£=  C  +  a,?*  + 

!  =  cr  +  a 


and  thence  the  final  integrals 


dx 


<I(C  +  a^fc*  +  arf*  +  a^  +...)' 
c'=  C-  d* 

J  VT^ 


The  polynomials  under  the  radical  sign,  on  being  equated  to  0,  will  have 
each  two  real  roots,  which,  on  account  of  the  smallness  of  x  and  x1,  will  be, 
severally,  in  the  neighborhood  of  the  values 
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The  exact  values  of  these  can  readily  be  found  by  trial ;  let  them  be  denoted 
severally,  by  a,  b,  a',  b7.  Then  we  can  write 

,  +  ,=:/%„ „.  **-  . n, 

J   V[(»  —  *)(•— b)(^.  +  Atx  +  Aj?  +  ...)] 

/dyf 
V  [(•'  —  *')(«'-  V)(A\  +  A'J  +  A'J* ...)]' 

The  limiting  values  of  x  are  a  and  b,  and  those  of  3',  a'  and  b7.  Within 
these  limits  the  last  factors  under  the  radical  sign  are  always  positive  and 
do  not  vary  much,  and  thus  x  and  x*  are  periodic  functions  of  t,  the  periods 
being  given  by  the  formulae 

T=*f-r  „      * 

J  V[(»  —  *)(*  — b)( A,- 

r  =  *  f  ,r. .  £* 

J   V[(»'  —  *)(*  —  b'X^'t  +  A\*  +  A*P  +  •••)] 

By  adopting,  in  place  of  x  and  x7,  variables  4>  and  if/  such  that 

It  =  (a  +  b)  -  (a  -  b)  COB  4- ,    &  =  (•'  +  b')  -  (•'  —  V)  ooe  <!>' , 

the  integrations  are  considerably  simplified.  The  motion  of  4-  and  4'  i* 
unlimited  like  that  of  t.  Let 


[.<'.  +  A'J  +  A'J*  +  .  .  .]-»  =  JL,[1  +  ^,  ooa  ^  -»-  22?,  cot  V  +  .  .  .]  . 

Then 

»(/  +  c)  =  0  -I-  £,  no  i>  +  B,  sin  V  +  .  .  .  , 

«'(<  +  (0  =  </  +  #,  sin  vf/  +  ff,  sin  V  +  ---- 


The  values  of  4-  and  ^/  can  be  derived  from  these  transcendental  equations 
and  have  the  forms 

f  a=  »  (<  -f  e)  +  Bl  ooi  «  (<  +  c)  +  ff,  ooe  2  (*t  +  e)  +  .  .  .  , 

/  =  »'  (<  +  if)  +  B\  oos  «'  (/  +  O  +  £\  ooa  2  «'/  +  O  -f  ---- 

From  these  we  can  pass  to  the  values  of  cos  ^  and  cos  ^',  and  thence  to 
those  of  x  and  x7,  which  have  the  form 

z  =  i  0,  +  0,  ooe  r  +  0,  oot  2^  +  .  .  .  , 
a'  =  i  O'.  -»-  6T,  <XM  f  '  4-  <?,  ooi  V  +  .  .  ., 

$  and  ^'  being  put  for  nt  +  c  and  n'<  +  c'- 
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The  reversion  of  the  periodic  series  can  be  avoided  by  the  use  of  definite 
integrals,  and  we  can  pass  directly  to  the  values  of  the  Gt  and  G't.  For  we 
have 

w 

2    /» 

Gt=  —  I  x  cos  iyd<p , 

o 

with  a  similar  formula  for  G't.     By  adopting  ^  as  the  independent  variable 
this  becomes 

w 

Q          /» 

G(  =  —  I  [(a  +  b)  —  (a  —  b)  cos  V]  cos  [i>!>  +  iBt  sin  </>  +  iB,  sin  %</>  +  . .  .  ] 

o 
[1  +  Bl  cos  <p  +  %Bt  cos  2V'  +  •  •  •  ]  d<{> . 

In  the  particular  case  of  i  =  0,  this  reduces  to 

Proposing  now  to  take  into  account  the  omitted  terms  of  H,  which  we 
will  denote  as  illf  let  the  values  of  x  and  x',  just  determined,  be  denoted  as 
x0  and  x'0,  their  corrections  as  8x  and  ^x*,  the  differential  equations  for  the 
latter  will  be 


+  *,)  +  4aM<V  +  xx,  +  x,')  +  .  .  .]te 
3aOT  (if  +  afj  +  4aM  (of*  +  afaf,  +  x,")  +  .  .  .]  8af 

These  can  be  integrated  by  successive  approximations,  introducing  into  the 
right  members  the  values  of  x  and  x'  from  the  previous  approximation, 
beginning  with  x  =  x0.  d  =  *'<>•  IQ  order  to  prevent  t  from  getting  outside 
of  the  functional  sign  cos,  we  adopt  the  following  device  :  Let  n  and  n'  be 
two  indeterminate  constants,  whose  values  come  out  only  at  the  end  of  the 
approximation,  but  which  are  equivalent  to  the  rigorous  rates  of  motion  of 
the  arguments  <p  and  $'.  We  add  n?8x  to  each  member  of  the  first  equation 
and  n'2&yf  to  each  member  of  the  second.  Then,  putting 

Q  =  (X  +  2aM  +  3aM(z  +  *0)  +  4aw(a;1  +  xx,  +  x*)  +  ..  .]ix+  |#', 
and  Q'  for  the  similar  quantity  in  the  second  equation,  we  have 


ON  INTERMEDIATE  ORBITS  .. 

In  any  stage  of  the  approximation  we  shall  have 

Q  =  Sfu.  ecu  (if  +  ,V),    Q1  =  -i'^M.  o<*  (i,  +  *V)  , 

from  which 

**  =  *.[»•-  (fe  +  «V)T'  -^  <»•  (i>  +  f*T)  , 
ftr'  =  r  .  [»"  -  fm  +  tV)T  *'u.«»  (if  +  •>')  . 

Then  the  equations  for  determining  n  and  n'  are 


The  terms  of  A  in  xV  and  xo/*  can  be  removed  from  it  by  a  linear 
transformation,  but  at  the  expense  of  rcintroducing  a  term  in  xx7,  as  also  a 
term  involving  the  product  of  the  velocities  into  the  expression  for  the  living 
force.  For  substituting 

*  =  jr  +  y,    af  =  y'  +  Fy, 

if  /  and  f  are  so  determined  that 


3aJ  +«„  (1  +  SIT)  -I-  ajf  (2  +  IT)  +  3aJT  =  0, 
lf)  +  an(l  +  W)  +  3aJ"  =.  0, 


the  terms  in  ft  involving  y*y  and  yy"  vanish.     And  if  we  put 


we  have 

a 

and  the  expression  of  the  living  force  becomes 


and  the  differential  equations  of  the  problem  are 


The  elimination  of  /  or  f  between  the  equations  which  determine  them 
give*  rise  to  an  equation  of  the  fifth  degree,  which  consequently,  always  has 
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a  real  root.     As  a2\  and  a^  are  of  the  order  of  the  masses  of  the  planets, 
approximate  values  for  I  and  V  are  I  =  —  ~-,  V  =  —  —  —  . 


In  integrating  the  preceding  equations  one  may  follow  either  of  two 
courses  ;  first,  we  may  neglect  the  terms  in  y^  and  t/2,  which  will  afterwards 
be  regarded  as  perturbative,  and  then  we  shall  have  linear  equations  with 
constant  coefficients  easily  integrable;  or  second,  we  may  regard  the  last 
terms  of  both  members  of  each  equation  as  perturbative,  and  the  equations 
restricted  to  the  remaining  terms  are  integrable  by  quadratures,  as  has 
been  shown. 
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MEMOIR  No.  65. 
Literal  Expression  for  the  Motion  of  the  Moon's  Perigee. 

(Ann»l.  of  Mtthfm.llci,  Vol.  IX,  pp.  81-11,  18W.) 

The  earlier  investigators  of  the  Lunar  Theory  contented  themselves 
with  giving  numerical  values  for  this  quantity.  The  results  of  Clairaut, 
D'Alembert,  Euler,  Laplace  and  Damoiseau  are  of  this  nature.  Beyond  the 
rudest  approximation,  Plana  was  the  first  to  give  the  value  in  a  literal  form. 
Thin  was  nearly  reproduced  by  Ponte'coulant.  The  salient  portion,  which 
is  a  function  of  the  ratio  of  the  month  to  the  year,  is  given  by  these  two 
authors  to  the  order  of  the  seventh  power  of  this  ratio.  Delaunay,  in  his 
treatment  of  the  subject,  (Comptea  Rendus,  t.  LXXIY,  p.  19)  has  added  the 
two  following  terms,  viz.,  those  which  involve  the  eighth  and  ninth  powers 
of  the  mentioned  ratio.  The  correctness  of  these  has,  however,  been  called 
in  question  by  M.  Andoyer  (Annalea  de  la  Facvlte.  des  Sciences  de  Toulouse, 
t.  VI)  who  has  also  given  other  values  for  them.  They  may  be  seen  in 
Tisserand's  Mtcanique  Celeste,  t.  Ill,  p.  412.  I  have  not  been  able  to  consult 
M.  Andoyer's  memoir,  and  do  not  know  what  method  he  used  in  obtaining 
his  results.  The  comparison  I  made  at  the  end  of  my  memoir  "On  the  part 
of  the  motion  of  the  Lunar  Perigee,  etc."  (Acta  Math.,  Vol.  VIII)  of 
Delaunay 's  series  with  my  numerical  value,  indicated  with  some  proba- 
bility, that  the  newly  added  terms  were,  one  or  both,  too  large;  which 
corresponds  with  what  M.  Andoyer  has  found.  In  this  state  of  matters  I 
have  thought  it  would  not  be  without  interest  to  test  the  validity  of 
M.  Andoyer's  corrections ;  and  I  have  determined  to  add  two  more  terms 
to  the  series,  viz.  those  factored  by  m1*  and  mu. 

For  this  purpose,  I  shall  employ  the  method  of  my  above-mentioned 
memoir.  There  the  computation  was  carried  out  in  the  numerical  fashion, 
here  it  is  proposed  to  give  algebraic  developments.  It  is  there  shown  that 
the  determination  of  the  lunar  inequalities  of  the  type  of  the  evection  and 
the  motion  of  the  perigee  depend  on,  at  least  as  far  as  a  first  approximation 
is  concerned,  the  integration  of  the  linear  differential  equation  of  the  second 
order 
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where  w  is  the  unknown,  0  a  periodic  function  of  double  the  mean  angular 
distance  of  the  Moon  from  the  Sun,  involving  only  cosines,  and  D  is  an 
operator  such  that  Z)(a^K)  =  ra^',  £  being  the  trigonometrical  exponential 
corresponding  to  the  mentioned  mean  angular  distance.  The  motion  of  the 
perigee  depends  solely  on  the  coefficients  of  0,  and  these  can  be  found  when 
we  know  the  coefficients  of  the  inequalities  of  the  type  of  the  variation.  I 
have  given  the  latter  in  a  literal  form  to  the  9th  order  inclusive  (Amer. 
Jour.  Math.,  Vol.  I,  pp.  142-143). 

We  adopt  a  moving  system  of  rectangular  coordinates,  the  origin  being 
at  the  centre  of  the  Earth,  the  axis  of  x  constantly  passing  through  the 
centre  of  the  Sun,  and,  in  place  of  x  and  y,  we  use  the  imaginary  coordinates 

u  =  x  +  y^  — 1,    s  =  x  —  yV — 1. 
Then 


where,  in  the  summation,  i  receives  all  integral  values  from  —  oo  to  +  oo  , 
zero  included,  and  the  at  are  constants,  being  each  equivalent  to  the  same 
constant  multiplied  by  a  function  of  the  ratio  of  the  month  to  the  year, 
which  is  of  the  |  2i  |  th  order  with  respect  to  this  parameter.  For  simplicity 
in  writing,  then,  we  assume  that  the  value  of  a0  is  unity  ;  consequently,  as 

written,  a(  always  denotes  —  . 

fto 

In  pushing  the  development  of  0  to  the  degree  of  approximation  we 
desire,  the  values  of  the  &t  given  (Amer.  Jour.  Math.,  Vol.  I,  pp.  142-143) 
generally  suffice  ;  but  it  will  be  perceived  from  the  approximate  expression 
for  0  (Motion  of  Lunar  Perigee,  p.  13)  that  it  will  be  necessary  for  the 
determination  of  c,  the  ratio  of  the  anomalistic  to  the  synodic  month,  to  the 
llth  order  inclusive,  that  we  should  know  the  term  factored  by  mI0in  a,  +  a_j; 
it  is  not  necessary,  however,  that  a!  and  a_j  separately  should  be  known  to 
this  degree  of  approximation.  Hence,  we  now  proceed  to  obtain  this  term 
From  the  equations  given  (Am.  Jour.  Math.,  Vol.  I,  p.  137)  by  neglecting 
all  terms  whose  order  exceeds  the  10th  we  derive 


By  substituting  in  the  right  member  of  this  the  values  of  the  a<  in  powers  of 
m  it  is  found  that  the  term  in  m10  in  aj  -j-  a_j  is 


1605921808447     1 
2".  3s.  5' 
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We  hare 

-[J  +  m']  +  8  [/>  log  ^^J  +  mj_  [D  log 


-  />•  [log 
The  first  term  of  this  can  be  developed  from  the  formula 


where  we  have  R  t  =  Rt.  The  equations  which  determine  the  values  of  the 
/?,,  R0  with  an  error  of  the  1  2th  order,  A,  with  one  of  the  1  1th  order,  1L  with 
one  of  the  9th  order,  and  R,  with  one  of  the  7th  order,  are 


+  (a,  +  a_.)  R,  +  (a,  +  a_)  fl,  = 

,  +  (a.  +  a_.)  fl,  +  vR,  =  -  4ma_, 


Solving  these  by  successive  approximations  in  using  the  known  literal  values 
of  the  at,  we  get 


1260881  m-     291394307    ,t 

*         1  ni  ' 


6675069     .      41991161    .      4588083484918     ,. 

2T^r6jm  —  2".8«.6'    m  » 

•  j.    M051  m.      97051     ,      334413271     . 

+  aTT^1"1  +  ITS*  m  H"       ''  m  ' 

1393. 
m  . 


We  next  attend  to  the  coefficients  of        =  2  .  U{  £*.    The  formulas  given 


for  these  (Motion  of  Lunar  Perigee,  p.  12)  in  general  suffice;  it  is  necessary, 
however,  to  push  the  development  of  17,  and  £71,  farther,  so  that  terms  of 
the  10th  order  may  be  included.  Thus  their  equivalents  read 


U,  =  S  [h,  —  h^h,  +  b^  +  ab.'h.,1  -  b.TL,  -  3b,h_,'b,  +  2b,h,h_,  +  h_'h.  -  b_X]  , 
_  =  -  2  [b_,  -  h,h_,  +  h./h,  +  ab^'b,1  -  h^Ti,  —  Sluh/h.. 

h/h^—  h,h_J. 


By  substituting  in  these  equations  the  values  of  the  a,  in  powers  of  m,  and 
making  the  assumption  that  the  coefficient  of  m10  in  a!  is  0,  which  cannot 
lead  us  into  error  within  the  limits  we  set  to  the  approximation,  and  putting 

0L,)  =  A,,    J(0;  -  U^)  =  B,, 
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we  get 

51  K  A  O  OIQKiyK  OOQHTvQQ 

X  •  O    ___*  rrO  K  O  J.Ot/  4  v  _»6  *OiC»7  4  <J  t/iJ 

_/j_.  ?••?  — m  ~^^ DI  "4"  — ^~  ?M   ™|~  ~~» — ' — a  m  -"^  ••  11 —     ni  "^—  --g — ~-_ — —  i 

9225887  .   3471983789  .   12903700736069  10 
~  26.3*.52    '  2*.  3'. 5*        2".38.54 
»    7  ,  ,  19   ,  ,  53   4  ,  155   5  __  12941  .  _  904921  , 
^l-Fn  ^273™  +2735   "h2i73im   2'°.3'     2».35.5 
35308207  .   2190838913  ,   29589760583167  ,„ 
2'.3«.51    '  210.3'.5S        2I8.38.54 
J  =  —  m4  4- 1067  m6  +  38261  m«  +  755591  m'  +  405840581  ms 

Jfc.-t*-^*-  ' 

*       «  .  O  .  O 


4,— 

2431 


The  coefficients  of  the  function  0  have  the  following  equivalents: 

9,  =  1  +  2m  —  im'  +  4(4,'  +  Af)  +  2(5,'  +  5,')  -  22., 
0!  =  4(1  +  m)  Al  —  25,  +  4(^M,  +  ^,^s)  +  aCft-B,  +  52JBS)  -  /Z,  , 
0.  =  4(1  +  m)  ^,  -  45,  +  2(^,'  +  2^^,)  -  2?,1  +  25.J?,  -  ^, 
»,  =  4.4,  —  65,  +  iArA,  -  2BrB,  —  E,  . 

When  the  expressions  in  powers  of  m  for  the  quantities  A,  B,  and  R  are 
substituted  in  the  preceding  equations,  the  results  are 

»=l  +  2m-tm'+m'  +  19m'  +      m«  +          m'  +  225m' 


.  1576037  m,  ,  49359583    .,  ,  720508007  _„ 
H     2'.8«  2*.  3s  28.3«.5 


, 

7172183     596404499  ,   2641291011773  .. 
~2T73T75m"'*.dl.5«  "     2'».3«.58   *' 

111  m«  4.  1397  m'  4-  8807  _.  ,  319003   ,   252382507  , 
9t  =  ^m  +-j,-m  +3^73-^™  +_F_F_m  +  ^-^-^-m  , 

11669  _. 
«.--  -^-m- 

We  employ  now  the  system  of  equations  given  (Motion  of  the  Lunar 
Perigee,  p.  14)  and  for  brevity  of  notation  put  [i]  for(c  +  i)2  —  00.  The 
equations,  written  to  the  requisite  degree  of  approximation,  are 

-0,b_,       —  »,b_,    -et\  =0, 

+[-2]b_,        -»,b_,    —0Jtt    —  »,b,  =0, 

-  #,b_,  +  [—  l]b_,    -  e,b0    -  #,b,    —  0,bs  =  0, 
,        —  «,b_,        -  #,b_  ,  +  [0]  b0    -  tf,b,    —  #2b,  =  0, 
—  #,b_,        —  «,b_,    —  #,b0+[l]b,    —^,  =  0, 
-  ^.b.,    -  ^b.    -  0,b,  +  [2]  b,  =  0. 
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That  the  relative  degree  of  importance  of  the  terms  of  these  equations  may 
be  perceived,  it  may  be  pointed  out  that  the  diagonal  line  of  coefficients 
[  —  3],  [  —  2],  ....  [l],  [2]  are  all  of  the  zero  order  of  magnitude  except 
[  —  1]  and  [0],  the  first  of  which  is  of  the  first  order,  and  the  second  of  the 
third  order;  but  the  latter  we  need  not  concern  ourselves  about;  and  0,  is 
of  the  2tth  order.  From  this  it  follows  that,  if  we  write  the  quantities  b  in 
the  order  b_,,  b,,  b_,,  b,,  b_r  leaving  out  bo,  which  is  an  arbitrary  quantity, 
the  first  is  of  the  first  order,  and  every  succeeding  one  an  order  higher,  no 
that  !>  ,  is  of  the  fifth  order.  In  order  to  have  the  equation  determining  c, 
it  is  necessary  to  eliminate  the  5  mentioned  b's  from  the  group  of  equations. 
The  readiest  method  of  accomplishing  this  is  to  proceed  by  successive 
approximations  using  formulas  of  recursion.  To  attain  the  desired  degree 
of  accuracy,  three  approximations  are  necessary,  each  of  which  will  give 
three  terms  in  powers  of  m  in  the  value  of  each  b  involved.  When  the 
values  of  the  five  b's  have  been  obtained  and  substituted  in  the  middle 
equation,  after  the  rejection  of  the  useless  factor  b*  we  have  the  following 
equation  serving  for  the  determination  of  c: 

flj]  *' 


[-  IK- 


-3  1".   .JL  -_+.   .  *         i  ,     * 
Lr.-irr.-ar   F-TTPIT^O   [-IHI 

•  *  _    .    _  1  _  I  u  ta 

[-  in-  »][-sj  +  c-  1][-  an-  s]J  •  • 

r     i  __  -     i    _.     i     .      i 
li-  i][-ar   [-  irm   [-  iicir  *  [-in-  33 


ar___i____.         i  _  .        i 
U-  iK-UC-  fl  *  C-  i][i][-  *]    C-  iJ 


From  this  all  terms  unnecessary  to  the  desired  degree  of  approximation 
have  been  rejected. 

It  appears  desirable  to  give  some  details  as  to  the  treatment  of  the 
foregoing  equation.     First  we  form  the  various  products  of  the  8  involved  ; 
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each  is  limited  to  the  terms  needed  for  the  degree  of  approximation  wished. 


H  &  SV  yV     •    O  i&      •    O 

.  235899233  18  ,  1733519201  „  ,  19979134939549  „ 

2» .  3"  "sFTFTir  218 . 35 .  5* 

9 ,  _  50625  m,  +  192375  m,  +  2787075  m,0  +  6370695  m,, 

.  353456169  „  ,  649258747  ^,, 
+ gra m"  + 215 m", 

a ,   11390625  „  ,  129853125  _„  ,  2868159375 mU 

1  = 2s ~~W~~        ~2* ' 

e  10  _  24975  m8   693945  m,  +  1188267  m,0   21446525  m,, 

4710472379  „ 

218 . 3  .  5 

a ,   12321  ,  ,  155067  ,  ,  20185533  ,„   85123117  _„ 
'  =  "IF"111  "  ~V~      2".  5      "  2" .  3 .  51 

5619375  „  ,  241552125 m   a,a,   2772225  ,t  ,  55958985  „ 
19  =  -  — gi —  m  + gro m" »  W  =  — g15 —    "l 2n~    ' 

39382875  lf  19428885  ,, 

vi  v*  ^  — = m      )  CTjCTjC/i  ^Z  ^-y- III      • 

In  the  next  place,  by  neglecting  quantities  of  the  7th  order,  the  equa- 
tion may  be  written 


and,  if  we  put 

it  can  be  given  the  form 

whence  is  derived 

By  substituting  the  previously  given  developments  of  00  and  0j  we  get 


These  equations  are  correct  to  the  last  power  of  m  set  down. 

This  value  of  c  may  be  substituted  in  all  the  terms  but  the  two  first  of 
the  equation  which  determines  it  ;  and  the  latter  is  thereby  reduced  to  a 
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manageable  form.  The  values  of  the  reciprocals  of  the  quantities  denoted 
by  the  symbols  [—  1],  [1],  [—  2],  [2],  [—3],  developed  to  the  needed 
degree  of  approximation,  are 

1  1      _,      3       313  m      8869.      7W73.      8601859  „, 

[     i]         •-.•"'  '-f--F*-  -!»-»-     |   .,    •', 


«  X  668  m»  4. 

+  ^»  m  ' 

!        W8^        10807«        S88047 

—  frm  - 
18      > 


The  substitution  being  made  in  the  eight  terms  of  the  left-hand  member  of 
the  equation,  the  result  follows,  in  which,  for  facility  of  verification,  we 
write  each  fraction  separately  and  in  the  order  in  which  it  arises  from  each 
of  the  eight  terms. 


506*5  .,r  1088686  ,  84975T 

~         [      HF~~     ~~f~  J 

90037575  .  49095      41071  „" 


.  T  1468100855  ,  54638079   57165  ,  11390685-1 
—  jn—      yi     -jir-     p 

165044625741  ,  788443913   8198151  ,  705459375   13111875   9240751 


T  887WMMOg9  .  8761  9247043  _  13794  117681  .  9222^296875 
L~    ~~&~       •-."'  •  .r>      8"  .  :(  .  5'      ~~5«~ 


708888875  _  34588765      6M881M      6476295"!     „ 

"     —  M—  m  • 


_  _ 

2"  2"  —  JM— 

By  summing  the  fractions  the  equation  may  be  written 

l    1W-50625m« 

mJ  •    ~^ 


.  614148669    -  ,  679596224169    M  ,  182494574380633     „ 
-*T6  --  m  -2"  .  3'  .  V—  m  ' 

It  will  be  more  suitable  for  solution  if  both  members  are  multiplied  by 

,      225.      2625     ,      120517    .      4587389 
—  i[—  !][!]  =  4m  —  m  *  —  -     m  --      m4  --    —  ™  -- 

The  right  member  then  becomes 

,  ,  1595085        .  m,  , 

1  +  —  J,  —  m"  +  -  SB  -  m'  +  -  t  -  m 


60625    ,  ,  1595085        .  112880037  m,  ,  1422559639    - 
1  "  '  " 


187176160187    „      477881«VMHW    „ 

§>.&  FTl'Tf 
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Calling  this  K,  we  have 


From  the  preceding  expressions  for  c  and  00  , 

225     ,      3645  159429  1646333     . 

i(c  —  #,)  =  --  gs-m"  --  21"  ~~2«~       --  2nr~       ' 

whence 

!/„»   «v-   H390625  ,   553584375  ,„   60085546875  ml, 
tV  "  '  °W  =     —  gn  —       —  gn  —        —  2s  — 

_  1228257320625  m,, 

The  substitutions  being  made  in  the  foregoing  value  of  c2  and  the  square 
root  extracted,  we  get 


332532037     ,      15106211789     ,      5975332916861     . 
2".  3'  2".3»  2*>.3« 

_  1547804933375567    18__  818293211836767367     „ 
2"  .  35  .  5  2".36.51 

By  means  of  the  equation 

1  d<a  _  .  _       c 
~n  ~3t  ~         1  +  m' 

we  derive  from  the  last  result  the  ratio  of  the  motion  of  the  perigee  to  the 
mean  motion  in  longitude,  viz.: 

'         ' 


,  258767293     ,  ,   12001004273     „  ,   4823236506653     , 
+      2".  3'     m+--^73»—  m  +-    ~^\y  --  m 

1258410742976387    „  .  667283922679600927    „ 
2"  .  35  .  5  218.3'.5' 

In  this  we  make  the  substitution  m  =  -  ,  in  which  m  is  the  param- 

1  —  m 

eter  usually  employed,  and  prolong  the  resulting  series  only  to  the  9th 
power  of  m.     We  obtain 


3  «,«  j.225«,«  j.4071     t  ,   265493  m»  ^  12822631.... 
=m  +m  +~-mt+-m  +       "         m 


2".  3 

1273925965 .  ,  66702631253  .  ,  29726828924189  , 
on  qi-  m  + sn^S5 m  + a55"^ m  • 

At   »  O  tv   •  O  t9   9  O 
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The  two  terms  ending  this  series  are  identical  with  M.  Andoyer's  and  there 
can  be  no  doubt  M  to  their  correctness.  I  do  not  push  this  series  to  the 
terras  involving  m'4and  mu,as  I  think  the  former  in  terms  of  the  parameter 
in  is  to  be  preferred. 

The  series  which  has  just  been  obtained  is  unsatisfactory  on  account  of 
its  slow  convergence.  It  would  be  of  great  utility  to  transform  it  in  such  a 
manner  that  the  convergence  should  be  sensibly  augmented.  Here  it  seems 
no  course  is  open  but  to  experiment.  Confining  our  attention  to  parameters 

of  the  form  - ,  we  may  seek  the  value  of  a  which  brines  about  the 

1  —  am 

greatest  improvement  in  convergence.  It  is  plain  that  the  adoption  of  a 
small  value  for  this  quantity  would  not  sensibly  change  the  series  in  this 
respect,  but  as  a  is  augmented  we  shall  reach  a  value  where  one  of  the 
numerical  coefficients  vanishes;  if  the  latter  belong  to  a  high  power  of  m, 
the  adjacent  coefficients  will  be  small.  This  is  true  on  the  assumption  that 
the  series  tends  to  become  a  geometrical  progression.  In  the  present  case 
it  appears  that  the  coefficient  of  m4  is  the  first  to  vanish  with  augmenting  a. 
Desiring  therefore  that  all  the  coefficients  may  still  be  positive  after  the 
transformation,  I  adopt  a  value  of  a  which  is  less  than  the  value  which 
makes  the  mentioned  coefficient  vanish.  The  new  parameter  adopted  is 


m 


By  making  the  denominator  of  a,  4,  we  secure  the  advantage  that  the 
denominators  of  the  coefficients  of  the  series  are  not  augmented.  With  this 
parameter  then,  we  have  the  following  series: 


U1  m«  4-  57m'  +       m«  4- 

"5"'"      '  ~ 


.  1817113479  .   1125417061277  ,  ,  115179069708721 
n*          "* 


i.  5 


106545423308527477     „ 
-''  ' 


The  coefficients  here  diminish  more  rapidly  than  in  the  series  proceeding 
according  to  powers  of  m. 

Correspondent  to  the  values  of  n  and  ri  employed  in  my  previous 
memoirs  on  the  lunar  theory  we  have  m  =  0.0860678013.  Substituting 
this  in  the  series  just  given,  we  obtain  the  following  result,  exhibited  term 

VOL.  IV.  -4. 
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by  term ;  it  has  been  assumed  that  the  series  to  start  from  the  term  involv- 
ing m11  may  be  regarded  as  a  geometrical  progression  having  the  ratio  £, 

-  ^  =      0.0055557498  +  0.0028092554  +  0.0000977435  +  0.0000950403 
nat 

+  0.0000080501  +  0.0000049959  +  0.0000011207  +  0.0000004292 

[remainder] 

+  0.0000001260  +  0.0000000418  +  0.0000000209 
=      0.0085725736 . 

The  value  deduced,  without  resorting  to  any  expansion  in  powers  of  a 
parameter,  is  0.0085725730.  The  difference  of  6  units  may  be  attributed 
to  the  uncertainty  in  the  estimation  of  the  remainder  or  to  accumulated 
error  in  forming  the  sum  of  the  terms  of  the  series. 

OCT.  18,  1894. 
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MEMOIR  No.  56. 

Discussion   of  the  Observations  of  Jupiter  with  Resulting  Values  for 
the  Elements  of  the  Orbit  and  the  Mass  of  Saturn. 

(Actronoulcal  P»p«r*  of  the  Am«rte»n  EphemerU,  Vol.  VII,  pp.  5-39,  1896.) 

The  material  employed  in  this  discussion  was  derived  from  the  pub- 
lished work  of  the  following  eleven  observatories—  the  intervals  of  time 
covered  by  it,  together  with  the  number  of  observations  employed  in  right 
ascension  and  declination,  are  added  : 

R.  A.  D«c. 

Greenwich,    1750-1888  8178  2131 

Palermo,       1791-1809  96  92 

Paris,            1801-1883  1064  1039 

Konigsberg,  1814-1848  204  175 

Cambridge,   1828-1865  386  233 

Capetown,     1834-1860  47  75 

Edinburgh,   1834-1844  240  166 

Berlin,           1838-1845  49  49 

Oxford,         1840-1876  131  133 

Washington,  1845-1884  404  360 

Brussels,        1855-1865  67  34 


Whole  number  of  observations.  .4860  4487 

Only  those  observations  were  included  for  which  the  planet  culminated 
between  16h  and  8h  of  local  time.  An  exception,  however,  was  made  in  the 
MM  of  the  Greenwich  observations  in  the  time  of  Bradley. 

The  right  ascensions  were  reduced  to  the  standard  of  Prof.  Newcomb's 
Right  Attention*  of  the  Equatorial  Fundamental  Stars,  and  the  declinations 
to  Prof.  Boss's  standard. 

Provisional  Tables  having  been  constructed  from  the  theory  in  Aatranom- 
ioal  Papers,  Vol.  IV,  the  observations  of  the  interval  1760-1829  were  com- 
pared directly  with  isolated  places  or  an  ephemeris  computed  from  these 
tables.  For  the  interval  1830-1 888,  however,  it  has  been  preferred  to  com- 
pare the  single  observations  with  the  ephemeris  contained  in  the  Berliner 
Jahrbuch  (1830-1833)  or  the  Nautical  Almanac  (1834-1888),  and  thus  com- 
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bine  the  material  into  normals.     The  provisional  theory  was  then  compared 
with  these  normals. 

The  equations  of  condition,  formed  one  for  each  opposition,  except  in 
the  time  of  Bradley,  when  sometimes  additional  ones  were  formed  for  quad- 
ratures, contain  seven  unknown  quantities,  the  notation  of  which  is  explained 
as  follows  : 

xl  =  the  correction  of  the  meau  longitude  for  1850.0, 
*,  =  the  correction  of  the  mean  motion  for  a  century, 
x,  —  the  correction  of  the  eccentricity  expressed  in  seconds  of  arc, 
xt  =  the  correction  of  the  longitude  of  the  perihelion  multiplied  by  the  eccentricity, 
x&  =  the  correction  of  the  inclination, 

x,  =  the  correction  of  the  longitude  of  the  ascending  node  multiplied  by  the  sine 
of  the  inclination, 

1  +  ^j^r-  =  the  factor  by  which  the  mass  of  Saturn  „          must  be  multiplied. 


Iii  order  to  avoid  a  near  approach  to  indetermination  in  the  solution 
of  the  equations  of  condition  the  coefficients  of  a;7  have  been  derived  from 
the  perturbations  of  Jupiter  by  the  action  of  Saturn,  as  they  are  given,  not 
by  excesses  over  coordinates  from  the  mean  elements,  but  by  excesses  over 
coordinates  from  elements  osculating  at  about  the  middle  of  the  period  of 
observation.  It  has  been  found  the  readiest  method  of  obtaining  these 
coefficients  to  compute  elliptic  positions  of  Jupiter  for  the  times  of  the  equa- 
tions of  condition  from  such  a  set  of  osculating  elements,  and  to  subtract 
the  coordinates  thus  obtained  from  the  actual  coordinates  of  the  planet 
diminished  by  the  small  corrections  arising  from  the  action  of  Uranus  and 
Neptune. 

The  system  of  osculating  elements  employed  is  the  following  : 

Epoch  =  1850,  Jan.  0.0,  Greenwich  M.  T., 
L  =  160°  14'  20791  , 
TT=    12      7  33.39  +  07146*, 
tt  =    98    54     7.20  —  197858*  —  1'.'11T2  , 
log  sin  t  =  8.3598404  —  114  .  12<  +  1ST2  , 
log  a  =  0.7162419, 
e  =  0.0485753, 
n  =  109254793824  . 

In  these  elements  the  terms  involving  t  express  the  secular  action  of 
Uranus  and  Neptune  as  well  as  the  eflect  of  the  motion  of  the  ecliptic. 

The  formula  for  passing  from  the  correction  8L0  of  an  osculating  ele- 
ment L0  to  the  corresponding  correction  &Lm  of  the  mean  element  Lm  is  very 
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simple.    If  1  +  n  denotes  the  multiplier  by  which  the  mass  of  Saturn  ought 
to  be  multiplied,  the  formula  is 


The  equations  which  have  been  formed,  together  with  the  dates  to 
which  they  correspond,  are  given  below.  It  is  to  be  noted  that  to  the  left 
members  of  each  of  the  equations  which  are  derived  from  the  declinations 
must  be  added  a  term  which  denotes  the  correction  to  Prof.  Boss's  standard 
declinations.  For  convenience  this  term  will  be  supposed  constant  through 
a  period  equivalent  to  about  a  revolution  of  Jupiter,  and  the  value  obtained 
by  the  solution  of  the  equations  will  be  attributed  to  the  middle  of  the 
period.  These  corrections  then  will  be  thus  denoted  : 

1760-1765  —  x.,  1826-1837  —  *M  , 

1766-1777  —  *,,  1838-1849  —  *,., 

1778-1789  -*,.,  1850-1861  —  *,., 

1790-1801  -*„,  1862-1873  -z1T, 

1802-1813  -xlt,  1874-1888  —  xu. 

1814-1825  —»„, 

The  absolute  terms  of  the  equations  which  are  derived  from  the  right 
ascensions  are  Aa  cos  f>,  and  the  absolute  terms  of  those  which  come  from 
the  declinations  are  AA.  For  brevity  the  sign  of  equality  and  the  zero 
which  constitutes  the  right  member  of  the  equation  are  omitted.  The  num- 
ber of  observations  on  which  each  equation  depends,  together  with  the 
weight  allowed  to  the  latter  in  the  discussion,  will  be  given  with  the  state- 
ment of  the  final  residuals. 

Eqnttlom  from  the  Right  Attention*. 


«T 

«r 

*r 

»4- 

%• 

*r 

«r 

1750 

Nor. 

19 

1.SS4 

—1.223 

+0.769 

—2.266 

+0.404 

+0 

.196 

—0.402 

+0:56 

1761 

Aug. 

IT 

0.984 

0.981 

1.523 

1.242 

0.111 

0 

.129 

0.233 

—2.33 

Nor. 

20 

1.297 

1.273 

2.054 

1.476 

0.120 

0 

.194 

0.289 

—0.46 

176S 

Feb. 

7 

1.082 

1.059 

1.738 

1.226 

+0.099 

+0 

.209 

0.239 

+0.17 

Sept. 

22 

O.MS 

0.937 

1.928 

0.168 

—0.007 

—  0 

.073 

0.116 

—0.77 

1753 

Jan. 

S 

1.SS7 

1.200 

2.470 

0.089 

+0.003 

0 

.070 

0.136 

+1.62 

liar. 

29 

0.994 

0.962 

1.993 

—0.013 

0.005 

0 

.030 

0.103 

+1.74 

Oct. 

19 

0.868 

0.835 

1.582 

+0.808 

0.118 

0 

.237 

0.028 

—0.06 

1754 

Jan. 

SI 

1.126 

1.080 

1.978 

1.166 

0.121 

0 

.270 

—0.027 

+3.86 

Dec. 

5 

0.841 

0.800 

0.870 

1.515 

0.329 

0 

.199 

+0.006 

—2.11 

1756 

April 

17 

0.976 

0.924 

0.966 

1.774 

0.395 

0 

.152 

+0.002 

+0.38 

Dec. 

17 

0.789 

0.742 

+0.014 

1.643 

0.368 

—  0 

.016 

—0.020 

+0.25 

1756 

April 

20 

1.009 

0.946 

—0.098 

2.094 

0.471 

+0 

.067 

0.033 

—1.81 

1757 

Jan. 

2 

1.013 

0.942 

1.008 

1.839 

0.330 

0 

.164 

0.076 

—0.74 

Mar 

IS 

1.074 

0.994 

1.236 

1.8S9 

0.311 

0 

.229 

0.122 

—1.01 

June 

16 

0.984 

0.910 

1.126 

1.696 

0.297 

0 

.240 

0.112 

+1.02 
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Equations  from  the  Right  Ascensions. 


1758 

Mar. 

27 

1.017    —0.933 

—1.880 

+0. 

870 

+0.055 

+0.100 

—0.201 

—2.93 

June 

14 

1.173 

1.074 

2.175 

0. 

980 

0.067 

0.161 

0.236 

—1.77 

July 

28 

1.088 

0.995 

2.080 

+0. 

729 

0.062 

+0.179 

0.231 

+0.03 

1759 

July 

14 

1.255 

1.136 

2.471 

—  0. 

382 

0.022 

—0.128 

0.329 

—0.61 

Sept. 

20 

1.072 

0.968 

2.116 

0. 

369 

0.022 

0.078 

0.276 

+1.18 

1760 

Aug. 

16 

1.273 

1.137 

1.812 

1. 

700 

0.272 

0.277 

0.306 

+2.16 

Nov. 

25 

0.986 

0.879 

1.312 

1. 

416 

0.243 

0.179 

0.227 

+2.88 

1761 

July 

13 

1.079 

0.955 

0.438 

2. 

045 

0.414 

0.116 

0.158 

+1.20 

Sept. 

12 

1.262 

1.116 

0.476 

2. 

393 

0.486 

0.086 

0.180 

+1.24 

Dec. 

6 

1.051 

0.925 

—0.371 

2. 

004 

0.414 

—0.017 

0.145 

+1.58 

1762 

Oct. 

30 

1.284 

1.119 

+1.011 

2.272 

0.377 

+0.198 

—0.033 

+1.49 

1763 

Dec. 

2 

1.289 

1.110 

2.169 

—  1. 

307 

0.086 

+0.171 

+0.046 

+1.27 

1765 

Feb. 

1 

1.187 

1.008 

2.377 

+0. 

081 

0.013 

—0.080 

—0.003 

+3.33 

1766 

Feb. 

3 

1.112 

0.933 

1.873 

0. 

929 

0.221 

0.273 

0.077 

+2.12 

1767 

Mar. 

8 

1.035 

0.857 

+0.858 

1. 

961 

0.442 

—0.162 

0.172 

+0.89 

1768 

April 

6 

1.029 

0.841 

—0.275 

2. 

116 

0.464 

+0.079 

0.232 

—0.03 

1769 

May 

9 

1.091 

0.880 

1.396 

1.762 

0.275 

0.231 

0.237 

+1.51 

1770 

June 

10 

1.192 

0.949 

2.277 

+0. 

810 

0.040 

+0.118 

—0.152 

+0.62 

1771 

July 

14 

1.262 

0.991 

2.435 

—  0. 

587 

0.044 

—0.173 

+0.026 

—0.03 

1772 

Aug. 

28 

1.268 

0.981 

1.657 

1 

833 

0.314 

0.263 

0.224 

—0.88 

1773 

Sept. 

28 

1.269 

0.968 

—0.283 

2.432 

0.494 

—0.034 

0.359 

+0.73 

1774 

Nov. 

3 

1.288 

0.968 

+1.206 

2.187 

0.337 

+0.217 

0.384 

+0.35 

1775 

Dec. 

9 

1.286 

0.952 

2.256 

—1. 

150 

0.056 

+0.140 

0.281 

+1.49 

1777 

Jan. 

9 

1.207 

0.881 

2.409 

+0.297 

0.032 

—0.153 

+0.096 

+1.27 

1778 

Feb. 

7 

1.096 

0.788 

1.737 

1.423 

0.262 

0.276 

—0.073 

+1.06 

1779 

Mar. 

12 

1.029 

0.728 

+0.708 

2 

.011 

0.459 

—0.131 

0.163 

—1.87 

1780 

April 

17 

1.032 

0.719 

—0.422 

2 

.098 

0.448 

+0.116 

—0.164 

+0.03 

1782 

June 

16 

1.205 

0.814 

2.352 

+0 

.636 

0.021 

+0.081 

+0.168 

+1.08 

1783 

July 

17 

1.266 

0.841 

2.378 

—0 

.788 

0.072 

—0.210 

0.410 

+0.50 

1784 

Aug. 

24 

1.271 

0.831 

1.534 

1 

.940 

0.348 

—0.249 

0.512 

—0.72 

1785 

Oct. 

1 

1.271 

0.816 

—0.072 

2 

.451 

0.493 

+0.009 

0.432 

+2.20 

1786 

Nov. 

7 

1.292 

0.816 

+1.392 

2 

.085 

0.295 

0.228 

+0.222 

—1.11 

1787 

Dec. 

12 

1.279 

0.794 

2.347 

—0 

.936 

0.031 

+0.101 

—0.034 

+3.13 

1789 

Jan. 

14 

1.192 

0.726 

2.354 

+0 

.475 

0.055 

—0.186 

0.210 

+1.06 

1790 

Feb. 

15 

1.083 

0.649 

1.610 

1 

.531 

0.297 

0.267 

0.258 

+2.16 

1791 

Mar. 

15 

1.025 

0.603 

+0.553 

2 

.051 

0.472 

—0.099 

0.194 

+1.40 

1792 

April 

28 

1.035 

0.597 

—0.577 

2 

.067 

0.429 

+0.149 

—0.061 

+0.91 

1793 

May 

22 

1.117 

0.632 

1.679 

1 

.561 

0.201 

0.231 

+0.127 

+2.70 

1794 

June 

18 

1.218 

0.676 

2.412 

+0 

.451 

0.006 

+0.037 

0.328 

+1.91 

1795 

July 

26 

1.269 

0.691 

2.307 

—0 

.975 

0.106 

—0.236 

0.450 

+0.03 

1796 

Sept. 

7  . 

1.266 

0.675 

—1.317 

2 

.074 

0.392 

—0.225 

0.423 

+0.28 

1797 

Oct. 

6 

1.273 

0.665 

+0.141 

2 

.452 

0.484 

+0.052 

0.274 

+2.38 

1798 

Nov. 

12 

1.294 

0.661 

1.569 

1 

.967 

0.252 

0.233 

+0.081 

+2.18 

1799 

Dec. 

19 

1.270 

0.635 

2.404 

—0 

.740 

0.013 

+0.062 

—0.066 

+0.29 

1801 

Jan. 

31 

1.171 

0.573 

2.280 

+0 

.643 

0.082 

—0.203 

0.091 

+1.20 

1802 

Feb. 

28 

1.071 

0.512 

1.479 

1 

.630 

0.331 

0.250 

—0.017 

+2.66 

1803 

Mar. 

28 

1.023 

0.478 

+0.404 

2 

.081 

0.480 

—0.060 

+0.071 

+2.84 

1804 

April 

26 

1.045 

0.477 

—0.745 

2 

.031 

0.403 

+0.169 

0.081 

+1.20 

1805 

May 

25 

1.132 

0.493 

1.815 

1 

.442 

+0.164 

+0.218 

+0.022 

—0.04 

1806 

June 

23 

1.229 

0.535 

2.455 

+0.257 

—0.001 

—0.006 

—0.138 

—0.34 

1807 

Aug. 

1 

1.271 

0.539 

2.215 

—1 

.160 

+0.142 

0.257 

0.332 

+1.57 

1808 

Sept. 

14 

1.265 

—0.522 

—1.134 

—2 

.173 

+0.424 

—0.194 

—0.436 

+0.73 
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«r 

«r 

«r 

»r 

% 

«r 

«r 

:-    • 

Oct. 

IT 

1.S74 

—0.612 

+0.346 

—1 

.436 

+0.468 

+0.097 

—0.436 

+0.93 

1810 

Nor. 

S3 

1.194 

0.606 

1.731 

1 

.837 

1  M 

0.134 

0.311 

+S.80 

1811 

Dec. 

15 

1.164 

0.481 

2.447 

—0 

.640 

0.003 

+0.019 

—0.100 

+1.73 

ISIS 

A 

1.131 

0.417 

3.164 

+0 

.782 

0.109 

—0.109 

+0.092 

+1.03 

1814 

M 

S3 

1.060 

0.380 

1.334 

1 

.729 

0.364 

0.141 

0.203 

—0.03 

1816 

Mar. 

30 

1.033 

0.356 

+0.246 

S 

.106 

0.483 

—0.016 

0.216 

+0.96 

1816 

April 

14 

1.067 

0.337 

—0.907 

1 

.989 

0.375 

+0.187 

0.145 

+0.49 

1817 

Mar 

30 

1.147 

0.374 

1.944 

I 

.312 

0.129 

+0.202 

+0.015 

+3.45 

1818 

June 

1 

1.138 

0.390 

2.480 

+0 

.065 

0.000 

—0.046 

—0.174 

—1.10 

181* 

Anc. 

17 

1.227 

0.372 

2.104 

—1 

.267 

0.170 

0.238 

0.278 

+0.61 

:--  • 

S-  ;• 

16 

1.166 

0.370 

—0.960 

.- 

.268 

0.463 

—0.158 

0.286 

+1.16 

18S1 

NOT. 

6 

1.268 

0.364 

+0.633 

1 

.371 

0.441 

+0.145 

—0.162 

+1.03 

1821 

Dec. 

9 

1.278 

0.346 

1.851 

1 

.677 

0.167 

+0.231 

+0.003 

+3.18 

1814 

Jan. 

14 

1.236 

0.321 

2.436 

—0 

.350 

0.000 

-0.008 

0.089 

+  1.65 

1815 

I',  '• 

3 

1.144 

0.286 

2.109 

+0 

.975 

0.148 

0.253 

0.079 

+1.97 

1826 

Mar. 

1C 

1.043 

0.248 

1.199 

1 

.785 

0.389 

—0.206 

+0.013 

+1.31 

1817 

April 

4 

1.021 

0.131 

+0.089 

2 

.118 

0.483 

+0.010 

—0.069 

+0.78 

1818 

May 

17 

1.061 

0.227 

—1.034 

1 

.914 

0.345 

0.217 

0.109 

+0.09 

1819 

June 

10 

1.149 

0.234 

2.033 

+1 

.165 

0.097 

+0.186 

0.114 

—0.13 

1830 

July 

14 

1.230 

0.239 

2.458 

—0 

.118 

0.007 

—0.069 

—0.046 

—0.51 

:-  .: 

Aug. 

16 

1.261 

0.331 

1.976 

1 

.485 

0.223 

0.265 

+0.085 

—1.48 

1831 

Oct. 

3 

1.262 

0.216 

—0.744 

2 

.306 

0.469 

—0.114 

0.221 

—0.71 

1813 

NOT. 

1 

1.276 

0.206 

+0.754 

1 

.347 

0.414 

+0.172 

0.312 

—0.61 

1834 

Dec. 

11 

1.283 

0.192 

1.997 

1 

.621 

0.127 

+0.210 

0.317 

+0.18 

1836 

Jan. 

10 

1.221 

0.170 

2.434 

—0 

.153 

0.003 

—0.060 

0.227 

+0.43 

1837 

Feb. 

14 

1.124 

0.145 

2.000 

+1 

.111 

0.183 

0.258 

+0.113 

+1.14 

1838 

Mar. 

14 

1.030 

0.121 

+  1.096 

1 

.852 

0.413 

—0.179 

—0.007 

+0.57 

1839 

April 

19 

1.016 

0.109 

—0.060 

- 

.107 

0.473 

+0.061 

0.054 

+0.50 

1840 

May 

17 

1.069 

0.099 

1.192 

1 

.856 

0.311 

0.228 

—0.026 

+0.80 

1841 

June 

10 

1.175 

0.101 

.  IM 

+1 

.020 

0.067 

+0.154 

+0.098 

—0.04 

1841 

July 

H 

1.250 

0.093 

2.470 

—0 

.327 

0.021 

—0.122 

0.279 

—0.97 

1843 

Aug. 

18 

:  m 

0.080 

1.843 

1 

.646 

0.267 

0.270 

0.399 

—0.65 

1844 

Sept. 

15 

1.267 

0.067 

—0.640 

S 

.387 

0.487 

—0.083 

0.383 

—1.06 

1845 

Oct. 

23 

1.286 

0.054 

+0.973 

2 

.291 

0.378 

+0.187 

0.248 

—0.11 

1846 

Dec. 

18 

1.277 

0.039 

3.110 

—1 

.350 

0.091 

+0.186 

+0.057 

+0.68 

1848 

Jan. 

16 

1.111 

0.024 

2.444 

+0 

.048 

0.013 

—0.102 

—0.103 

+1.13 

1849 

Feb. 

19 

1.108 

—0.010 

1.887 

1 

.248 

0.219 

0.264 

0.136 

+1.41 

1850 

Mar. 

22 

1.030 

+0.002 

+0.903 

1 

.930 

0.437 

—0.157 

0.130 

+0.71 

1861 

April 

28 

1.011 

0.013 

—0.213 

2 

.090 

0.461 

+0.087 

—0.023 

+1.40 

1851 

May 

11 

1.090 

0.026 

1.363 

1 

.785 

0.276 

0.228 

+0.104 

+0.69 

1863 

June 

13 

1.189 

0.041 

2.256 

+0 

.854 

0.041 

+0.119 

0.255 

+0.67 

1854 

Aug. 

9 

1.230 

0.067 

1.395 

—0 

.507 

0.040 

—0.144 

0.344 

—0.10 

1856 

Sept 

7 

i  M 

•  .071 

1.686 

1 

.777 

0.308 

0.267 

0.329 

—0.47 

1866 

Oct. 

6 

1.264 

0.085 

—0.358 

1 

.417 

0.493 

—0.028 

0.135 

—1.03 

1867 

NOT. 

8 

1.286 

0.101 

+1.154 

2 

.208 

0.341 

+0.216 

+0.048 

—0.86 

1858 

Dec. 

14 

1.171 

0.014 

1.110 

—1 

.171 

0.060 

+0.156 

—0.080 

+0.06 

1860 

Jan. 

31 

1.197 

0.120 

2.383 

+0 

.227 

0.029 

—0.128 

0.130 

+0.04 

1861 

Mar. 

3 

1.085 

0.121 

1.756 

1 

.357 

0.264 

0.256 

—0.020 

+0.84 

1861 

April 

12 

0.998 

0.123 

+0.742 

1 

.930 

0.446 

—0.113 

+0.097 

-0.12 

1863 

April 

30 

1.020 

0.136 

—0.373 

. 

.083 

0.446 

+0.117 

0.175 

-0.26 

1864 

May 

29 

1.089 

0.157 

1.483 

1 

0.240 

0.240 

+0.093 

—0.48 

1866 

July 

1 

1.188 

+0.184 

—2.208 

+0.686 

+0.024 

+0.097 

—0.027 

—0.61 
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z,. 

xr 

xt- 

Z4. 

zs* 

z(. 

z,. 

1866 

July 

29 

1.260 

+0. 

209 

—2.390 

—0.724 

+0.068 

—0.196 

—0.295 

—1.73 

1867 

Sept. 

8 

1.260 

0. 

223 

1.512 

1.929 

0.352 

—0.248 

0.534 

—2.04 

1868 

Oct. 

10 

1.266 

0. 

238 

—0.130 

2.439 

0.492 

+0.009 

0.639 

—0.67 

1869 

Nov. 

17 

1.285 

0. 

256 

+1.333 

2.106 

0.300 

0.233 

0.580 

—0.30 

1870 

Dec. 

14 

1.282 

0. 

269 

2.331 

—0.984 

0.033 

+0.103 

0.368 

—0.15 

1872 

Feb. 

12 

1.161 

0. 

257 

2.306 

+0.402 

0.050 

—0.154 

—0.082 

+0.04 

1873 

Mar. 

18 

1.051 

0. 

244 

1.602 

1.441 

0.284 

0.240 

+0.124 

+0.15 

1874 

April 

6 

1.012 

0. 

246 

+0.600 

2.010 

0.465 

—0.089 

0.224 

+0.08 

1875 

May 

8 

1.020 

0. 

259 

—0.525 

2.050 

0.425 

+0.148 

0.209 

—0.52 

1876 

May 

28 

1.110 

0. 

293 

1.637 

1.587 

0.204 

0.233 

+0.088 

—0.55 

1877 

June 

26 

1.213 

0. 

333 

2.394 

+0.502 

0.008 

+0.047 

—0.146 

—1.41 

1878 

Aug. 

9 

1.256 

0. 

359 

2.312 

—0.908 

0.100 

—0.219 

0.392 

—2.12 

1879 

Sept. 

16 

1.255 

0. 

373 

—1.356 

2.026 

0.385 

—0.221 

0.530 

—1.53 

1880 

Oct. 

22 

1.258 

0. 

388 

+0.074 

2.427 

0.482 

+0.058 

0.493 

—0.89 

1881 

Nov. 

26 

1.281 

0. 

409 

1.502 

1.987 

0.257 

0.241 

0.332 

—0.90 

1882 

Dec. 

23 

1.273 

0. 

420 

2.391 

—0.792 

0.015 

+0.067 

0.155 

—0.72 

1884 

Feb. 

16 

1.150 

0. 

392 

2.250 

+0.578 

0.077 

—0.186 

0.071 

+0.06 

1885 

Mar. 

5 

1.067 

0. 

375 

1.506 

1.593 

0.326 

0.248 

0.041 

+1.14 

1886 

April 

11 

1.008 

0. 

366 

+0.447 

2.041 

0.473 

—0.054 

0.083 

+0.61 

1887 

April 

19 

1.044 

0. 

390 

—0.701 

2.045 

0.405 

+0.167 

0.152 

+0.11 

1888 

May 

25 

1.134 

+0 

.435 

—1.813 

+1.450 

+0.158 

+0.207 

—0.221 

—0.38 

Equations  from 

the  Declinations. 

z,. 

V 

"V 

"V 

z6. 

xr 

X,. 

1750 

Nov. 

19 

+0.486 

—  0. 

481 

+0.296 

—0.892 

—1.028 

—0.476 

—0.162 

+iro5 

1751 

Aug. 

17 

0.178 

0. 

176 

0.270 

0.225 

0.6513 

0.725 

0.040 

—2.18 

Nov. 

20 

0.238 

0. 

234 

0.376 

0.276 

0.651 

1.032 

0.048 

—4.33 

1752 

Feb. 

7 

+0.241 

—  0. 

236 

+0.389 

—0.270 

0.446 

0.941 

—0.046 

+0.72 

Sept. 

22 

—0.072 

+0. 

070 

—0.144 

+0.009 

—0.097 

0.968 

+0.018 

—3.58 

1753 

Jan. 

2 

0.071 

0. 

068 

0.141 

0.006 

+0.061 

1.231 

0.023 

—2.07 

Mar. 

29 

0.029 

0, 

028 

0.058 

+0.005 

0.175 

0.996 

0.017 

+0.21 

Oct. 

19 

0.248 

0. 

239 

0.452 

—0.235 

0.412 

0.825 

0.021 

+0.13 

1754 

Jan. 

31 

0.313 

0. 

300 

0.552 

0.321 

0.675 

0.970 

0.026 

—0.91 

Dec. 

5 

0.348 

0. 

331 

0.359 

0.628 

0.795 

0.481 

0.011 

—0.48 

1755 

April 

17 

0.384 

0. 

364 

0.385 

0.696 

1.000 

0.385 

0.012 

—0.39 

Dec. 

17 

0.332 

0. 

312 

—0.006 

0.691 

0.880 

—0.039 

0.015 

—0.47 

1756 

April 

20 

0.430 

0. 

403 

+0.034 

0.892 

1.106 

+0.134 

0.019 

+0.48 

1757 

Jan. 

2 

0.335 

0. 

311 

0.336 

0.606 

0.998 

0.495 

0.024 

+1.58 

May 

13 

0.356 

0. 

330 

0.406 

0.612 

0.937 

0.690 

0.036 

+0.50 

June 

16 

0.349 

0. 

323 

0.399 

0.603 

0.840 

0.676 

0.036 

+1.01 

1758 

Mar. 

27 

0.109 

0. 

100 

0.199 

0.098 

0.519 

0.942 

0.014 

—1.71 

June 

14 

0.167 

0. 

153 

0.308 

0.141 

0.468 

1.128 

0.024 

—0.13 

July 

28 

—0.184 

+0. 

168 

+0.352 

0.120 

+0.366 

1.063 

+0.032 

+0.20 

1759 

July 

14 

+0.131 

—  0. 

119 

—0.259 

0.039 

—0.212 

1.219 

—0.045 

—0.28 

Sept. 

20 

0.079 

0. 

071 

0.158 

0.022 

0.290 

1.034 

0.031 

—0.55 

1760 

Aug. 

16 

0.415 

0. 

371 

0.595 

0.551 

0.834 

0.849 

0.114 

—0.29 

Nov. 

25 

0.319 

0. 

284 

0.428 

0.455 

0.748 

0.554 

0.084 

+0.46 

1761 

July 

13 

0.465 

0. 

411 

0.190 

0.881 

0.962 

0.269 

0.078 

+0.42 

Sept. 

12 

0.544 

0. 

480 

0.214 

1.028 

1.130 

0.201 

0.089 

+0.29 

Dec. 

6 

0.447 

0. 

394 

—0.160 

0.853 

0.971 

+0.039 

0.070 

+0.63 

1762 

Oct 

30 

+0.466 

—  0. 

406 

+0.360 

—0.827 

—1.040 

—0.546 

—0.012 

0.00 
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Kqo»Uon§  from  th«  Decllnttloai 


«r 

«r 

%• 

«•• 

V 

V 

«r 

1763 

DM. 

+0.201 

—0.173 

+0.337 

—0.207 

—  0 

661 

—1.096 

+0.017 

—1.46 

1766 

F*b 

-0.080 

+0.068 

-4.160 

0.001 

+0 

198 

1.17* 

0.014 

—1.16 

1766 

M 

0.332 

0.279 

0.569 

0.386 

0 

740 

0.912 

0.036 

0.00 

1767 

Mar 

0.431 

0.357 

—0.363 

0.814 

1 

060 

—0.390 

0.081 

—1.17 

176* 

April 

0.428 

0.349 

+0.109 

0.881 

1 

116 

+0.191 

0.102 

—1.16 

1769 

Mar 

0.333 

0.268 

0.431 

0.540 

0 

901 

0.767 

0.073 

—1.16 

1770 

June 

10 

—0.131 

+0.096 

+0.230 

0.084 

+0 

396 

1.166 

+0.008 

—1.78 

1771 

July 

14 

+0.183 

—0.143 

—0.363 

0.084 

—  0 

303 

1.196 

—0.012 

—1.29 

1778 

AUK. 

28 

0.439 

0.340 

0.684 

0.627 

0 

906 

0.756 

+0.058 

—0.67 

177S 

S..;,' 

18 

0.546 

0.417 

—0.130 

1.047 

1 

148 

+0.079 

0.146 

—1.66 

1774 

NOT. 

1 

0.437 

0.328 

+0.403 

0.746 

0. 

996 

—0.639 

0.137 

+4.62 

1775 

Due. 

• 

+0.168 

—0.117 

+0.276 

0.143 

—  0 

463 

1.144 

0.061 

+2.96 

1777 

Jan. 

9 

—0.166 

+0.112 

—0.308 

0.037 

+0. 

261 

1.195 

0.004 

—0.12 

1778 

K.-t, 

7 

0.358 

0.257 

0.670 

0.461 

0. 

801 

0.846 

0.036 

—1.68 

1779 

Mar. 

IS 

0.426 

0.308 

—0.306 

0.850 

1 

083 

—0.309 

0.077 

—1.96 

1780 

April 

17 

0.422 

0.294 

+0.166 

0.858 

1. 

098 

+0.283 

+0.071 

—0.50 

1788 

Jane 

16 

—0.082 

+0.066 

+0.169 

0.044 

+0 

302 

1.199 

—0.025 

—0.09 

1788 

July 

17 

+0.229 

—0.152 

—0.431 

0.140 

—  0 

397 

1.162 

+0.062 

—0.44 

1784 

Aug. 

14 

0.462 

0.302 

0.647 

0.714 

0. 

967 

+0.686 

0.168 

—7.22 

1786 

Oct. 

1 

0.644 

0.349 

—0.039 

1.048 

1 

162 

—0.021 

0.182 

—2.00 

1786 

NOT. 

7 

0.406 

0.266 

+0.431 

0.667 

0 

941 

0.728 

0.079 

—0.79 

1787 

Dec. 

11 

+0.110 

—0.068 

+0.200 

0.082 

—  0 

360 

1.180 

0.007 

+0.38 

1789 

Jan. 

14 

—0.190 

+0.116 

—0.376 

0.074 

+0. 

346 

1.166 

0.041 

+  1.33 

1790 

Feb. 

15 

0.374 

0.224 

0.669 

0.625 

0 

861 

0.774 

0.096 

-2.77 

1791 

Mar. 

15 

0.439 

0.268 

—0.243 

0.877 

1 

101 

—0.231 

0.089 

—1.90 

1791 

Apr. 

38 

0.413 

0.238 

+0.226 

0.826 

1. 

074 

+0.372 

+0.025 

—0.73 

1793 

May 

11 

0.286 

0.162 

0.428 

0.403 

0. 

783 

0.900 

—0.041 

+1.92 

1794 

June 

18 

—0.037 

+0.020 

+0.073 

0.015 

+0. 

206 

1.222 

—0.028 

+0.83 

1796 

July 

16 

+0.268 

—0.146 

—0.488 

0.203 

—  0 

497 

1.116 

+0.073 

+0.13 

1796 

h* 

7 

0.490 

0.261 

—0.617 

0.800 

1. 

Oil 

+0.679 

0.150 

—0.64 

1797 

Oct. 

« 

0.636 

0.280 

+0.051 

1.034 

1. 

147 

—0.124 

0.115 

+0.13 

1798 

NOT. 

11 

0.370 

0.189 

0.444 

0.566 

0 

880 

0.813 

0.031 

—0.73 

1799 

Dec. 

19 

+0.066 

—0.033 

+0.124 

0.039 

—  0. 

256 

1.207 

0.006 

+0.73 

1801 

Jan. 

31 

-0.113 

+0.104 

—0.415 

0.211 

+0 

449 

1.117 

0.036 

+0.84 

1802 

Feb. 

28 

0.386 

0.184 

0.638 

0.582 

0. 

917 

0.693 

+0.016 

—1.66 

1803 

Mar. 

• 

0.440 

0.206 

—0.170 

0.896 

1. 

115 

-0.139 

—0.026 

—0.69 

1804 

April 

26 

0.399 

0.182 

+0.278 

0.778 

1. 

054 

+0.443 

0.031 

+2.76 

1806 

May 

25 

—0.267 

+0.115 

+0.410 

0.330 

0. 

722 

0.961 

0.009 

+0.30 

1806 

June 

23 

+0.006 

—0.003 

—0.012 

0.000 

+0. 

116 

1.236 

0.004 

+0.39 

1807 

Aug. 

1 

0.307 

0.130 

0.637 

0.277 

—  0. 

686 

1.064 

0.079 

+0.31 

HH 

•* 

14 

0.608 

0.210 

—0.463 

0.870 

1. 

054 

+0.484 

0.176 

+1.02 

Oct. 

17 

0.526 

0.212 

+0.134 

1.007 

1. 

132 

—0.236 

0.185 

—0.16 

1810 

NOT. 

13 

0.337 

0.132 

0.447 

0.482 

0 

804 

0.899 

—0.086 

+1.07 

1811 

Dec. 

26 

+0.019 

—0.007 

+0.037 

0.009 

—  0. 

166 

1.227 

+0.002 

—0.86 

1813 

M 

20 

—0.227 

+0.084 

—0.433 

0.163 

+0. 

644 

1.040 

+0.006 

—1.16 

1814 

M 

23 

0.406 

0.145 

0.614 

0.667 

0. 

954 

0.633 

—0.067 

—1.66 

1815 

Mar. 

30 

0.440 

0.163 

—0.112 

0.906 

1. 

123 

—0.060 

0.088 

—1.94 

1816 

April 

24 

0.384 

0.129 

+0.324 

0.725 

1. 

032 

+0.615 

0.066 

—0.63 

1817 

May 

30 

—0.227 

+0.074 

+0.383 

—0.263 

0. 

1.020 

0.007 

+1.69 

1818 

July 

1 

+0.046 

—0.014 

—0.092 

+0.002 

+0. 

009 

1.242 

0.009 

+1.28 

1819 

Aug. 

27 

0.301 

0.112 

0.614 

—0.315 

—  0. 

696 

0.970 

0.070 

—0.18 

m 

** 

26 

+0.634 

—0.1(6 

—0.409 

—0.960 

—  1. 

095 

+0.376 

—0.116 

—0.10 
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Equations  from  the  Declinations. 


xr 

xr 

xt- 

x4. 

z5. 

zc 

xr 

1821 

Nov. 

5 

+0.509 

—0.143 

+0.209 

—0.961 

—1.088 

—  0 

.357 

—0.066 

+0.14 

1822 

Dec. 

9 

+0.304 

—0.082 

+0.438 

—0.400 

0.702 

0 

.972 

+0.001 

+0.07 

1824 

Jan. 

14 

—0.008 

+0.002 

—0.015 

+0.004 

—0.025 

1 

.221 

+0.003 

—0.97 

1825 

Feb. 

3 

0.282 

0.070 

0.521 

—0.237 

+0.602 

1 

.028 

—0.015 

—0.49 

1826 

Mar. 

16 

0.405 

0.096 

0.471 

0.691 

0.999 

—0 

.530 

—0.003 

—0.46 

1827 

April 

4 

0.437 

0.099 

—0.044 

0.907 

1.124 

+0 

.023 

+0.027 

—0.92 

1828 

May 

17 

0.373 

0.081 

+0.363 

0.681 

0.970 

0 

.611 

0.041 

+0.56 

1829 

June 

10 

—0.199 

+0.041 

+0.351 

0.205 

+0.558 

1 

.069 

+0.021 

0.00 

1830 

July 

24 

+0.069 

—0.013 

—0.139 

0.004 

—0.123 

1 

.221 

—0.004 

+0.31 

1831 

Aug. 

26 

0.366 

0.067 

0.578 

0.427 

0.766 

0 

.912 

+0.020 

+0.28 

1832 

Oct. 

3 

0.528 

0.091 

—0.325 

0.968 

1.110 

+0 

.269 

0.088 

—0.28 

1833 

Nov. 

2 

0.492 

0.079 

+0.284 

0.908 

1.073 

—0 

.446 

0.122 

—0.40 

1834 

Dec. 

11 

+0.259 

—0.039 

+0.402 

—0.310 

—0.626 

1 

.036 

+0.071 

—0.43 

1836 

Jan. 

20 

—0.050 

+0.007 

—0.100 

+0.008 

+0.076 

1 

.214 

—0.003 

—0.37 

1837 

Feb. 

14 

0.302 

0.039 

0.539 

—0.295 

0.681 

0 

.962 

—0.026 

—0.17 

1838 

Mar. 

24 

0.412 

0.048 

—0.425 

0.739 

1.030 

—0 

.446 

+0.005 

—0.22 

1839 

April 

19 

0.432 

0.046 

+0.019 

0.896 

1.113 

+0 

.120 

0.025 

+0.02 

1840 

May 

17 

0.356 

0.033 

0.393 

0.621 

0.938 

0 

.684 

+0.009 

+0.14 

1841 

June 

10 

—0.161 

+0.014 

+0.295 

0.143 

+0.488 

1 

.123 

—0.015 

+0.24 

1842 

July 

20 

+0.126 

—0.009 

—0.248 

0.031 

—0.208 

1 

.217 

+0.021 

—0.04 

1843 

Aug. 

28 

0.404 

0.026 

0.594 

0.522 

0.834 

0 

.842 

0.120 

—0.13 

1844 

Sept. 

25 

0.544 

0.029 

—0.239 

1.023 

1.135 

+0 

.193 

0.164 

—0.38 

1845 

Oct. 

23 

0.461 

0.019 

+0.342 

0.826 

1.053 

—0 

.521 

0.093 

—1.41 

1846 

Dec. 

18 

+0.216 

—0.007 

+0.359 

0.232 

—0.533 

1 

.090 

0.012 

—0.67 

1848 

Jan. 

16 

—0.102 

+0.002 

—0.205 

0.003 

+0.159 

1 

.213 

0.007 

—0.94 

1849 

Feb. 

19 

0.325 

+0.003 

0.556 

0.290 

0.731 

0 

.900 

0.038 

—0.21 

1850 

Mar. 

22 

0.425 

—0.001 

—0.378 

0.794 

1.059 

—0.379 

0.053 

+0.10 

1851 

April 

28 

0.425 

0.006 

+0.084 

0.878 

1.096 

+0 

.208 

+0.010 

—0.12 

1852 

May 

11 

0.332 

0.008 

0.410 

0.546 

0.907 

0 

.750 

—0.033 

+0.25 

1853 

June 

13 

—0.122 

—0.004 

+0.231 

0.090 

+0.404 

1 

.163 

—0.032 

+0.94 

1854 

Aug. 

9 

+0.151 

+0.007 

—0.296 

0.059 

—0.328 

1 

.165 

+0.035 

+0.32 

1855 

Sept. 

7 

0.429 

0.024 

0.581 

0.602 

0.900 

0 

.751 

0.108 

—0.16 

1856 

Oct. 

5 

0.544 

0.037 

—0.162 

1.039 

1.144 

+0 

.081 

0.059 

—1.22 

1857 

Nov. 

8 

0.441 

0.035 

+0.389 

0.760 

0.996 

—0 

.632 

+0.019 

—0.57 

1858 

Dec. 

24 

+0.174 

+0.016 

+0.302 

0.162 

—0.438 

1 

.135 

—0.012 

—0.22 

1860 

Jan. 

31 

—0.130 

—0.013 

—0.260 

0.022 

+0.270 

1 

.175 

+0.009 

—0.94 

1861 

Mar. 

3 

0.339 

0.038 

0.552 

0.420 

0.811 

0 

.820 

+0.006 

—0.30 

1862 

April 

12 

0.417 

0.051 

—0.315 

0.804 

1.064 

—0 

.269 

—0.039 

+0.67 

1863 

April 

30 

0.419 

0.056 

+0.147 

0.857 

1.086 

+0 

.286 

0.071 

+0.21 

1864 

May 

29 

0.315 

0.045 

0.426 

0.489 

0.830 

0 

.830 

—0.025 

+0.85 

1865 

July 

1 

—0.097 

—0.015 

+0.188 

0.056 

+0.288 

1 

.190 

+0.008 

+1.01 

1866 

July 

29 

+0.213 

+0.035 

—0.406 

0.120 

—0.402 

1 

.157 

—0.038 

—0.05 

1867 

Sept. 

8 

0.464 

0.082 

0.569 

0.702 

0.954 

+0.672 

0.184 

—0.71 

1868 

Oct. 

10 

0.542 

0.102 

—0.068 

1.045 

1.147 

—0 

.021 

0.274 

—0.16 

1869 

Nov. 

17 

0.413 

0.082 

+0.423 

0.680 

0.935 

0 

.726 

0.200 

—0.68 

1870 

Dec. 

14 

+0.113 

+0.024 

+0.204 

0.089 

—0.372 

1 

.176 

—0.046 

—0.54 

1872 

Feb. 

12 

—0.159 

—0.035 

—0.315 

0.052 

+0.368 

1 

.128 

+0.005 

—0.13 

1873 

Mar. 

18 

0.346 

0.080 

0.531 

0.471 

0.861 

0 

.727 

—0.042 

+0.57 

1874 

April 

6 

0.431 

0.105 

—0.261 

0.854 

1.092 

—0 

.208 

0.095 

+0.32 

1875 

May 

8 

0.409 

0.104 

+0.206 

0.823 

1.060 

+0 

.370 

0.084 

+1.20 

1876 

May 

28 

0.289 

0.076 

0.423 

0.416 

0.781 

0 

.894 

—0.021 

+1.24 

1877 

June 

26 

—0.046 

—0.013 

+0.091 

—0.021 

+0.211 

+1 

.219 

+0.014 

+0.34 
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Equation!  from  the  Declination*. 


«r 

', 

V 

«,.             t».             *r 

•r 

1878 

Au«. 

• 

+0.148 

+0.071 

-0.459 

—0.176 

—0.601 

+1 

.105 

—0.061 

+0.01 

1879 

•  ;  ' 

16 

0.480 

0.141 

—0.615 

0.771 

1.005 

+0 

.677 

0.191 

—0.51 

1880 

Oct. 

11 

0.684 

0.164 

+0.014 

1.030 

1.114 

—  0 

.136 

0.111 

—0.11 

>-  ; 

Nor. 

M 

0.380 

0.111 

0.441 

0.693 

0.864 

0 

.812 

0.111 

—1.11 

1881 

DM. 

1! 

+0.070 

+0.011 

+0.111 

0.045 

—0.164 

1 

.206 

—0.011 

—0.11 

1884 

M 

16 

—0.196 

—0.067 

-0.384 

0.095 

+0.451 

1 

.093 

0.000 

+0.01 

1886 

Mar. 

1 

0.381 

0.114 

0.543 

0.566 

0.911 

0 

.693 

+0.006 

—0.13 

MM 

April 

11 

0.431 

0.167 

—0.198 

0.876 

1.101 

—  0 

.126 

0.031 

+0.38 

18S7 

April 

0.400 

0.149 

+0.163 

0.786 

1.057 

+0 

.436 

0.061 

+0.97 

MM 

May 

15 

—0.144 

-0.094 

+0.383 

—0.311 

+0.731 

+0 

.967 

+0.068 

+0.71 

After  the  elimination  of  the  eleven  unknowns  x,  ....  x,,.  the  normal 
equations  stand  as  follows : 

«,.         v  «r  »4-  V  «r  «r 

94.69—1.11—    0.14—    9.81  +  0.17        0.00—1.186—6:69=0. 

—  1. 11  +8.11  +     1.11  +    0.84  —  0.09  +  0.04  —1.194—11.01    =0. 

—  0.14  +1.11  +188.10  —    1.09  —  0.10  —  0.10  —1.790+47.64   =0. 

—  9.82  +0.84  —    1.09  +174.84  +  1.84  +  0.30  +4.760+41.01   =0. 
+0.17  —0.09  —    0.10  +     1.84  +46.66  +  0.16  +0.159+13.48   =0. 

0.00  +0.04  —    0.10  +     0.30  +  0.16  +46.30  +0.173+16.89   =0. 

—  1.196—1.194—    1.790+     4.760+0.169+0.173+4.184+3.346  =  0, 

After  the  values  of  the  unknowns    in    these    equations    have    been 
obtained,  the  values  of  the  rest  are  given  by  the  equations 

«.  =  +0?54— 0.04  *,+0. 03*^-0. 01  *,+0.41x.+0.10*.+0.01*.+0. 01  *,. 


•  .=  +0.60+0.06 
«.  =  +0.11+0.  06 
*„=  +0.30+0.  01 
*„  =  +0.03—  0.01 
*„=  +0.17—  0.08 
*M  =  +0.19—  0.03 
ir.=  +0.11    0.00 
i,.  =  +0.17    0.00 
x,,  =  —  0.10    0.00 
*»  =  —  0.11+0.04 

—  0. 
—  0. 
—  0 
0 
+0 
0 
0 
0 
0 
+0 

06 
05 
01 
00 
01 
00 
00 
00 
00 

01 

+0. 
+0. 
+0. 
+0. 
+0. 
+0. 
+0. 
+0. 
+0. 
+0. 

12 
16 

11 

13 
07 
07 
08 
07 
08 
04 

+0 
+0 
+0 
+0 
+0 
+0 
+0 
+0 
+0 
+0 

.43 
.30 
.41 

.47 
.64 
.47 
.48 
.49 
.49 
.61 

—  0 
—  0 
—  O 
—  0 
+0 
+0 
—  0 
—  0 
—  0 
—  0 

.18 
.11 
.09 
.02 
.11 
.03 
.06 
.07 
.06 
.17 

+0. 
+0. 
—  0. 
—  0. 
+0. 
+0. 
0. 
0. 
—  0. 
—  0. 

••: 
M 

u 

n 

• 
,,., 
,„, 
"i 
11 

—0.05 
—0.04 
—0.06 
+0.06 
+0.06 
—0.03 
—0.04 
—0.01 
+0.08 
+0.07 

The  values  of  the  unknowns  which  result  from  the  solution  of  these 
equations  are 

*,  =  +  0:065  x  ,  =  —  OT172  *l§  =  +  OT07 

as,  =  -|-l. 376  x,  =  +  0.46  *,4  =  — 0.03 

*.=  —  0.268  a:.  =  +  0.43  x,§  =  +  0.21 

*,  =  —  0.234  i,.  =  —0.04  *,.  =  +0.06 

^  =  —  0.276  xll  =  +0.23  xlt  =  — 0.23 

*.  =  —  0.371  *i.  =  —  0.11  *,.  =  — 0.17 
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The  sum  of  the  squares  of  the  residuals  by  this  solution  is  reduced 
from  [nn]  =  101".42  to  [nn.  18]  =49".57,  and  the  probable  error  of  a 
normal  of  the  weight  unity  is  ±  0".293. 

The  mass  of  Saturn  which  results  from  this  investigation  is,  with  its 

probable  error, 

1 
3502.20  ±  0.53' 

But,  as  the  value  of  this  mass  deduced  from  the  measures  of  the  satel- 
lites is  somewhat  larger,  we  will  adhere  to  the  value  given  by  Bessel,  and 
thus  assume  that  x1  =  0.  The  values  of  the  corrections  of  the  elements, 
which  accord  with  this  assumption,  are 

SL  =  +  0'.'07  , 
Sn  =  +  0?01402  , 
Se  =  —  0'.'266, 
eb,  =  _  <K'239  , 
Si  =  —  0".217  , 
sin  t8  &  =  —  0'/372  . 

By  applying  these  corrections  to  the  elements  of  the  provisional  theory, 
given  in  Astronomical  Papers,  Vol.  IV,  p.  558,  we  obtain  the  following 

Epoch  1850,  Jan.  0.0,  Greenwich  M.  T. 
L  =  159°  56'  25V05 
*•  =    11    54  26.72 
£  =    98    56     3.54  +  .35.98t 
i  =      1    18    41.82+  0.0878e 
e  =  0.04825382 
n  =  109256?63954 


3501.6 

If  we  denote  the  correction  to  be  applied  to  the  declinations  of  equa- 
torial stars  in  Prof.  Boss's  system  by 

t  —  1850 


x  +  y 


100 


the  preceding  values  of  zg  . .  •  •  xw  furnish  the  following  equations  for  deter- 
mining x  and  y,  to  which  we  join  their  weights, 

Weight.  Weight. 

x  —  0.92y  +  0?46  =  0         0.25  x  —  0.18y  —  0?03         0.7 

a;_0.78y  +  0.43  =  0         0.06  x  —  O.OGy  +  0.21         1.0 

a:_0.67j/  — 0.04  =  0         0.04  x  +  0.06t/  -f  0.06         1.0 

a;_0.54y  +  0.23  =  0        0.12  x  +  0.18y—  0.23         1.0 

x  —  QA2y  —  0.11  =  0        0.2  x  +  0.32y  —  0.17        1.0 

x  —  0.30y  +  0.07  =  0        0.2 
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The  discussion  of  the  observations  of  Saturn  adds  to  these  the  equations 


*  —  0.89y  +  0:57  =  0 
x  —  0.65y  +  1.23  =  0 

*  —  0.36y  +  0.06  =  0 

*  —  0.07y  —  0.08  =  0 

*  +  0.2%  —  0.02  =  0 


0.10 

0.04 

0.2 

1.0 

1.0 


The  normal  equations  derived  from  these  are 

7.916*  -  0.167y  +  0".026  =  0, 
—  0.187*  +  0.700y  —  0.312  =  0  . 

The  formula  for  the  correction  in  question  is  then 

+  0".01  +  0".0046  (t  —  1860)  . 

The  residuals  left  by  the  foregoing  solution  in  the  case  of  each  normal, 
together  with  the  number  of  observations  the  latter  is  founded  upon,  and 
the  weight  it  has  received  in  the  discussion,  are  given  below: 


Dtto. 

Obi-Cal.                    No.  of  Ob*. 
Aa  ooi  t.                 Ail.                a.             t. 

a. 

Weight. 
6. 

1750 

NOT. 

19 

+0r83 

—I". 

48             4             4 

0 

.05 

0. 

05 

1751 

Aug. 

17 

+3. 

78 

+1. 

53             9             9 

0 

.1 

0. 

1 

Nor. 

20 

+3. 

87 

+8. 

66             7             7 

0 

.1 

0. 

1 

1752 

Feb. 

7 

+1. 

46 

—  1. 

29             5             4 

0 

.05 

0. 

05 

Sept 

22 

+8. 

43 

+2. 

62           13           13 

0 

.16 

0. 

15 

1753 

Jan. 

8 

+0. 

64 

+1. 

07 

3 

0 

.06 

0. 

05 

Mar. 

29 

+0. 

03 

—1. 

02 

3 

0 

.05 

0. 

05 

• 

Oct 

19 

+1. 

70 

—1. 

22 

8 

0 

.1 

0. 

1 

1754 

Jan. 

31 

—1. 

71 

—0. 

30 

3 

0 

.025 

0. 

025 

Dec. 

6 

+8. 

76 

—0. 

66 

3 

0 

.025 

0. 

025 

1755 

April 

17 

+1. 

56 

—0. 

63 

6 

0 

.1 

0. 

1 

Dec. 

17 

+1. 

19 

—0. 

28 

4 

0 

.06 

0. 

05 

1756 

April 

80 

4-8. 

66 

—  t. 

26 

6 

0 

.06 

0. 

05 

1757 

Jan. 

S 

+3. 

87 

—1. 

97 

3 

0 

.05 

0. 

026 

May 

18 

+3. 

56 

—0. 

84            14            13 

0 

.16 

0. 

15 

June 

16 

+0. 

43 

—1. 

38             9             9 

0 

.1 

0. 

1 

1758 

Mar. 

87 

+8. 

88 

+1. 

70             3             3 

0 

.06 

0. 

05 

June 

14 

+8. 

86 

+0. 

18           18           13 

0 

.15 

0. 

16 

July 

88 

+0. 

92 

—0. 

26             7             6 

0 

.1 

0. 

1 

1759 

July 

14 

+1. 

24 

+0.33            11            10 

0 

.15 

0. 

16 

Sept 

20 

—0.65 

+0. 

49            11           11 

0 

.16 

0. 

16 

1760 

An* 

14 

—1. 

65 

+0. 

16             8             3 

0 

.06 

0. 

05 

Nor. 

BJ 

—3. 

46 

—0. 

78             3             1 

0 

.06 

0. 

026 

1761 

July 

13 

—0 

52 

—0 

70             9             6 

0 

.1 

0. 

I 

Sept 

13 

—0 

40 

—0. 

68           17           18 

0 

.16 

0. 

15 

Dec. 

4 

—0. 

86 

—I. 

02            19           18 

0 

.16 

0. 

16 

62 


COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL 


Ob».-Cal. 

No.  of  Obs. 

Weight. 

Date. 

Aa  cos  S. 

A<f. 

a. 

d. 

a. 

6. 

1762    Oct.     30 

—0.13 

—0.43 

10 

10 

0.1 

0.1 

1763    Dec.      2 

+0.54 

+0.78 

12 

11 

0.15 

0.15 

1765    Feb.      1 

—1.40 

+0.28 

6 

5 

0.1 

0.1 

1766    Feb.      3 

—0.23 

—1.10 

7 

7 

0.1 

0.1 

1767    Mar.      8 

+0.94 

+1.32 

3 

3 

0.05 

0.05 

1768    April     6 

+1.67 

+0.57 

4 

4 

0.05 

0.05 

1769    May      9 

—0.22 

+1.98 

5 

4 

0.1 

0.05 

1770    June   10 

+0.21 

+1.89 

5 

5 

0.1 

0.1 

1771    July    14 

+0.47 

+2.40 

4 

4 

0.05 

0.05 

1772    Aug.    28 

+1.41 

+0.50 

4 

3 

0.05 

0.05 

1773    Sept.    28 

+0.06 

+1.21 

4 

4 

0.1 

0.05 

1774    Nov.      3 

+0.95 

—4.98 

4 

4 

0.05 

0.05 

1775    Dec.      9 

+0.20 

—3.60 

3 

2 

0.05 

0.025 

1777    Jan.      9 

+0.56 

—0.82 

5 

5 

0.1 

0.1 

1778    Feb.      7 

+0.71 

+0.59 

4 

4 

0.1 

0.05 

1779    Mar.    12 

+3.49 

+1.17 

2 

2 

0.025 

0.025 

1780    April  17 

+1.40 

+0.09 

2 

2 

0.025 

0.025 

1782    June    16 

—0.45 

+0.29 

4 

4 

0.05 

0.05 

1783    July    17 

—0.23 

+0.53 

3 

3 

0.05 

0.05 

1784    Aug.    24 

+1.02 

+7.04 

3 

3 

0.05 

0.00 

1785    Oct.       1 

—1.54 

+1.60 

2 

2 

0.025 

0.025 

1786    Nov.      7 

+2.24 

+0.29 

2 

2 

0.025 

0.025 

1787    Dec.     12 

—1.67 

—1.08 

3 

3 

0.05 

0.05 

1789    Jan.     14 

+0.51 

—2.17 

6 

5 

0.1 

.    0.1 

1790    Feb.     15 

—0.61 

+1.92 

9 

9 

0.15 

0.15 

1791    Mar.    15 

+0.04 

+1.29 

6 

6 

0.1 

0.1 

1792    April  28 

+0.33 

+0.49 

24 

24 

0.25 

0.2 

1793    May     22 

—1.81 

—1.80 

7 

7 

0.1 

0.1 

1794    June    18 

—1.53 

—0.57 

12 

12 

0.15 

0.15 

1795    July    26 

+0.01 

—0.08 

11 

11 

0.15 

0.15 

1796    Sept.     7 

—0.16 

+0.38 

22 

22 

0.25 

0.2 

1797    Oct.       6 

—1.88 

—0.58 

5 

5 

0.1 

0.1 

1798    Nov.    12 

—1.22 

+0.20 

7 

7 

0.1 

0.1 

1799    Dec.     19 

+0.98 

—1.40 

3 

3 

0.025 

0.05 

1801    Jan.    31 

+0.20 

—1.64 

12 

11 

0.15 

0.15 

1802    Feb.     28 

—1.24 

+0.84 

15 

15 

0.15 

0.15 

1803     Mar.    28 

—1.63 

+0.24 

22 

19 

0.25 

0.2 

1804    April  26 

—0.15 

—2.84 

12 

12 

0.15 

0.15 

1805    May     25 

+0.62 

—0.04 

19 

19 

0.2 

0.2 

1806    June   23 

+0.38 

—0.12 

22 

22 

0.2 

0.2 

1807    Aug.      1 

—1.88 

—0.32 

26 

25 

0.25 

0.25 

1808    Sept.  14 

—0.92 

—1.40 

25 

24 

0.25 

0.25 

1809    Oct.     17 

—0.68 

—0.40 

22 

22 

0.2 

0.2 

1810    Nov.    23 

—2.05 

—1.63 

8 

8 

0.15 

0.15 

1811    Dec.    25 

—0.63 

+0.22 

12 

12 

0.2 

0.2 

1813    Feb.    20 

—0.80 

+1.48 

25 

25 

0.25 

0.25 

1814    Feb.    23 

+1.28 

+1.06 

17 

16 

0.2 

0.2 

1815    Mar.    30 

+0.18 

+1.64 

18 

18 

0.2 

0.2 

1816    April  24 

+0.32 

+0.61 

22 

11 

0.2 

0.15 
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1817 
1818 
1819 
1810 
1811 
18« 
18S4 
1815 

!>.!<• 

May 
June 
Aug. 
Sept 
NOT. 
Dec. 
Jan. 
Ml 

30 
1 
17 
16 
6 
9 
14 
8 

Ob.    C.I 
Aa  COi  d.                 tut. 

—  S.ll          —1.11 

+0.96           —0.95 
—1.04           +0.18 
—1.58           —0.36 
—0.89           —0.69 
—1.51           —0.61 
—0.70            +0.40 
—0.89           —0.08 

No.  of  Ob*. 
«.            4. 
17            9 
IS            8 
81           11 
44           41 
87           40 
39           38 

11        n 

14            14 

\W.  „••.'. 
«.                            t. 

0.1               0.15 
0.15             0.16 
0.16             0.15 
0.3              0. 
0.1              0. 
0.1              1. 
0.1              0. 
0.15             0.  5 

1816 

Mar. 

1C 

—  0.17 

+0.05 

16 

36 

0.6               0. 

1817 

April 

4 

+0.11 

+0.81 

17 

19 

0.4               0. 

1818 

May 

17 

+0.47 

—0 

19 

49 

11 

0.6               0. 

1819 

June 

10 

+0.19 

+0.46 

38 

9 

0.6               0. 

1830 

July 

14 

+0.08 

+0.01 

47 

11 

0.7               0. 

1811 

Aug. 

16 

+0.81 

—0.41 

61 

80 

0.7              0. 

1811 

Oct. 

I 

+0.11 

—0.10 

65 

11 

0.7              0. 

1811 

Nor. 

1 

+0 

68 

—0.16 

60 

60 

0.7              1.0 

1834 

Dec. 

11 

+0. 

16 

—0. 

11 

87 

106 

1 

1836 

Jan. 

10 

+0. 

36 

-0 

IS 

63 

86 

1 

1837 

Feb. 

14 

—0. 

14 

—0 

19 

81 

84 

1 

1818 

Mar. 

14 

+0. 

19 

—0. 

03 

114 

103 

1 

1839 

April 

1* 

+0. 

19 

+0. 

06 

116 

103 

1 

1840 

May 

17 

—0. 

44 

+0. 

26 

134 

113 

1841 

June 

10 

—0 

14 

+0.33 

79 

70 

1841 

July 

10 

+0. 

30 

+0. 

33 

139 

138 

1843 

Aug. 

18 

—0. 

1C 

—0. 

06 

135 

127 

1844 

Sept 

• 

+0. 

65 

—0. 

IB 

87 

74 

1845 

Oct 

23 

+0. 

03 

+0. 

84 

115 

88 

1846 

Dec. 

18 

—0. 

16 

+0. 

16 

63 

63 

1848 

Jan. 

16 

—0. 

58 

+0. 

49 

18 

n 

1 

1849 

Feb. 

19 

—0. 

71 

—0. 

11 

47 

50 

1 

1850 

Mar. 

11 

—0. 

06 

—0. 

18 

69 

61 

1861 

April 

18 

—0. 

90 

+0. 

16 

40 

88 

1851 

May 

11 

—0. 

66 

+0. 

10 

47 

54 

1853 

June 

13 

—1. 

03 

—0. 

18 

61 

61 

1854 

Aug. 

9 

—0. 

70 

—0. 

05 

66 

65 

1 

1855 

Sept. 

7 

—0. 

53 

—0. 

11 

101 

76 

1 

1856 

Oct 

5 

+0. 

81 

+0. 

61 

77 

84 

1 

1857 

Nor. 

8 

+0. 

•1 

—0. 

06 

59 

68 

1 

1858 

Dec. 

14 

+0. 

10 

—0. 

16 

58 

60 

1 

1860 

Jan. 

31 

+0. 

14 

+0. 

68 

83 

70 

1 

1861 

Mar. 

1 

—  0. 

11 

+0. 

10 

61 

68 

1861 

April 

11 

+0. 

64 

—0. 

61 

91 

87 

1863 

April 

to 

+0. 

67 

+0. 

11 

131 

143 

1864 

May 

19 

+0. 

17 

—0. 

15 

91 

87 

1865 

July 

1 

—0. 

11 

—0. 

34 

77 

63 

1866 

July 

19 

+0. 

46 

+o. 

14 

71 

74 

1867 

Sept 

8 

+0. 

71 

+0. 

81 

91 

91 

1868 

Oct 

10 

—0. 

11 

—0. 

68 

100 

98 

1869 

NOT. 

17 

—0. 

19 

+0. 

01 

60 

47 
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Obs. 

-Cal. 

No.  of  Obs. 

Weight. 

Date. 

Aa  cos  <J. 

M, 

a. 

i. 

a. 

d. 

1870 

Dec. 

14 

+0. 

08 

+0 

.08 

19 

25 

1 

1 

1872 

Feb. 

12 

+0.18 

—0 

.12 

59 

52 

1 

1 

1873 

Mar. 

18 

+0. 

22 

—0 

.62 

37 

36 

1 

1 

1874 

April 

6 

+0. 

28 

—0.10 

68 

70 

1 

1 

1875 

May 

8 

+0. 

65 

—0. 

62 

85 

88 

1 

1 

1876 

May 

28 

+0. 

18 

—0 

,43 

96 

98 

1 

1 

1877 

June 

26 

+0. 

34 

+0, 

34 

63 

62 

1 

1 

1878 

Aug. 

9 

+0. 

60 

+0 

,11 

58 

59 

1 

1 

1879 

Sept. 

16 

+0. 

03 

+0. 

02 

'  71 

74 

1 

1 

1880 

Oct. 

22 

—0. 

20 

—0, 

41 

74 

75 

1 

1 

1881 

Nov. 

26 

+0. 

30 

+0, 

50 

77 

76 

1 

1 

1882 

Dec. 

23 

+0. 

52 

—0. 

05 

35 

36 

0.8 

0. 

8 

1884 

Feb. 

15 

+0. 

01 

—0, 

16 

49 

31 

0.8 

0. 

8 

1885 

Mar. 

5 

—0. 

97 

+0. 

22 

35 

34 

0.8 

0. 

8 

1886 

April 

11 

—0. 

48 

+0, 

15 

28 

31 

0.6 

0. 

5 

1887 

April 

29 

—0. 

29 

—0. 

21 

25 

26 

0.5 

0. 

5 

1888 

May 

26 

—0. 

36 

+0. 

20 

28 

28 

0.5 

0. 

5 
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MEMOIR  No.  67. 

Discussion  of  the  Observations  of  Saturn  with  Resulting  Values  for  the 
Elements  of  the  Orbit  and  the  Masses  of  Jupiter  and  Uranus. 

(Astronomical  Paper*  of  the  American  Ephemerlt,  Vol.  VII,  pp.  147-107,  18M.) 

The  material  employed  in  this  discussion  is  derived  from  the  published 
work  of  the  following  eleven  observatories ;  the  intervals  of  time  covered 
by  it,  together  with  the  number  of  observations  in  right  ascension  and 
declination,  are  added : 

R.  A.  IT 

Greenwich,    1751-1888  1915  1953 

Palermo,       1791-1812  58  48 

Paris,            1801-1883  1035  1015 

Konigsberg,  1814-1847  198  185 

Cambridge,   1829-1847  410  307 

Capetown,     1834-1860  78  22 

Edinburgh,   1835-1844  200  137 

Berlin,          1838-1854  94  94 

Oxford,         1840-1876  126  124 

Washington,  1845-1884  438  350 

1855-1863  33  26 


Whole  number  of  observations 4585  4261 

Only  those  observations  were  included  for  which  the  planet  culminated 
between  16h  and  8h  of  local  time.  An  exception,  however,  was  made  in  the 
case  of  the  Greenwich  observations  in  the  time  of  Bradley,  when  all  were 
included. 

The  right  ascensions  were  reduced  to  the  standard  of  Prof.  Newcomb's 
Right  Ascensions  of  the  Equatorial  Fundamental  Stars  ( Washington  Observa- 
tions, 1870,  Appendix  III),  and  the  declinations  to  Prof.  Boss's  standard. 

In  order  to  the  combination  of  this  material,  at  least  an  approximate 
estimate  of  the  relative  degree  of  precision  of  the  several  portions  of  it  must 
be  formed.  The  following  determinations  of  the  probable  error  of  a  single 
observation  of  Jupiter  were  made  in  the  case  of  four  observatories  at  the 
epochs  of  the  stated  intervals : 
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Greenwich. 

R.  A.  Dec. 

1750-1761,  Oct.  16,          ±0*104  ±  1?00 

1761,  Oct.  26-1765,  ±0.159  ±  1  .  40 

1766-1811,  ±0.084  ±1.06 

1812-1825,  ±0.101  ±0.90 

1826-1835,  ±0.085  ±0.59 

1836,  ±0.076  ±0.92 

1878-1887,  ±0.052  ±0.76 

PALERMO. 

1792-1809,  ±  0!103  ±  1715 

PARIS. 

1801-1827,  ±  OJ095  ±  1?17 

KONIGSBERG. 

1814-1825,  ±  Of  104  ±  OC'95 

These  probable  errors  are  larger  than  those  which  correspond  to  a  fixed 
star.  They  show  that  one  observation  of  right  ascension  now  made  at 
Greenwich  is  worth  as  much  as  four  made  in  the  time  of  Bradley.  The 
advance  in  precision  of  the  declinations  seems  not  to  have  been  as  great. 
We  note  that  the  declinations  are  considerably  more  precise  than  the  right 
ascensions.  Although  these  determinations  have  been  made  for  Jupiter,  it 
may  be  assumed  that  the  probable  errors  for  Saturn  bear  the  game  ratio  to 
each  other. 

Provisional  tables  having  been  constructed  from  the  theory  in  Astronom- 
ical Papers,  Vol.  IV,  the  observations  of  the  interval  1751-1829  were  com- 
pared directly  with  isolated  places  or  an  ephemeris  computed  from  these 
tables.  For  the  interval  1830-1888,  however,  it  has  been  preferred  to 
compare  the  single  observations  with  the  ephemeris  contained  in  the  Berliner 
Jahrbuch  (1830-1833)  or  the  Nautical  Almanac  (1834-1888),  and  thus  com- 
bine the  material  into  normals,  three  being  formed  about  each  opposition, 
the  absolute  term  of  which  is  taken  to  be  the  average  of  the  three  residuals. 

These  equations  involve  eight  unknown  quantities,  the  notation  of 
which  is  explained  as  follows  : 

Xi  =  the  correction  of  the  mean  longitude  for  1850.0, 

x,  =  the  correction  of  the  mean  motion  for  a  century, 

Xt  =  the  correction  of  the  eccentricity  expressed  in  seconds  of  arc, 

xt  =  the  correction  of  the  longitude  of  perihelion  multiplied  by  the  eccentricity, 

xt  =  the  correction  of  the  inclination, 

xt  =  the  correction  of  the  longitude  of  the  ascending  node  multiplied  by  the  sine 

of  the  inclination, 
1  +  .f^.  i,  =  the  factor  by  which  the  mass  of  Jupiter  must  be  multiplied, 


1  +  -iT&r  =  the  factor  by  which  the  mass  of  Uranus  must  be  multiplied. 
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The  equations  which  have  been  formed,  together  with  the  dates  to 
which  they  correspond,  are  given  below.  It  is  to  be  noted  that  the  absolute 
terms  of  those  which  come  from  the  right  ascensions  are  Act  cos  £,  and  the 
absolute  terms  of  those  which  come  from  the  declinations  are  AA.  For 
brevity  the  sign  of  equality  and  the  zero  which  constitutes  the  right  mem- 
ber of  the  equation  are  omitted.  The  number  of  observations  on  which 
each  equation  depends,  together  with  the  weight  allowed  to  the  latter  in 
the  discussion,  will  be  given  with  the  statement  of  the  final  residuals. 

KqniUoai  from  the  Right  Atceoiloot. 


1751 
1752 
1761 

1753 
1764 

liar   U 
Mar.  10 
Jan*  29 
Aug.  18 
Apr.     » 
July     8 
Aug.  26 
July  37 
Oct.     8 

«!• 

0.988 
0.886 
0.989 
0.926 
0.926 
0.994 
0.930 
0.975 
0.900 

«r 
—0.974 
0.867 
0.964 
0.901 
0.896 
0.969 
0.896 
0.931 
0.857 

«r 
+0.658 
0.210 
0.262 
+0.253 
—0.177 
0.169 
0.148 
0.513 
0.634 

V 

+1.912 
.816 
.026 
.900 
.912 
.060 
.927 
.969 
.816 

«»• 

+0.128 
0.040 
0.106 
+0.060 
—0.001 
+0.008 
+0.012 
—0.007 
—0.003 

«r 

+0.146 
0.062 
0.105 
+0.114 
-0.003 
+0.026 
+0.040 
—0.056 
0.041 

«r 
—2.182 
1.957 
2.167 
2.021 
2.049 
2.184 
2.036 
2.154 
1.976 

«r 
—2.223 
2.285 

2.526 
2.363 
2.519 
2.690 
2.509 
2.611 
2.406 

—  2T67 
I  :: 
—0.89 
—1.48 
—4.13 
+0.24 
+1.85 
—0.41 
+0.88 

1756 

July  20 

0.998 

0.948 

0.996 

.844 

+0.011 

0.166 

2.235 

2.443 

+0.19 

1764 

Aug.    4 

0.973 

0.930 

1.334 

1.617 

0.064 

0.226 

2.251 

2.042 

—0.68 

Oct     8 

0.929 

0.866 

1.238 

1.518 

0.062 

0.193 

2.076 

1.910 

—1.06 

1757 

Aug.    » 

0.997 

0.921 

.627 

1.309 

0.140 

0.273 

2.285 

1.474 

+  1.95 

Nor.    6 

0.909 

0.838 

.495 

1.190 

0.126 

0.218 

2.055 

1.196 

+3.06 

1751 

Sept.     1 

1.000 

0.913 

.846 

0.962 

0.227 

0.277 

2.321 

0.786 

+0.22 

Nor.     6 

0.921 

0.839 

.702 

0.766 

0.213 

0.240 

2.202 

—0.728 

+0.88 

1769 

Aug.  IB 

1.001 

0.904 

.982 

0.542 

0.310 

0.255 

2.396 

+0.032 

+1.06 

NOT.  29 

0.911 

0.820 

.806 

0.514 

0.287 

0.208 

2.114 

0.007 

—1.01 

1760 

8«Pt    6 

1.024 

0.914 

.062 

0.121 

0.379 

0.191 

2.503 

0.858 

+0.07 

Dec.   17 

0.914 

0.814 

.847 

+0.121 

0.346 

0.148 

2.174 

0.764 

—0.14 

1761 

Aug.  15 

1.013 

0.895 

.971 

—0.332 

0.400 

0.108 

2.589 

1.660 

+1.68 

Oct     8 

1.050 

0.926 

.051 

0.311 

0.418 

0.100 

2.634 

1.675 

+2.64 

Dec.     7 

0.978 

0.856 

.909 

0.269 

0.393 

0.078 

2.887 

1.615 

+0.26 

1762 

Oct    17 

1.082 

0.943 

.942 

0.775 

0.417 

—0.002 

2.808 

2.463 

—3.40 

1762 

NOT.    8 

1.182 

0.967 

.725 

.244 

0.372 

+0.087 

3.010 

3.160 

+0.13 

1764 

Dec.  12 

.186 

0.965 

.400 

.609 

0.294 

0.155 

3.067 

3.641 

—1.31 

1766 

Nor.  81 

.208 

1.016 

0.993 

.029 

0.189 

0.162 

3.372 

4.001 

+0.76 

1766 

Dec.     8 

.889 

1.029 

—0.483 

.271 

0.088 

0.125 

3.620 

4.076 

+0.67 

1767 

Dec.   20 

.864 

1.029 

+0.083 

.364 

+0.014 

+0.037 

2.636 

3.887 

+0.63 

176* 

Jan.     8 

.248 

1.010 

0.643 

.287 

—0.009 

—0.076 

3.696 

3.410 

—0.23 

1770 

Jan.   19 

.888 

0.977 

1.144 

.061 

+0.023 

0.180 

8.701 

2.742 

—1.82 

1771 

Feb.     8 

.188 

0.933 

1.649 

.700 

0.099 

0.256 

3.676 

1.930 

—0.12 

1771 

Feb.  14 

.187 

0.885 

1.886 

.267 

0.196 

0.284 

3.626 

1.076 

—3.66 

177S 

Feb.  87 

.092 

0.839 

2.006 

0.804 

0.291 

0.266 

2.670 

+0.210 

+0.03 

1774 

Mar.  14 

.064 

0.799 

2.072 

—0.388 

0.269 

0.204 

3.510 

—0.586 

+3.17 

1775 

Mar.  30 

.024 

0.765 

2.045 

+0.123 

0.413 

0.119 

8.446 

1.220 

—0.08 

1776 

Apr.     6 

.002 

0.739 

1.987 

0.569 

0.349 

—0.023 

3.888 

1.972 

—0.99 

1777 

Apr.   18 

0.988 

0.718 

1.767 

0.958 

0.391 

+0.057 

3.324 

2.607 

—1.71 

1778 

May     2 

0.982 

0.704 

1.618 

1.319 

0.882 

0.128 

8.269 

2.911 

—8.65 

1779 

May  10 

0.981 

—0.693 

+1.204 

+1.687 

+0.252 

+0.166 

—3.800 

-4.170 

+6.6» 

68 


COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL 


Equations  from  the  Right  Ascensions. 


*i- 

*r 

*.- 

%• 

zs- 

*«• 

z,. 

*8- 

1780 

May 

25 

0.984 

—0.685 

+0.849 

+1.868 

+0.166 

+0.157 

—3.144 

—3.250 

+0.09 

1782 

June 

18 

0.992 

0.670 

+0.041 

2.099 

+0.026 

+0.059 

3.070 

2.871 

+1.90 

1783 

July 

28 

0.982 

0.652 

—0.369 

2.050 

—0.003 

—0.014 

2.984 

2.394 

+2.71 

1784 

July 

13 

0.996 

0.652 

0.801 

1.955 

—0.002 

0.120 

3.016 

1.834 

+6.09 

1785 

July 

24 

0.997 

0.642 

1.174 

1.739 

+0.036 

0.201 

2.982 

1.167 

+0.89 

1786 

Aug. 

6 

0.997 

0.632 

1.495 

1.452 

0.104 

0.258 

2.956 

—0.449 

+4.45 

1787 

Aug. 

18 

1.000 

0.624 

1.752 

1.102 

0.188 

0.283 

2.950 

+0.204 

+6.38 

1788 

Aug. 

30 

1.007 

0.618 

1.936 

0.703 

0.276 

0.269 

2.974 

0.954 

+1.54 

1789 

Sept. 

11 

1.021 

0.616 

2.045 

+0.270 

0.353 

0.221 

3.025 

1.565 

+0.30 

1790 

Sept. 

22 

1.042 

0.618 

2.069 

—0.191 

0.405 

0.143 

3.106 

2.102 

+0.08 

1791 

Oct. 

8 

1.072 

0.624 

2.007 

0.656 

0.423 

—0.048 

3.216 

2.540 

—0.28 

1792 

Oct 

24 

1.108 

0.634 

1.848 

1.114 

0.398 

+0.049 

3.342 

2.861 

+0.48 

1793 

Nov. 

7 

1.150 

0.646 

1.584 

1.553 

0.333 

0.125 

3.481 

3.066 

+0.88 

1794 

Nov. 

14 

1.194 

0.658 

1.205 

1.945 

0.236 

0.160 

3.626 

3.128 

+1.17 

1795 

Dec. 

1 

1.234 

0.667 

0.649 

2.262 

0.108 

0.121 

3.778 

3.014 

—5.35 

1796 

Dec. 

24 

1.249 

0.662 

—0.196 

2.381 

+0.044 

—0.086 

3.779 

2.755 

—0.97 

1797 

Dec. 

30 

1.255 

0.652 

+0.381 

2.365 

—0.006 

—0.024 

3.789 

2.357 

+0.74 

1799 

Jan. 

13 

1.235 

0.629 

0.920 

2.173 

+0.002 

0.138 

3.722 

1.904 

—3.49 

1800 

Jan. 

26 

1.199 

0.599 

1.373 

1.850 

0.061 

0.230 

3.616 

1.313 

+2.55 

1801 

Feb. 

28 

1.150 

0.562 

1.697 

1.439 

0.151 

0.269 

3.467 

0.815 

—1.83 

1802 

Feb. 

27 

1.109 

0.531 

1.938 

0.979 

0.252 

0.277 

3.400 

+0.352 

+1.23 

1803 

Mar. 

19 

1.068 

0.499 

2.050 

0.517 

0.339 

0.231 

3.301 

—0.019 

—3.32 

1804 

Mar. 

26 

1.035 

0.474 

2.068 

—0.064 

0.398 

0.157 

3.201 

0.309 

—2.23 

1805 

Apr. 

6 

1.010 

0.452 

1.998 

+0.368 

0.393 

—0.062 

3.068 

0.529 

—2.91 

1806 

Apr. 

24 

0.991 

0.433 

1.845 

0.764 

0.408 

+0.024 

2.924 

0.700 

—1.59 

1807 

May 

1 

0.986 

0.421 

1.634 

1.129 

0.360 

0.098 

2.785 

0.874 

+0.90 

1808 

May 

12 

0.985 

0.410 

1.356 

1.440 

0.288 

0.147 

2.645 

1.072 

—2.11 

1809 

May 

20 

0.987 

0.401 

1.018 

1.705 

0.202 

0.161 

2.520 

1.318 

—1.78 

1810 

June 

5 

0.991 

0.392 

0.829 

1.888 

0.118 

0.141 

2.421 

1.613 

—0.19 

1811 

June 

14 

0.995 

0.384 

+0.225 

2.007 

0.046 

0.085 

2.315 

1.961 

—2.22 

1812 

June 

29 

0.999 

0.375 

—0.198 

2.023 

+0.003 

+0.008 

2.229 

2.333 

—2.96 

1813 

July 

9 

0.999 

0.364 

0.563 

1.960 

—0.009 

—0.084 

2.152 

2.701 

—4.62 

1814 

July 

21 

0.999 

0.354 

1.010 

1.797 

+0.016 

0.170 

2.089 

3.027 

—0.39 

1815 

Aug. 

2 

0.998 

0.343 

1.356 

1.560 

0.073 

0.239 

2.034 

3.293 

+0.73 

1816 

Aug. 

16 

0.998 

0.333 

1.641 

1.255 

0.152 

0.276 

2.001 

3.472 

—3.85 

1817 

Aug. 

27 

1.002 

0.324 

1.861 

0.908 

0.240 

0.280 

1.996 

3.546 

—1.71 

1818 

Sept. 

6 

1.012 

0.317 

2.004 

0.505 

0.323 

0.246 

2.027 

3.518 

—0.86 

1819 

Sept. 

20 

1.028 

0.311 

2.068 

+0.086 

0.387 

0.179 

2.041 

3.371 

—2.42 

1820 

Oct. 

3 

1.053 

0.308 

2.047 

—0.357 

0.420 

—0.089 

2.219 

3.124 

—2.69 

1821 

Oct. 

18 

1.086 

0.306 

1.932 

0.814 

0.413 

+0.009 

2.412 

2.759 

—2.91 

1822 

Nov. 

7 

1.123 

0.305 

1.717 

1.254 

0.365 

0.097 

2.612 

2.276 

—0.99 

1823 

Nov. 

13 

1.169 

0.305 

1.392 

l.'Sl 

0.280 

0.150 

2.871 

1.669 

+0.13 

1824 

Nov. 

28 

1.209 

0.303 

0.965 

2.027 

0.176 

0.160 

3.092 

0.967 

+0.24 

1825 

Dec. 

11 

1.240 

0.298 

—0.460 

2.252 

0.076 

0.114 

3.292 

—0.190 

+0.82 

1827 

Jan. 

13 

1.242 

0.285 

+0.100 

2.316 

+0.012 

+0.034 

3.412 

+0.616 

0.00 

1828 

Feb. 

3 

1.227 

0.269 

0.648 

2.222 

—0.006 

—0.074 

3.499 

1.375 

—0.12 

1829 

Feb. 

17 

1.201 

0.251 

1.127 

1.991 

+0.030 

0.177 

3.559 

2.046 

+0.41 

1830 

Mar. 

5 

1.160 

0.230 

1.530 

1.639 

O.IO'S 

0.246 

3.574 

2.577 

—0.26 

1831 

Mar. 

4 

1.128 

0.212 

1.835 

1.225 

0.207 

0.278 

3.617 

2.993 

+0.83 

1832 

Mar. 

22 

1.082 

0.192 

1.993 

0.773 

0.301 

0.251 

3.577 

3.178 

+0.23 

1833 

Apr. 

12 

1.038 

0.174 

2.043 

—0.309 

0.372 

0.186 

3.520 

3.221 

—0.26 

1834 

Apr. 

15 

1.017 

—0.160 

+2.031 

+0.139 

+0.415 

—0.105 

—3.510 

+3.163 

+1.61 
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Eqattlont  from  th»  Right  AK«ailon*. 


«r 

•r           "r              •••            V            «V             "r             **• 

1836    May     1        ( 

).994 

-0.146     +1.919     -HO.  663     +0.417    —0.013  —3.444     +S.9M     +0.66 

ISM    May  11 

1.983 

0.134        1.741        0.960        0.386     +0.070         .383        S.6S6    —1.13 

1137    May  17       < 

».980 

0.134        1.498        1.315        0.334        0.131         .319        S.1SS    —0.19 

ISM    Mar  >1 

).98l 

0.114        1.188        1.616        0.141        0.160         .211        1.649    —0.19 

ISM    June  IS 

0.983 

0.104       0.8M       1.S61       0.167       0.169         .098       0.933    +0.46 

1840    June  SI       < 

».9S7 

0.094        0.400        3.013        0.078        0.118         .990     +0.304    —0.16 

1841    June  SS 

).994 

0.086     +0.008        3.086    +0.018     +0.044         .903    —0.499    -0.31 

1841    July  SO        ( 

).99S 

0.074    —0.406        3.043    —0.006    —0.034         .776        1.116    —0.69 

1S4S    Aug.     » 

».9S7 

0.063        0.794        1.910    +0.003        0.130         .667        1.6S1    —0.87 

1844     Aug.  10        1 

).99S 

0.064        1.186        1.703        0.044        0.305         .683        1.003    —1.43 

1S45     Aug.  SI        1 

).994 

0.043        1.602        1.414        0.114        0.369         .611        3.194    —0.36 

1846    Sept    1 

.996 

O.OM          .763        1.066        0.199        0.378         .460        S.191    —0.13 

1S47    Stpt.  IS 

.006 

O.OS3          .936        0.666        O.M6        0.363         .466        1.987    —0.36 

1848    Mft.ll 

.031 

0.013          .044     +0.130        0.361        0.110         .497        1.606    —0.74 

1849    Oct.    16 

.037 

—0.001          .065    —0.116        0.408        0.116         .667        1.059    —0.66 

18SO    Oct.    14 

.074 

+0.008          .000        0.684        0.411    —0.035         .701    —0.334    —1.03 

18S1    NOT.     5 

.106 

O.OSO          .827          .139        0.391    +0.061         .834     +0.471    —0.09 

1SSS    Nor.  17 

.160 

0.033        1.663          .670        0.3SS        0.133         .020        1.384    —0.33 

1853    NOT.    » 

.197 

0.046        1.169          .967        0.318        0.166         .225        S.S36    —0.04 

ISM    NOT.  30 

.133 

0.061        0.696          .336        0.115        0.137         .391        3.228     +0.62 

18S<    Jan.     S 

.145 

0.075    —0.163          .355     +0.036     +0.076         .471        3.803     +0.44 

1SS7    Jan.   19 

.US 

0.087     +0.391          .307    —0.006    —0.014         .475        4.240    +0.06 

ISM    Jan.   30 

.337 

0.099        0.937          .136     +0.008        0.144       3.614        4.661     +0.87 

18S9    Feb.   SS 

.184 

0.108        1.369          .804        0.070        0.226       3.419        4.529     +0.61 

1860    Mar.     4 

.143 

0.116        1.708        1.M9        0.163        0.272       3.347        4.347     +0.35 

1M1    Mar.  17 

.088 

0.1SS        1.909        0.930        0.260        0.262       3.233        3.960    —0.14 

1861    Apr.   16        I 

L.040 

0.1S8        3.003        0.476        0.341        0.211       3.137        3.494    —0.15 

1863    Apr.  15 

1.023 

0.136        3.046    —0.030        0.400        0.143       3.110        3.034    —0.43 

1864    Apr.  M       ( 

>.999 

0.143        1.973    +0.393        0.419    —0.051       3.009        3.487     +0.07 

1865    May     6       1 

).987 

0.163        1.833        0.803        0.403     +0.036       2.887        1.940     +0.34 

1866    May  IB       ( 

).98S 

0.161        1.619          .139        0.353        0.108       1.736        1.388     +0.16 

1M7    May   SO       1 

).986 

0.171        1.340          .460        0.178        0.161       1.674        0.860    —0.07 

1868    June  IS       ( 

1.980 

0.181        1.003          .688        0.194        0.166       3.371     +0.460    —0.01 

1869    June  S3       ( 

).986 

0.193        0.6S3          .839        0.110        0.140       3.101    —0.016    —0.38 

1S70    July     1        ( 

>.994 

0.104    +0.110          .973        0.041        0.081       3.036        0.331     +0.16 

1S71    July  17       < 

).986 

0.213    —0.106          .968     +0.002     +0.007       1.850        0.613     +O.M 

1871    July  S3        ( 

>.999 

0.335        0.636          .913    —0.007    —0.092       1.728        0.588     +0.43 

1S7S    Aug.    1       ( 

).999 

O.M6        1.037          .743     +O.OSS        0.178       1.674        0.5M     +0.39 

1S74    Aug.  36        1 

J.991 

0.344        1.356          .499        0.083        0.337       1.440        0.373    +0.41 

1876    Sept    7        1 

>.991 

0.366        1.638          .198        0.167        0.174       1.339    —0.018    —0.67 

1371    Sept  10       1 

1.  000 

0.367        1.864        0.843        0.161        0.174       1.199     +0.134     +0.17 

1S77    Oct.     1        1 

1.  004 

0.379        1.991        0.46S        0.331        0.331       1.371        0.630    —0.61 

1878    Oct.      S        1 

1.028 

0.396        3.067    +0.034        0.393        0.166       1.333        1.074    —1.08 

1S79    Oct.    S3 

1.049 

0.313        S.03S    —0.390        0.420    —0.072       1.406        1.646    —0.86 

1880    Nor.    6 

.080 

0.333        1.964        0.839        0.408     +0.026       1.6M          .007    —0.60 

1M1    NOT.  10 

.119 

0.367        1.689          .373        0.366        0.109       1.770          .489    —  .31 

1881    NOT.  16 

.168 

0.384        1.366          .683        0.367        0.167       3.034          .983    —  .39 

IMS    Dec.     4 

.111 

0.411        0.939          .039        0.161        0.166       2.301          .400    —  .M 

1M4    Dec.  19 

.340 

0.434    —0.433          .343        0.065        0.105       S.6S9          .738    —  .11 

1M6    Jan.     1 

.351 

0.460    +0.168          .303    +0.003    +0.009      S.73S          .949    —  .M 

1M7    Jan.   SI 

.129 

0.466        0.694          .187    —0.006    —0.094       S.SS7          .9*6    —  .M 

1M8     Feb.     S 

.109 

+0.460    +1.196    —  .949     +O.OM    —0.102  —S.MS    +S.96S    —  .OS 
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1751 

May 

28 

—0.175 

+0.172 

—0.119 

—0.338 

+0.723 

+0.822 

+0.437 

+0.522 

—  IC'08 

1752 

Mar. 

10 

0.066 

0.064 

0.020 

0.134 

0.538 

0.837 

0.196 

0.279 

—2.03 

June 

29 

0.108 

0.106 

0.030 

0.222 

0.542 

0.961 

0.296 

0.401 

—1.98 

Aug. 

18 

—0.115 

+0.112 

0.029 

—0.236 

0.485 

0.916 

0.307 

0.412 

—0.83 

1753 

Apr. 

9 

+0.002 

—0.002 

—0.003 

+0.004 

0.370 

0.969 

0.053 

0.107 

—1.96 

July 

3 

—0.024 

+0.023 

+0.004 

—0.050 

0.349 

1.053 

0.116 

0.184 

—0.11 

Aug. 

26 

—0.037 

+0.036 

+0.009 

—0.077 

0.302 

0.996 

+0.142 

+0.211 

—1.27 

1754 

July 

27 

+0.051 

—0.048 

—0.025 

+0.103 

0.126 

1.079 

—0.048 

—0.032 

—1.86 

Oct. 

2 

0.036 

0.034 

0.017 

0.074 

+0.082 

1.004 

0.018 

0.003 

+1.88 

1755 

July 

20 

0.141 

0.134 

0.131 

0.267 

—0.077 

1.098 

0.247 

0.256 

—2.69 

1756 

Aug. 

4 

0.215 

0.201 

0.286 

0.351 

0.295 

1.046 

0.420 

0.363 

—2.44 

1756 

Oct. 

8 

+0.184 

—0.172 

—0.242 

0.304 

—0.310 

0.970 

0.449 

0.311 

—2.04 

1757 

Aug. 

9 

0.286 

0.264 

0.465 

0.378 

0.489 

0.952 

0.591 

0.363 

—1.42 

Nov. 

5 

0.232 

0.214 

0.377 

0.311 

0.489 

0.848 

0.466 

0.267 

—0.36 

1758 

Sept. 

1 

0.340 

0.310 

0.626 

0.331 

0.669 

0.814 

0.730 

0.231 

—0.60 

Nov. 

6 

0.302 

0.275 

0.556 

0.301 

0.647 

0.731 

0.636 

—0.212 

—1.31 

1759 

Aug. 

15 

0.389 

0.352 

0.771 

0.213 

0.797 

0.655 

0.881 

+0.030 

—0.79 

Nov. 

29 

0.342 

0.308 

0.678 

0.196 

0.764 

0.554 

0.749 

0.011 

+0.09 

1760 

Sept. 

5 

0.421 

0.376 

0.849 

0.058 

0.921 

0.463 

0.986 

0.336 

—0.33 

Dec. 

17 

0.371 

0.330 

0.750 

+0.052 

0.851 

0.365 

0.850 

0.294 

—1.40 

1761 

Aug. 

15 

0.421 

0.372 

0.819 

—0.135 

0.963 

0.260 

1.047 

0.663 

—0.04 

Oct. 

2 

0.437 

0.386 

0.856 

0.123 

1.004 

0.240 

1.066 

0.662 

—0.05 

Dec. 

7 

0.405 

0.357 

0.796 

0.109 

0.943 

0.187 

0.971 

0.600 

+0.08 

1762 

Oct. 

17 

0.434 

0.379 

0.783 

0.305 

1.038 

+0.006 

1.112 

0.930 

—0.20 

1763 

Nov. 

3 

0.406 

0.350 

0.633 

0.440 

1.025 

—0.239 

1.084 

1.068 

—4.00 

1764 

Dec. 

12 

0.360 

0.306 

0.447 

0.509 

0.925 

0.489 

0.992 

1.053 

—3.89 

1765 

Nov. 

21 

0.275 

0.231 

0.231 

0.459 

0.832 

0.711 

0.797 

0.833 

—1.07 

1766 

Dec. 

8 

0.170 

0.141 

—0.070 

0.311 

0.642 

0.908 

0.526 

0.482 

—0.79 

1767 

Dec. 

20 

+0.044 

—0.036 

+0.001 

—0.083 

0.405 

1.046 

—0.179 

+0.064 

—3.37 

1769 

Jan. 

3 

—0.084 

+0.068 

—0.044 

+0.154 

—0.136 

1.111 

+0.192 

—0.295 

+1.71 

1770 

Jan. 

19 

0.201 

0.161 

0.187 

0.339 

+0.138 

1.098 

0.550 

0.510 

—0.56 

1771 

Feb. 

2 

0.298 

0.235 

0.389 

0.430 

0.391 

1.014 

0.870 

0.536 

+0.88 

1772 

Feb. 

14 

0.369 

0.287 

0.593 

0.414 

0.606 

0.876 

1.123 

0.388 

—0.99 

1773 

Feb. 

27 

0.411 

0.316 

0.753 

0.307 

0.774 

0.705 

1.299 

—0.106 

—1.83 

1774 

Mar. 

14 

0.429 

0.325 

0.843 

+0.143 

0.907 

0.500 

1.396 

+0.226 

—0.59 

1775 

Mar. 

30 

0.427 

0.319 

0.854 

—0.046 

0.990 

0.285 

1.417 

0.554 

+1.11 

1776 

Apr. 

5 

0.339 

0.250 

0.657 

0.185 

1.031 

—0.068 

1.139 

0.687 

—3.47 

1777 

Apr. 

18 

0.375 

0.272 

0.669 

0.358 

1.031 

+0.151 

1.261 

0.983 

+1.35 

1778 

May 

2 

0.329 

0.236 

0.510 

0.438 

0.990 

0.366 

1.103 

1.022 

+1.62 

1779 

May 

10 

0.271 

0.192 

0.336 

0.447 

0.911 

0.565 

0.904 

0.932 

+0.13 

1780 

May 

25 

0.207 

0.144 

0.196 

0.391 

0.790 

0.749 

0.684 

0.744 

—4.72 

1782 

June 

18 

—0.058 

+0.039 

0.004 

—0.122 

0.449 

1.015 

0.219 

0.237 

+1.79 

1783 

July 

28 

+0.013 

—0.008 

0.004 

+0.027 

0.223 

1.075 

+0.008 

+0.037 

—6.26 

1784 

July 

13 

0.108 

0.071 

0.087 

0.212 

+0.022 

1.106 

—0.277 

—0.131 

—3.20 

1785 

July 

24 

0.186 

0.120 

0.219 

0.325 

—0.195 

1.077 

0.507 

0.155 

—1.46 

1786 

Aug. 

6 

0.257 

0.163 

0.384 

0.376 

0.402 

1.001 

0.713 

—0.060 

—5.12 

1787 

Aug. 

18 

0.320 

0.199 

0.559 

0.356 

0.588 

0.884 

0.898 

+0.105 

—1.35 

1788 

Aug. 

30 

0.371 

0.228 

0.712 

0.263 

0.749 

0.731 

1.057 

0.386 

—0.80 

1789 

Sept. 

11 

0.410 

0.247 

0.821 

+0.114 

0.879 

0.549 

1.186 

0.650 

—1.37 

1790 

Sept. 

22 

0.434 

0.257 

0.863 

—0.074 

0.972 

0.344 

1.277 

0.882 

—3.80 

1791 

Oct. 

8 

0.440 

0.256 

0.826 

0.263 

1.029 

+0.116 

1.315 

1.033 

—0.95 

1792    Oct.    24     +0.425        0.243    —0.712    —0.422    —1.038    —0.127  —1.288     +1.072    —0.83 
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•r 

•r 

«r 

•«• 

«v 

V- 

"r 

V 

1793 

Nor. 

7 

+0.385 

—0.116 

—0.636 

—0.616 

-0.996 

—0.373 

—1.181 

+0.988 

-0.99 

1794 

Nor. 

14 

0.113 

0.173 

0.321 

0.608 

0.897 

0.609 

0.977 

0.771 

—1.86 

1795 

Dec. 

1 

0.181 

0.098 

0.109 

0.327 

0.719 

0.829 

0.681 

0.383 

—2.10 

1796 

Dec. 

14 

+0.108 

—0.067 

0.019 

-0.205 

0.609 

0.993 

-0.363 

+0.168 

—7.40 

1797 

Dec. 

30 

—0.028 

+0.014 

0.010 

+0.052 

—0.267 

1.092 

+0.043 

—0.125 

—0.36 

MM 

Jan. 

13 

0.1(3 

0.078 

0.114 

0.269 

+0.018 

1.111 

0.418 

0.309 

+0.70 

1800 

Jan. 

26 

0.260 

0.130 

0.197 

0.402 

0.281 

1.069 

0.743 

0.361 

+0.73 

1801 

Feb. 

28 

0.331 

0.161 

0.486 

0.418 

0.626 

0.933 

0.956 

0.310 

+0.07 

1801 

Feb. 

17 

0.394 

0.189 

0.686 

0.262 

0.710 

0.780 

1.170 

0.196 

+0.18 

Mar. 

19 

0.422 

0.197 

0.807 

0.210 

0.859 

0.684 

1.170 

—0.056 

+1.36 

1804 

Mar. 

16 

0.430 

0.197 

0.868 

+0.032 

0.960 

0.379 

1.304 

+0.076 

+3.39 

II   | 

Apr. 

6 

0.3*1 

0.176 

0.773 

—0.136 

1.018 

—0.162 

1.169 

0.160 

+1.63 

II   I 

Apr. 

14 

0.392 

0.171 

0.731 

0.296 

1.032 

+0.062 

1.150 

0.141 

+1.07 

1807 

Mi| 

1 

0.151 

0.160 

0.685 

0.397 

1.012 

0.276 

0.994 

0.183 

+1.39 

1808 

May 

11 

0.299 

0.115 

0.416 

0.434 

0.949 

0.486 

0.814 

0.302 

+1.09 

1809 

May 

0.235 

0.096 

0.146 

0.404 

0.847 

0.674 

0.619 

0.293 

+0.35 

1810 

June 

6 

0.166 

0.066 

0.141 

0.316 

0.704 

0.841 

0.430 

0.262 

—0.34 

1811 

June 

14 

0.087 

0.034 

0.021 

0.175 

0.532 

0.972 

0.230 

0.166 

—0.27 

1811 

June 

29 

—0.008 

+0.003 

0.000 

—0.016 

0.329 

1.062 

+0.046 

+0.003 

+0.13 

1813 

July 

t 

+0.076 

—0.028 

0.043 

+0.148 

+0.116 

1.103 

—0.133 

-0.218 

+0.02 

1814 

July 

11 

0.155 

0.065 

0.156 

0.279 

—0.104 

1.095 

0.293 

0.479 

—1.47 

1816 

Aug. 

S 

0.230 

0.079 

0.311 

0.360 

0.316 

1.038 

0.438 

0.764 

—1.18 

1816 

An* 

16 

0.294 

0.098 

0.472 

0.376 

0.614 

0.937 

0.561 

1.025 

+0.33 

1817 

Aug. 

27 

0.351 

0.113 

0.650 

0.321 

0.686 

0.799 

0.671 

1.240 

—1.19 

1818 

Sept 

6 

0.396 

0.124 

0.782 

0.202 

0.827 

0.630 

0.765 

1.368 

—1.68 

1819 

Sept 

20 

0.424 

0.118 

0.864 

+0.041 

0.937 

0.433 

0.819 

1.382 

—1.01 

1820 

Oct 

S 

0.437 

0.128 

0.851 

—0.142 

1.010 

+0.214 

0.906 

1.287 

—1.40 

18S1 

Oct 

18 

0.431 

0.122 

0.770 

0.318 

1.040 

—0.022 

0.944 

1.080 

—1.68 

1821 

Nor. 

7 

0.403 

0.109 

0.620 

0.446 

1.018 

0.270 

0.932 

0.801 

—1.67 

;--  ; 

NOT. 

11 

0.346 

0.090 

0.416 

0.493 

0.947 

0.509 

0.846 

0.478 

—1.93 

1824 

NOT. 

28 

0.261 

0.066 

0.214 

0.439 

0.811 

0.737 

0.676 

—0.196 

—1.26 

1825 

Dec. 

11 

0.151 

0.037 

—0.047 

0.278 

0.617 

0.927 

0.425 

+0.010 

—0.98 

1827 

Jan. 

13 

+0.040 

—0.009 

+0.003 

—0.075 

0.358 

1.064 

—0.129 

+0.031 

—0.75 

1828 

Feb. 

S 

—0.083 

+0.018 

—0.042 

+0.150 

—0.085 

1.101 

+0.214 

—0.085 

+1.11 

1829 

Feb. 

17 

0.198 

0.041 

0.183 

0.330 

+0.184 

1.075 

0.563 

0.334 

+0.09 

1830 

Mar. 

6 

0.292 

0.058 

0.381 

0.415 

0.429 

0.980 

0.876 

0.662 

+0.19 

1831 

Mar. 

4 

0.370 

0.070 

0.599 

0.405 

0.633 

0.860 

.166 

0.983 

+0.62 

1831 

Mar. 

21 

0.408 

0.073 

0.760 

0.297 

0.798 

0.666 

.333 

1.220 

+1.24 

1833 

Apr. 

11 

0.421 

0.071 

0.830 

+0.132 

0.914 

0.467 

.419 

1.340 

+1.79 

1834 

Apr. 

15 

0.424 

0.067 

0.847 

—0.052 

0.994 

0.261 

.455 

1.356 

+1.12 

1835 

May 

1 

0.404 

0.069 

0.781 

0.222 

1.026 

—0.031 

.394 

1.216 

+0.87 

1836 

May 

11 

0.171 

0.051 

0.660 

0.358 

1.020 

+0.186 

.274 

1.019 

+  1.0V 

1837 

May 

17 

0.325 

0.041 

0.600 

0.433 

0.977 

0.395 

1.097 

0.746 

+0.77 

1838 

May 

11 

0.265 

0.031 

0.325 

0.437 

0.895 

0.590 

0.873 

0.466 

+0.73 

1839 

June 

12 

0.202 

0.021 

0.174 

0.380 

0.765 

0.771 

0.641 

0.221 

+0.04 

1840 

June 

21 

0.117 

0.012 

0.054 

0.259 

0.607 

0.918 

0.392 

—0.049 

—0.04 

1841 

June 

• 

—0.043 

+0.004 

0.001 

-0.089 

0.424 

1.027 

+0.133 

+0.008 

-0.17 

1841 

July 

20 

+0.031 

—0.002 

0.013 

+0.066 

+0.205 

1.087 

—  0.077 

—0.037 

-0.38 

1843 

Aug. 

• 

0.108 

0.007 

0.085 

0.210 

—0.018 

1.095 

0.279 

0.166 

—0.08 

1844 

Aug. 

10 

0.191 

0.010 

0.226 

0.328 

0.229 

1.065 

0.482 

0.363 

—0.68 

1845 

Aug. 

11 

I  M 

0.011 

0.394 

0.375 

0.432 

0.983 

0.647 

0.646 

—0.34 

1846 

Sept. 

S 

+0.322 

—0.011 

—0.665 

+0.348 

—0.615 

+0.868 

—0.782 

—0.666 

—0.41 
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Uy 

Wf 

X,. 

*«• 

xt- 

xv 

X,. 

i 

V 

1847 

Sept.  15 

+0.374 

—0.009 

—0.719 

+0.252 

—0.770 

+0.703 

—0.902 

—  0. 

689 

—0.47 

1848 

Sept.  23 

0.412 

0.005 

0.826 

+0.099 

0.894 

0.519 

1.001 

0. 

592 

—0.99 

1849 

Oct    16 

0.431 

—0.001 

0.857 

—0.084 

0.979 

0.302 

1.060 

0. 

376 

—1.52 

1850 

Oct    14 

0.438 

+0.003 

0.818 

0.273 

1.032 

+0.085 

1.101 

—  0. 

071 

—1.35 

1851 

Nov.     5 

0.420 

0.008 

0.697 

0.427 

1.029 

—0.161 

1.076 

+0. 

248 

—0.95 

1852 

Nov.  17 

0.377 

0.011 

0.516 

0.511 

0.982 

0.406 

0.995 

0. 

526 

—0.62 

1853 

Nov.     9 

0.295 

0.011 

0.294 

0.482 

0.884 

0.631 

0.800 

0. 

641 

—0.63 

1854 

Nov.  30 

0.199 

0.010 

0.117 

0.360 

0.716 

0.846 

0.552 

0. 

584 

—0.97 

1856 

Jan.     3 

+0.092 

+0.006 

0.017 

—0.174 

0.476 

1.007 

—0.260 

+0. 

334 

—0.28 

1857 

Jan.   29 

—0.027 

—0.002 

0.008 

+0.051 

—0.203 

1.086 

+0.071 

—  0. 

046 

+0.21 

1858 

Jan.   30 

0.159 

0.013 

0.120 

0.278 

+0.059 

1.106 

0.451 

0. 

559 

+0.51 

1859 

Feb.  22 

0.258 

0.024 

0.296 

0.396 

0.323 

1.034 

0.738 

0. 

970 

+0.88 

1860 

Mar.    4 

0.340 

0.035 

0.505 

0.417 

0.548 

0.913 

0.987 

1. 

297 

+0.10 

1861 

Mar.  27 

0.387 

0.043 

0.676 

0.336 

0.730 

0.736 

1.139 

1. 

434 

+0.91 

1862 

Apr.  16 

0.411 

0.050 

0.790 

0.193 

0.863 

0.536 

1.229 

1. 

426 

+0.90 

1863 

Apr.  15 

0.425 

0.057 

0.850 

+0.018 

0.963 

0.341 

1.286 

1. 

326 

+0.87 

1864 

Apr.  28 

0.413 

0.059 

0.817 

—0.157 

1.014 

—0.123 

1.234 

1. 

107 

+1.19 

1865 

May     6 

0.387 

0.059 

0.720 

0.310 

1.028 

+0.093 

1.121 

0. 

845 

+1.01 

1866 

May  15 

0.346 

0.057 

0.673 

0.397 

1.001 

0.307 

0.958 

0. 

580 

+0.64 

1867 

May  20 

0.292 

0.051 

0.401 

0.427 

0.936 

0.510 

0.756 

0. 

345 

+0.72 

1868 

June  13 

0.232 

0.043 

0.240 

0.399 

0.817 

0.699 

0.556 

0. 

190 

+1.13 

1869 

June  23 

0.161 

0.031 

0.104 

0.304 

0.673 

0.860 

0.354 

0. 

072 

—0.04 

1870 

July     1 

0.082 

0.017 

—0.019 

0.162 

0.499 

0.986 

0.162 

0. 

035 

+0.63 

1871 

July  27 

—0.007 

—0.001 

+0.002 

—0.013 

0.286 

1.060 

+0.006 

0. 

040 

+0.60 

1872 

July  22 

+0.083 

+0.019 

—0.055 

+0.159 

+0.081 

1.103 

—0.151 

0. 

081 

+0.03 

1873 

Aug.    1 

0.164 

0.039 

0.167 

0.286 

—0.137 

1.089 

0.265 

0. 

103 

+0.13 

1874 

Aug.  25 

0.231 

0.057 

0.314 

0.351 

0.353 

1.016 

0.343 

—  0. 

084 

—0.54 

1876 

Sept.    7 

0.295 

0.076 

0.484 

0.360 

0.527 

0.918 

0.405 

+0. 

017 

—1.10 

1876 

Sept.  10 

0.354 

0.094 

0.669 

0.303 

0.708 

0.771 

0.463 

0. 

125 

—1.03 

1877 

Oct.      1 

0.393 

0.109 

0.779 

0.182 

0.845 

0.590 

0.496 

0. 

301 

—1.09 

1878 

Oct.      3 

0.425 

0.122 

0.852 

+0.016 

0.950 

0.398 

0.541 

0. 

521 

—1.61 

1879 

Oct    22 

0.435 

0.130 

0.845 

—0.156 

1.013 

+0.173 

0.572 

0. 

729 

—1.46 

1880 

Nov.    6 

0.427 

0.132 

0.775 

0.326 

1.032 

—0.064 

0.600 

0. 

889 

—1.82 

1881 

Nov.  20 

0.396 

0.126 

0.601 

0.446 

1.002 

0.307 

0.608 

0. 

979 

—0.85 

1882 

Nov.  26 

0.337 

0.111 

0.398 

0.482 

0.926 

0.545 

0.566 

0. 

955 

—0.75 

1883 

Dec.    4 

0.247 

0.084 

0.194 

0.412 

0.788 

0.765 

0.447 

0. 

781 

—1.10 

1884 

Dec.  19 

0.137 

0.048 

0.051 

0.247 

0.584 

0.949 

0.258 

0. 

484 

—0.17 

1886 

Jan.     1 

+0.010 

+0.004 

0.001 

—0.019 

0.338 

1.069 

—0.001 

+0. 

082 

+0.36 

1887 

Jan.   31 

—0.105 

—0.039 

0.058 

+0.187 

—0.054 

1.106 

+0.258 

—  0. 

311 

+0.96 

1888 

Feb.     3 

—0.226 

—0.086 

—0.223 

+0.366 

+0.206 

—1.080 

+0.572 

—  0. 

748 

+0.87 

The  normal  equations  which  result  from  these  equations  of  condition 
follow : 

I,.  I,.  I,.  Xt.  Xf.  Xt.  Xr  Xe. 

77.80+  0.29—    7.30—    1.43+  0.11—  0.16—196.19+  88.23—34^26  =  0, 
+     0.29+6.91—    2.19—    3.44+0.01+0.03+     6.21+11.81—1.09  =  0, 

—  7.30—  2.19+160.45+     0.91+  0.08+  0.01—  30.23+107.75+26.50  =  0, 

—  1.43—  3.44+     0.91+144.45+  0.05+  0.08+     9.07—131.00+  0.18  =  0, 
+    0.11+  0.01+     0.08+     0.05+40.16+  0.09—    0.46—    2.02+34.84  =  0, 

—  0.16+0.03+     0.01+     0.08+0.09+37.29+     0.68—    0.21—8.82  =  0, 
—196.19+  6.21—  30.23+    9.07—  0.46+  0.58+522.99—262.71+74.80  =  0, 
+  88.23+11.81+107.76—131.00—  2.02—  0.21—252.71+392.54—  6.82  =  0, 
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Their  notation  gives 

*,  =  +  17955  *,  =  —  07881 

*,=  +  0.110  «i  =  -1-0.838 

x,  =  4-0.190  z,  =  +  0.479  ±0:il6 

i4  =  —  0.244  r.  =  —  0.258  ±0.0384 

By  this  solution  the  sum  of  the  squares  of  the  absolute  terms  is 
reduced  from  [nn]  =  124.87  to  [nn.8]  =  67.12.  From  which  it  results  that 
the  probable  error  of  a  normal  of  the  weight  unity  is  ±  0".33.  The  corre- 
sponding probable  errors  of  the  corrections  of  the  masses  of  Jupiter  and 
Uranus  are  given  above.  The  values  of  these  masses,  given  by  this  discus- 
sion, are  then 


6.131 


As  the  values  of  these  masses  are  also  derivable  from  other  sources,  it 
is  desirable  to  have  the  corrections  expressed  in  terms  of  the  two  indeter- 
minates  z,  and  z,  ;  they  are  as  follow: 

*,  =  +  07488  +  2.551*!  —  1.183*., 
*,  =  +  0.115  —  0.933*,  —  1.718*., 
*,  =  —  0.144  +  0.892s,  —  0.754*.  , 
*4  =  +  0.007  —  0.062*,  +  0.859*.  , 
*,  =  —  0.869  -f  0.004*,  +  0.054*.  , 
*,  =  +  0.840  —  0.005*,  +  0.001*.  . 


The  elements  on  which  the  provisional  tables  were  founded  are  the 
following  : 

Epoch  1850,  Jan.  0.0,  Greenwich  M.  T. 

L=  14°  4?  38713 
w=  90  6  41.50 
ft  =112  20  49.05 
t=  2  29  40.19 
•  =  0.05606038 
n  =  43996720594 

The  constant  of  the  mean  obliquity  of  the  ecliptic  for  1850  used  in  the 
discussion  was  adopted  from  Leverrier  and  is  23°27'31".83.  If  we  suppose 
this  ought  to  receive  the  correction  3e,  the  inclination  and  the  longitude  of 


74  COLLECTED  MATHEMATICAL  WORKS  OP  G.  W.  HILL 

the  ascending  node  of  Saturn  will  receive  proportionate  corrections.    The 
corrected  elements  then  become 

L=    14°49'38:'558  +  2.551a;7  —    1.183a;8, 
TT=    90     641.62   —  1.11  x,  +  15.32  XB, 
&  =  112    2054.56   —  O.llo;7+    0.02  z8  +  21.238e  , 
t=     2    29  39.321  +  0.004a;7-f-    0.054z8  +    0.3808e, 
e  =  0.05605968  +  142xT  —  366a;8  , 
n  =  43996?20709  —  0  .  00933z7  —  0  .  01718a;8  . 

In  the  case  of  e  the  coefficients  of  the  indeterminates  are  in  units  of  the 
8th  decimal. 

In  order  to  see  what  the  material  we  have  used  was  capable  of  giving, 
the  masses  of  Jupiter  and  Uranus  were  derived  from  the  equations  of  con- 
ditions belonging  to  the  last  century  ;  the  results  were 


Mass  of  Jupiter  =1046n71±0919>    Mass  of  Uranus  = 


The  values  of  Bouvard  anc*  ,  which  were  obtained  from  the 


observations  down  to  1814  inclusive,  can  then  only  have  resulted  from  the 
too  rude  reduction  and  the  too  imperfect  theory. 

The  residuals  left  by  the  above  solution  in  the  case  of  each  normal, 
together  with  the  number  of  observations  the  latter  is  founded  upon  and 
the  weight  it  has  received  in  the  discussion,  are  as  follows: 


Date. 

Obs.-Cal. 

No.  of  Obs. 

Weight. 

Aa  cos  i. 

Ad. 

a. 

6. 

a. 

e!. 

1751 

May 

28 

+1? 

62 

41* 

25 

8 

8 

0. 

1 

0.1 

1752 

Mar. 

10 

+1. 

34 

+1. 

94 

3 

3 

0. 

05 

0.05 

June 

29 

—  0. 

05 

•n. 

91 

5 

5 

0. 

05 

0.05 

Aug. 

18 

+0. 

54 

+0. 

74 

2 

2 

0. 

03 

0.03 

1753 

April 

9 

+3. 

24 

+1. 

64 

2 

2 

0. 

03 

0.03 

July 

3 

—  1. 

19 

—0. 

25 

6 

6 

0. 

1 

0.1 

Aug. 

26 

—2. 

74 

+0. 

92 

3 

2 

0. 

04 

0.03 

1754 

July 

27 

—  0. 

48 

+1. 

23 

4 

4 

0. 

05 

0.05 

Oct. 

2 

—  1. 

68 

—2. 

52 

3 

3 

0. 

04 

0.04 

1755 

July 

20 

—  0. 

93 

+1. 

83 

3 

3 

0. 

04 

0.04 

1756 

Aug. 

4 

+0. 

11 

+1. 

36 

2 

2 

0. 

03 

0.03 

Oct. 

8 

+0. 

64 

+1. 

06 

3 

3 

0. 

04 

0.04 

1757 

Aug. 

9 

—2. 

30 

+0. 

18 

14 

13 

0. 

2 

0.2 

Nov. 

5 

—3. 

37 

—0. 

80 

9 

9 

0. 

15 

0.15 

1758 

Sept. 

1 

—  0. 

34 

—0. 

71 

5 

5 

0. 

06 

0.06 

Nov. 

6 

—  1. 

04 

+0. 

04 

6 

6 

0. 

1 

0.1 

1759 

Aug. 

15 

—  0. 

96 

—0. 

67 

7 

7 

0. 

1 

0.1 

Nov. 

29 

+1. 

07 

—1. 

37 

4 

4 

0. 

06 

0.06 

1760 

Sept. 

5 

+0. 

22 

—1. 

02 

6 

5 

0. 

06 

0.06 

Dec. 

17 

+0. 

38 

+0. 

11 

7 

4 

0. 

1 

0.05 
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IHto. 

Ob«.-C»l.                      No.  of  Ob*.                 Weight 

Aa  cot  t. 

ML 

«. 

t.             •. 

4. 

1761    An«.    11 

—1.36 

—1.36 

10 

9           0.16 

0.16 

Oct.       2 

—3.33 

—1.39 

12 

10           0.16 

0.15 

Dee.      T 

+0.10 

—1.36 

17 

16           0.8 

0.2 

1762    Oct.     17 

+3.89 

—1.06 

13 

11           0.1 

0.1 

1768    Nor.     8 

+0.88 

+3.83 

34 

S3           0.3 

0.2 

1764    Dee.    13 

+1.64 

+3.86 

5 

0.06 

0.06 

1765    NOT.    21 

—0.67 

+0.16 

5 

0.06 

0.06 

1766    Dec.      8 

—0.68 

+0.08 

1 

0.02 

0.02 

1767    Dec.    80 

—0.83 

+3.90 

S 

0.04 

0.04 

1769    Jan.      8 

—0.14 

—1.89 

3 

0.04 

0.04 

1770    Jan.    19 

+1.34 

+0.68 

2 

0.03 

0.03 

1771    Feb.      2 

—0.39 

—0.46 

1 

1.01 

0.02 

1772    Feb.    14 

+8.11 

+1.66 

3 

0.04 

0.04 

1773    Feb.    27 

—0.67 

+3.66 

2 

0.03 

0.03 

1774    Mar.    14 

—  2.71 

+1.65 

1 

O.OS 

0.02 

1776    Mar.    20 

—0.61 

—0.09 

1 

0.02 

0.02 

1776    April    6 

+0.30 

+4.43 

1 

O.OS 

0.02 

1777    April  18 

+1.04 

-0.43 

2 

0.03 

0.03 

1778    May      3 

+1.82 

—0.83 

1 

0.02 

0.03 

1779    May    10 

-«.47 

+0.48 

1 

0.02 

0.02 

1780    May    35 

—0.88 

+6.14 

I 

0.03 

0.03 

1783    Jane   18 

—3.63 

—1.90 

1 

0.02 

0.02 

1783    July    28 

—3.19 

+5.90 

1 

0.02 

0.02 

1784    July    13 

—6.36 

+3.63 

1 

0.02 

0.02 

1785    July    34 

-0.95 

+0.73 

2 

0.03 

O.OS 

1786    Aug.     6 

—4.29 

+4.25 

1 

1           0.03 

0.02 

1787    Aug.    18 

—6.01 

+0.39 

1 

1            O.OS 

0.02 

1788    Aug.    30 

—0.98 

—0.31 

4 

4           0.05 

0.05 

1789    Sept    11 

+0.39 

+0.34 

6 

5           0.06 

0.06 

1790    Sept   32 

+0.69 

+3.77 

3 

3            0.04 

0.04 

1791    Oct.       8 

+1.03 

—0.09 

7 

8           0.1 

0.1 

1792    Oct.     24 

+0.13 

—0.18 

12 

IS           0.15 

0.15 

1798    Nor.      7 

—0.46 

—0.06 

2 

3           0.03 

0.03 

1794    NOT.    14 

—0.98 

+1.00 

6 

5           0.06 

0.06 

1796    Dec.      1 

+6.23 

+1.60 

2 

3           0.03 

0.03 

1796    Dec.    34 

+0.57 

+6.93 

1 

1           0.02 

0.02 

1797    Dec.    80 

—1.36 

+0.18 

3 

J            0.04 

0.03 

1799    Jan.    13 

+3.75 

—0.64 

1 

1           0.03 

0.03 

1800    Jan.    26 

—3.36 

—0.84 

3 

3           0.04 

0.04 

1801    Feb.    28 

+1.04 

+0.67 

7 

7           0.1 

0. 

1802    Feb.    27 

—1.94 

+0.76 

14 

14           0.15 

0. 

1803    Mar.    19 

+3.71 

—1.39 

13 

7           0.16 

0. 

1804    Mar.    86 

+1.69 

—3.37 

20 

18           0. 

0. 

1806    April    6 

+2.88 

—0.66 

21 

SI           0. 

0. 

1806    April  34 

+1.12 

—1.06 

12 

10           0.   5 

0.  5 

1807    May      1 

—1.44 

—0.47 

16 

16           0. 

0. 

1808    May    12 

+1.52 

—1.83 

19 

19           0. 

0. 

1809    May    20 

+1.10 

+0.86 

19 

17           0. 

0. 

1810    June     6 

—0.68 

+0.71 

16 

15           0. 

0. 

1811    Jane   14 

+1.27 

+0.89 

S3 

S3           0.86 

0.26 

1812    June   29 

+2.04 

—0.36 

SO 

18           0.36 

0. 

1813    July     • 

+3.63 

—0.44 

8 

8           0.1 

0. 

1814    July    31 

—0.60 

+0.78 

84 

86           0.8 

0. 
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Date. 

Oba. 

-Cal. 

No.  of  Obs. 

Weight. 

Aa  cos  (S. 

Ad. 

a. 

6. 

a. 

i. 

1815 

Aug. 

2 

—1 

.76 

+0. 

22 

18 

7 

0.2 

0. 

1 

1816 

Aug. 

16 

+2 

.82 

—1. 

48 

18 

10 

0.25 

0. 

15 

1817 

Aug. 

27 

+0 

.70 

+0. 

80 

12 

10 

0.15 

0. 

15 

1818 

Sept. 

6 

—0 

.14 

+1. 

13 

14 

8 

0.2 

0. 

15 

1819 

Sept. 

20 

+1 

.36 

—0. 

62 

14 

14 

0.2 

0. 

i 

1820 

Oct. 

3 

+1 

.67 

—0. 

25 

14 

13 

0.2 

0. 

2 

1821 

Oct 

18 

+1.82 

—0. 

03 

12 

12 

0.2 

0. 

2 

1822 

Nov. 

7 

—0 

.16 

+0. 

22 

27 

30 

0.4 

0. 

S 

1823 

Nov. 

13 

—1 

.34 

+0. 

69 

12 

13 

0.2 

0. 

a 

1824 

Nov. 

28 

—1 

.50 

+0. 

34 

8 

9 

0.15 

0. 

15 

1825 

Dec. 

11 

—2 

.09 

+0. 

41 

8 

8 

0.15 

0. 

15 

1827 

Jan. 

13 

—1 

.17 

+0. 

57 

10 

7 

0.2 

0. 

15 

1828 

Feb. 

3 

—0 

.86 

—0. 

95 

9 

8 

0.2 

0. 

2 

1829 

Feb. 

17 

—1 

.12 

+0. 

40 

23 

15 

0.5 

0. 

4 

1830 

Mar. 

5 

—0 

.14 

+0. 

47 

46 

20 

0.6 

0. 

5 

1831 

Mar. 

4 

—0 

.93 

+0. 

17 

63 

39 

0.7 

0. 

6 

1832 

Mar. 

22 

—0 

.06 

—0. 

38 

95 

55 

1 

1 

1833 

April 

12 

+0 

.66 

—0. 

98 

64 

66 

1 

1 

1834 

April 

15 

—1 

.10 

—0. 

33 

121 

78 

1 

1 

1835 

May 

1 

—0 

.06 

—0. 

13 

72 

62 

1 

1 

1836 

May 

11 

+1 

.08 

—0. 

37 

102 

92 

1 

1 

1837 

May 

17 

+0 

.77 

—0. 

16 

95 

99 

1 

1 

1838 

May 

21 

+0 

.62 

—0. 

16 

119 

104 

1 

1 

1839 

June 

12 

—0.28 

+0. 

37 

114 

104 

1 

1 

1840 

June 

21 

+0 

.14 

+0. 

33 

98 

84 

1 

1 

1841 

June 

23 

+0 

.14 

+0. 

26 

60 

68 

1 

1 

1842 

July 

20 

+0 

.25 

+0. 

25 

134 

130 

1 

1 

1843 

Aug. 

9 

+0 

.44 

—0. 

27 

101 

96 

1 

1 

1844 

Aug. 

10 

+0 

.92 

+0. 

01 

78 

76 

1 

1 

1845 

Aug. 

21 

—0 

.14 

—0. 

46 

101 

83 

1 

1 

1846 

Sept. 

5 

—0 

.38 

—0. 

57 

84 

81 

1 

1 

1847 

Sept. 

15 

—0 

.09 

—0. 

64 

108 

115 

1 

1 

1848 

Sept. 

23 

+0 

.33 

—0. 

20 

72 

65 

1 

1 

1849 

Oct. 

16 

+0 

.32 

+0. 

33 

33 

29 

1 

1 

1850 

Oct. 

14 

+0 

.74 

+0. 

18 

62 

61 

1 

1 

1851 

Nov. 

5 

—0 

.21 

—0. 

10 

27 

24 

1 

1 

1852 

Nov. 

17 

+0 

.05 

—0.27 

38 

41 

1 

1 

1853 

Nov. 

9 

—0 

.26 

—0. 

06 

38 

39 

1 

1 

1854 

Nov. 

30 

—0 

.93 

+0. 

63 

36 

48 

1 

1 

1856 

Jan. 

3 

—0 

.80 

+0. 

13 

38 

34 

1 

1 

1857 

Jan. 

29 

—0 

.37 

—0. 

05 

66 

61 

1 

1 

1858 

Jan. 

30 

—1 

.10 

—0. 

10 

63 

71 

1 

1 

1859 

Feb. 

22 

—0 

.72 

—0. 

23 

74 

70 

1 

1 

1860 

Mar. 

4 

—0 

.34 

+0.72 

74 

68 

1 

1 

1861 

Mar. 

27 

+0 

.25 

+0.04 

66 

69 

1 

1 

1862 

April 

16 

+0 

.35 

+0. 

09 

77 

74 

1 

1 

1863 

April 

15 

+0 

.64 

+0. 

18 

105 

108 

1 

1 

1864 

April 

28 

+0 

.13 

—0. 

16 

68 

66 

1 

i 

1865 

May 

6 

—0 

.24 

+0. 

03 

67 

62 

1 

1 

1866 

May 

15 

—0 

.32 

+0.45 

76 

77 

1 

1 

1867 

May 

20 

—0 

.14 

+0.16 

64 

62 

1 

1 

1868 

June 

13 

—0 

.34 

—0.40 

70 

63 

1 

1 

1869 

June 

23 

—0 

.14 

+0.59 

63 

56 

1 

1 

DISCUSSION  OF  THE  OBSERVATIONS  OF  HATUKN  77 


DtU. 

Ob(..C*l. 

No.  of  Ob*. 

Wtlfhk 

Aa  co«  d. 

M             •• 

i. 

0.                            ». 

MH 

July 

1 

—0. 

77 

—0. 

20 

M 

90 

I           I 

1871 

July 

n 

—1. 

OS 

-4>. 

48 

4S 

41 

1            1 

MB 

July 

12 

—1. 

14 

—0. 

16 

60 

59 

1            1 

Ml 

Aug. 

1 

—0. 

•7 

-0. 

50 

78 

79 

1 

1874 

Aug. 

25 

—1. 

01 

—  0. 

06 

74 

78 

1 

1875 

S.-;.( 

7 

+0. 

06 

+0. 

ss 

86 

91 

1 

im 

S.-pt 

10 

—0. 

M 

+0. 

11 

72 

76 

1 

1877 

Oct 

1 

+o. 

IS 

+0. 

08 

(7 

58 

1 

1878 

Oct. 

* 

+0. 

72 

+0. 

58 

57 

53 

1 

UN 

Oct 

22 

+0. 

52 

+0. 

S7 

7S 

73 

1 

1880 

Nor. 

• 

+0. 

15 

+0 

81 

66 

66 

1 

1881 

NOT. 

SO 

+0.87 

—0.04 

72 

7S 

1            1 

1882 

Nor. 

26 

+0. 

76 

+0. 

08 

85 

86 

0.8             0.8 

1883 

Dec. 

4 

+0 

68 

+0.60 

44 

37 

0.8             0.8 

1884 

D«c. 

19 

+0. 

7> 

—0. 

02 

SO 

26 

0.8             0.8 

am 

Jan. 

1 

+0.61           —  0 

28 

17 

17 

0.5             0.5 

1887 

Jan. 

SI 

+0.60 

—0.61 

22 

23 

0.5             0.5 

1888 

M 

s 

+0.44 

—0.12 

IS 

IS 

0.5             0.5 

From  the  consideration  of  the  declinations  of  both  Jupiter  and  Saturn 
it  has  been  concluded  that  Prof.  Boss's  system  of  declinations,  in  the  region 
neighboring  the  equator,  needs,  in  the  average,  a  correction  which,  for  dif- 
ferent epochs,  is  given  by  the  formula 

+  0".01  +  0".0046  (<  — 1860). 

Accordingly  the  residuals  in  declination,  just  given,  have  been  thus  corrected. 

It  will  be  noticed  that  the  declinations  are  much  better  represented  by 
the  theory  than  the  right  ascensions,  as  the  sum  of  the  squares  of  the  resi- 
duals is  about  20  for  the  former  against  47  for  the  latter.  The  residuals  of 
the  right  ascensions  frequently  show  a  systematic  character,  especially  in 
the  latter  half  of  the  period.  However,  all  the  efforts  I  have  made  to  detect 
periodicity  in  them  have  led  to  no  result.  They  may  be  attributed  to  one 
of  three  causes.  Either  some  error  has  been  committed  in  the  theory,  or 
some  force  acts  on  Saturn  of  which  we  know  nothing,  or  the  observations 
are  affected  with  systematic  errors  which  their  combination  has  not  com- 
pletely eliminated.  The  last  seems  to  have  the  greatest  degree  of  probabil- 
ity in  its  favor. 

The  mass  of  Jupiter  given  by  the  foregoing  discussion  is  in  fair  agree- 
ment with  the  values  which  have  been  obtained  from  other  sources,  but  the 
mass  obtained  for  Uranus  is  to  a  considerable  degree  smaller  than  the 
values  given  by  observations  of  the  satellites.  It  seems  to  me  possible  that 
its  determination  from  the  observation  of  Saturn  is  unfavorably  influenced 
by  the  presence  of  systematic  errors  in  the  latter. 


78  COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL 


MEMOIR  No.  58. 
The  Periodic  Solution  as  a  First  Approximation  in  the  Lunar  Theory. 

(Astronomical  Journal,  Vol.  XV,  pp.  137-143,  1895.) 

The  lunar  theory  may  be  developed  in  either  of  two  ways.  In  the 
first,  the  coefficients  of  the  periodic  terms  in  the  expressions  for  the  coordi- 
nates are  exhibited  as  functions  of  the  elements  on  which  they  depend,  the 
latter  being  left  indeterminate.  This  may  be  called  a  literal  lunar  theory. 
In  the  second  certain  numerical  values  are  attributed  to  these  elements  at 
the  beginning  even  of  the  investigation,  and  all  the  following  computations 
are  performed  on  numerical  quantities  so  that  the  final  results  present  the 
mentioned  coefficients  in  the  form  of  numbers.  This  may  be  called  a  nu- 
merical lunar  theory.  Both  these  methods  of  treatment  are  to  be  desired ; 
the  former  having  the  greater  attraction  for  the  mathematician;  while  the 
latter  recommends  itself  to  the  practical  astronomer  who  wishes  merely  to 
have  the  power  of  predicting  the  position  of  the  moon.  The  latter  is  also 
preferable  on  account  of  the  far  less  labor  required  for  its  elaboration.  A 
literal  theory  probably  demands  from  four  to  six  times  as  much  labor  as 
suffices  for  a  numerical  theory.  The  latter  indeed  has  the  disadvantage  of 
depending  on  values  of  the  elements  which  afterwards  may  be  discovered  to 
need  correction;  however,  this  objection  is  of  very  slight  weight  since  the 
literal  theories  we  already  possess  are  amply  sufficient  for  assigning  the 
corresponding  corrections  of  the  coefficients. 

Nearly  all  the  lunar  theories  in  existence  have  been  elaborated  by 
successive  steps  of  approximation  in  which  the  elliptic  theory  has  been 
taken  as  the  starting  point.  It  may  be  asked  whether  some  labor  may  not 
be  saved  by  adopting  as  the  first  approximation  the  best  values  attainable 
for  the  coordinates. 

It  is  well  known  that  the  problem  of  three  bodies  admits  a  periodic 
solution  in  which  the  motions  of  the  two  planets  about  the  body,  considered 
as  central,  take  place  in  the  same  plane,  and  where  the  eccentricities  peculiar 
to  each  planet  vanish.  It  is  the  object  of  the  present  article  to  elaborate 
this  solution  in  the  case  of  the  moon,  employing  the  numerical  method.  It 
is  very  desirable  that  the  approximation  in  this  solution  should  be  pushed 
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to  a  high  degree  of  precision,  much  more  than  at  first  sight  would  seem  at 
all  necessary,  because,  in  the  further  elaboration  of  the  lunar  theory  by  this 
method,  the  motions  of  the  perigee  and  node  depend  on  the  values  here 
assigned  to  the  coefficients  of  the  periodic  terms. 

In  the  particular  solution  just  mentioned  there  are  only  four  independent 
arbitrary  constants  introduced  by  integration.  Two  of  these  simply  define 
the  phases  of  the  planets  at  the  origin  of  time,  while  the  remaining  two 
may  be  taken  to  be  the  average  rates  of  increase  of  their  longitudes.  These 
four  constants  may  be  denoted  in  their  order  as  t,  e1,  n,  n'.  It  is  expedient 
to  eliminate  the  masses  of  the  bodies  from  the  equations  by  introducing  two 
constants  to  take  their  places;  these  we  denote  by  the  symbols  a,  a'.  The 
masses  of  the  sun,  earth  and  moon  being  severally  denoted  by  fn,,mt  and  m|( 
the  mentioned  constants  are  connected  by  the  equations 
mt  +  m,  4-  «i«  =  M  =  a***'*,  m,  +  m,=  a'n' 

For  convenience  we  adopt  the  notations 

_      <»i  i  _      w>i  +  m, 

~m,  +  m,'          "ntt  +  im  +  m, 

For  properly  exhibiting  the  effect  of  the  moon's  mass  on  its  motion 
relative  to  the  earth,  the  system  of  coordinates,  where  the  moon  is  referred 
to  the  earth,  but  the  sun  to  the  center  of  gravity  of  the  earth  and  moon,  is 
well  adapted.  Denoting  such  rectangular  coordinates  together  with  the 
radii  as  x,  y,  r  for  the  moon,  and  a/,  t/ ,  /  for  the  sun,  it  is  well  known  that 
the  differential  equations  of  motion  are 


where  ft,  the  potential  function,  is  equal  to  the  sum  of  the  products  of  every 
two  masses  into  the  reciprocal  of  their  distance,  or 


+  ^5  + 
4,i 


The  distances  are  given  in  terms  of  the  coordinates  by  the  equations 

+  „*)' 


-*.  =  rx-u  - 

Jt,  =  a»  +  ^  =  ^ 

The  ratio  (^)  is  so  small  that  it  is  advisable  to  develop  A  in  a  series 
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of  its  powers.     Thus  is  obtained  as  a  suitable  potential  for  the  determination 
of  the  moon's  coordinates 


[(1  -A-)4-  M«]     i  (V  &  -¥£'+¥  8) 


S  being  determined  by  the  equation 

rr'S  =  xtf  +  yy' 

To  get  the  similar  function  for  the  relative  motion  of  the  sun  about  the 
center  of  gravity  of  the  earth  and  moon  it  is  only  necessary  to  multiply  the 
preceding  expression  by 

at 


Here,  neglecting  the  first  term  as  independent  of  solar  coordinates,  it 
will  suffice  to  take  the  two  next  following  and  write 


For  our  purpose  it  is  sufficiently  accurate  to  suppose  that  the  motion  of 
the  sun  about  the  center  of  gravity  of  the  earth  and  moon  is  circular  and 
uniform.  The  various  inequalities  have  coefficients  less  than  0''.0002,  and 
it  is  easy  to  see  that  the  effect  of  neglecting  them  on  the  position  of  the 

moon  is  much  less  than  this  quantity.     Therefore,  in  the  last  expression, 

>8 
we  can  substitute  for  -%  ($8*  —  i)  its  non-periodic  term.    Here  a  rude  approx- 

imation suffices,  and,  turning  to  Pontecoulant,    TJieorie  Analytique  du  Sys- 
tbme  du  Monde,  Tom.  IV,  p.  100,  we  find  that  this  non-periodic  term  is 


m  denoting  the  ratio  of  the  month  to  the  year.     Thus,  putting 
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we  may  take  for  the  motion  of  the  sun 


Employing  /.'  to  denote  the  longitude,  the  solar  differential  equations 

of  motion  are 

n  -_ 

-  = 


As  A'  is  an  excessively  email  quantity  its  square  may  be  neglected,  and 
the  differential  equations  are  satisfied  by  the  values 


Certain  modifications  can  now  be  made  in  the  differential  equations  for 
the  coordinates  of  the  moon.  Denoting  the  longitude  by  X,  let  $  =  %.  —  /.', 
and  let  r  denote  the  mean  value  of  the  same,  so  that  r  =  e  —  *'  +  (n  —  n!)  t. 
Making  r  the  independent  variable  instead  of  t,  and  putting 


and  adopting  r  and  $  as  the  variables  for  expressing  the  position  of  the 
moon,  the  differential  equations  become 


As  R  now  contains  no  variables  but  r  and  $,  r1  being  constant,  if  we 
multiply  these  equations  severally  by  dr  and  <l<p,  and  add  the  resulting 
equations  we  have  an  exact  differential,  which,  being  integrated,  gives 


C  being  the  arbitrary  constant.     This  equation  can  be  substituted  for  the 
second  of  the  former,  and,  if  we  put 


the  two  equations  of  the  problem  can  take  the  form 


di* 


By  making  <p  the  independent  variable  we  shall  obtain  the  advantage 
of  having  but  one  equation  to  integrate.     We  adopt  r*  as  the  unknown  to 
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*u2 

be  determined,  and,  as  -g  differs  from  unity  by  a  small  quantity,  we  put 

r2  dt 

-5  =  1  -f-  u.     Also,  for  the  same  reason,  we  put  -=-  =  1  +v.     Then  our  equa- 

a  d$ 

tions  may  be  written 


In  order  to  have  small  quantities  to  deal  with  we  put 


=tf—  4m 
or 

N  and  U  are  then  of  the  same  order  of  smallness  as  m2  .     Then  the 
equations  which  solve  the  problem  are 

,  .  _JL 

a  +  ,v  -  -          *(i  + 
i  +  jv 


It  is  plain  that  the  arbitrary  constant  C,  which  enters  into  the  expres- 
sion for  Fand  thus  into  those  for  N  and  U,  is  not  independent  of  those 
which  have  already  been  noted,  viz.:  a,  a',  n,  n';  but,  in  the  numerical 
method,  we  do  not  need  to  know  its  expression  in  terms  of  the  latter,  we 
simply  assign  to  it  such  a  numerical  value  as  will  make  the  non-periodic 
term  of  v  vanish  in  the  periodic  development  of  the  latter  as  a  function  of  <J>. 

2(7 
As  —  g-  is  nearly  equivalent  to  —  1,  the  expressions  for  N  and   U  will  be 

simplified  if  we  replace  it  by 

1  —  m'  —  2(1  +  m)'+  C 

where  the  new  C  is  a  quantity  of  the  order  of  m2. 

With  these  modifications,  if  we  adopt  the  following  notation  for  certain 
constants, 


§  -  V) 
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the  expressions  of  the  functions  .AT  and  U,  in  terms  of  u  and  $,  are 
N  =  C  +  8(1  +  m)'[(l  +  «)-»  -  1]  +  m'u 


«)'  [Hoc.  4*  +  §  cot  2*  +  /,] 


V-  8(7  +  9(1  +  m)1[(l  +  i»)-*  —  1]  +  4mS« 
+  4«,(l  +  i.)[|oo«2*  +  J] 

+  5o,(l  +  «•)'  [f  <»•  3*  +  J  <»•  $] 


oot  4*  +  |  <x»  2*  + 
oo.  5*  +      oo.  3 


From  these  expressions  it  will  be  seen  that  if  the  numerical  value  of 
N  has  been  obtained  through  the  first,  that  of  U  immediately  results  by 
summing  the  several  terms  of  N  multiplied  by  simple  integers. 

The  coefficients  in  the  periodic  solution  here  treated  are  functions  of 

three  independent  constants,  which  may  be  taken  to  be  m,  -,  and  ft  .  The 
values  we  assign  to  them  are 

m  =  0.0808489338,    ^  =  0.002fi73603  ,    /•  = 

The  first  is  so  approximate  that  it  will  scarcely  need  correction.  The 
second  corresponds  to  the  value  8".  8  of  the  constant  of  the  solar  parallax 
which  is  adopted  simply  because  it  is  a  round  number.  The  third,  which 
results  from  the  principal  constants  of  nutation  and  precession,  is  about  as 
close  a  value  as  at  present  can  be  assigned  to  this  constant  and  at  the  same 
time  be  expressed  in  few  figures.  The  connected  constants,  which  are  func- 
tions of  these,  have  the  values: 

"'  =  55im3'    ^  =  0.0000000188 
•j  =  0.00653  65298  16 
a,  =  0.00001  64146  16 
•,  =  0.000000041739 
«,  =  0.00000  00001  06 

The  approximate  value  of  u,  to  be  substituted  in  the  differential  equations, 
and  afterwards  corrected,  will  be  obtained  from  the  results  given  by 
Mr.  Ernest  W.  Brown  and  myself  (Amcr.  Jour.  Math.,  Vola.  I  and  XIV). 
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After  correcting  the  numbers  to  make  them  correspond    to  the   adopted 
moon's  mass  and  the  constant  of  solar  parallax,  we  have 


=  0.9990930780 


r-  COS  (0  —  r)  = 


1  +  0.00028  81665  cos  T 

-  0.00718  00404  cos  2r 

-  0.00000  75187  cos  3T 
+  0.00000  60337  cos  4T 

-  0.00000  00034  cos  5T 
+  0.00000  00326  cos  6r 

0.00000  00000  cos  7r 
+  0.00000  00002  cos  8r 


r  sin  (<*>  —  •"•)  =  - 


—  0.00061 
+  0.01021 
+  0.00000 
+  0.00000 
+  0.00000 
-j-  0.00000 
0.00000 
+  0.00000 


02619  sin  r 
15492  sin  2r 
72231  sin  ST 
57245  sin  4T 
00058  sin  5r 
00275  sin  6r 
00000  sin  7T 
00002  sin  8T 


r1 
a2 


By  computing  the  special  values  of  these  functions  and  thence  those  of 

^  and  d»  —  T  for  the  thirteen  values  of  T  evenly  distributed  from  0°  to  180°, 
a 

and  then  applying  the  formulas  for  deriving  periodic  series  from  special 
values  to  the  latter,  we  get 

0.00173  50214 
+  0.00056  71290  cos   T 

-  0.01433  41815  cos  2r 

-  0.00001  08564  cos  3r 

-  0.00001  42655  cos  4r 

-  0.00000  00213  cos  5r 

-  0.00000  00366  cos  6r 

-  0.00000  00004  cos  7r 
0.00000  00000  cos  8r 

•  125.72648  sin    T 

+  2106.27394  sin  2r 

+  0.73663  sin  3T 

+  8.74177  sin  4T 

+  0.00765  sin  5r 

+  0.04898  sin  6r 

+  0.00008  sin  7r 

+  0.00031  sin  8T 
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The  second  of  these  equations  must  now  be  reversed  so  as  to  exhibit  r 
as  a  function  of  <p,  and  the  right  member  of  the  first  changed  into  a  function 
of  the  same  variable.  This  is  accomplished  through  the  method  of  special 
values,  or  by  an  application  of  Lagrange's  Theorem.  For  convenience, 
exhibiting  the  first  in  terms  of  the  radian,  we  get 

+  0.00061  26173  sin   $ 

—  0.01021  12 121  ein  2* 

-  0.00001  29397  tin  3* 
+  0.00006  18797  sin  4* 
+  0.00000  01885  Bin  5<f> 

-  0.00000  05352  sin  64 

—  0.00000  00028  sin  7* 
+  0.00000  00055  sin  84 

—  0.0018815691 

+  0.00057  84401  COB  * 
-0.01433  264 60  COB  24 

—  0.00002  26099  COB  3$ 
M  =          x  +  0.00013  20733  COB  1$ 

+  0.00000  04284  COB  5$ 

—  0.00000  13789  COB  64 

—  0.00000  00070  COB  7* 
+  0.00000  00156  cos  84 

From  the  latter  equation  we  derive  the  following  special  values  of  u 
and  its  differential,  the  first  to  11  decimals,  the  second  to  10. 

du 


<t> 

M 

dtb 

oe 

—  1552  72535  0 

0 

15 

—  1368  51204  8 

+1377  95258 

30 

—  861197877 

+  241449781 

45 

—  158892814 

+  2829  74425 

60 

+  552937120 

+  2478  32319 

75 

+  1076  30147  8 

+  1419  13080 

90 

+  1258  45447  0 

—  64  84608 

105 

+  1043  07758  0 

—  164057776 

120 

+  490528990 

—  2578  13247 

135 

—  243832546 

—  2901  65947 

150 

—  961313653 

—  245899497 

165 

—  1477083110 

—  1398  70662 

180 

—  1663  97567  0 

0 

In  order  to  make  >•  have  0  for  its  non-periodic  term,  we  discover  that 
the  proper  value  for  our  second   C  is  —  0.00691  797355.     With  this  value 
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we  determine  the  values  of  N  with  11  decimals  and  of  r  with  10,  as  follow: 


</> 

N 

V 

0° 

+  2423  62364  7 

-  1960  34362 

15 

+  2077  04404  1 

-  1699  81270 

30 

+  1126  28190  9 

—  98020757 

45 

-  181265574 

+   21  24791 

60 

-  1497  24415  9 

+  1042  98441 

75 

-2461139256 

+  1799  70812 

90 

-2801884799 

+  2067  32850 

105 

—  2420  67794  5 

+  1762  32100 

120 

-  1422  31459  5 

+  97386650 

135 

81411175 

70  74302 

150 

+  1241  28206  1 

-  1086  15603 

165 

+  2199  48222  6 

-  1812  72120 

180 

+  2548  20012  6 

—  2075  28823 

The  values  of  Z7with  11  decimals  are: 

4>  U 

0°  +5575266771 

15  _|_  4848  34346  5 

30  +  2851  89637  7 

45  +    100410003 

60  -  2676  95407  9 

75  -  4720  17206  3 

90  -  5454  62497  2 

105  -4670639593 

120  -2591362106 

135  +    202394836 

150  +  2954  06634  9 

165  +  4944  15126  9 

180  +  5667  66586  5 

When  these  values  are  substituted  in  the  differential  equation 


the  left  member,  instead  of  becoming  0,  takes  the  value,  in  the  periodic  form, 

438  +  171.0  cos  <t>  +  1270  cos  2<£  —  214  cos  3<f>  +  100  cos  4^  —  23  cos  5$  —  44  cos  6<j> 

—  3  cos  70  —  62  cos  8  ^, 

where  the  coefficients  are  noted  in  units  of  the  10th  decimal. 
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A  second  trial  haa  been  made  with  this  differential  equation  by  sub- 
stituting in  it  the  value 

'  —  0.0018816351 
+  0.00057  82699  cos 

—  0.01433  26793  cos   2* 

—  0.00002  26122  cos 

+  0.00013  20725  cos   4* 
+  0.00000  04277  cos 

—  0.00000  13727  cos 

—  0.00000  00070  cos 

+  0.00000  00153  cos   8* 
+  0.00000  00001  cos 

—  0.00000  00002  cos 


*= 


Precisely  as  in  the  first  trial  it  is  found  that  O—  —0.00691811469, 
and  that  v,  in  units  of  the  11th  decimal,  has  the  special  values 


0°  — 

15  - 

30  - 

45+ 

60  + 

75  + 

90  + 

105  + 

120  + 

135  — 

150  — 

165  — 

180  — 


1960365199 

1699  83366  4 

980225781 

21  23523  8 
1042  97800  8 
1799  70665  7 
2067  33150  0 
1762  32890  1 
973878135 

70730273 
1086142683 
1812706861 
2075273153 


The  value  of  the  left  member  of  the  differential  equation,  instead  of  becoming 
0,  is,  in  the  developed  periodic  form  (the  coefficients  in  units  of  the  11th 
decimal) 

+  27426  +  37  cos  $  +  21763  cos  2$  +  1818  cos  3$  +  2707  cos  4*  +  1501  cos  5* 
—  21995  cos  60  —  27  cos  70  +  969  cos  80  +  63  cos  9*  +  182  cos 


In  order  to  discover  the  correction  of  the  substituted  value,  it  is  necessary 
to  form  the  equations  to  variation  of  the  two  differential  equations  of  the 
problem.  Here  we  must  attribute  a  variation  bC  to  the  constant  C»»  well 
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as  the  variation  Su  to  u.     Differentiating  the  expressions  for  N  and  U  with 
respect  to  u  we  get  as  the  special  values 

dN  dU 

<i>           du  du 

0°    —1.17634  —1.11732 

15    1.17433  1.11928 

30    1.16878  1.12460 

45    1.16126  1.13188 

60    1.15375  1.13914 

75    1.14836  1.14449 

90    1.14654  1.14654 

105    1.14888  1.14487 

120    1.15478  1.13999 

135    1.16273  1.13329 

•150    1.17062  1.12656 

165    1.17636  1.12163 

180  —1.17848  —1.11984 


put 


From  these  are  readily  determined  the  special  values  of  8v,  and,  if  we 


uv  ^^  r  wo  • 

f  trow  f  n 

d<f>~ 

<f> 

F 

0 

H 

0° 

—0.47860 

+1.06092 

0 

15 

0.48150 

1.06374 

+0.00348 

30 

0.48959 

1.07154 

0.00608 

45 

0.50101 

1.08251 

0.00710 

60 

0.51290 

1.09403 

0.00619 

75 

0.52184 

1.10281 

+0.00353 

90 

0.52505 

1.10599 

—0.00016 

105 

0.52144 

1.10257 

0.00384 

120 

0.51216 

1.09367 

0.00644 

135 

0.50006 

1.08209 

0.00728 

150 

0.48851 

1.07108 

0.00620 

165 

0.48038 

1.06334 

—0.00354 

180 

—0.47746 

+1.06057 

0 

By  writing  the  variation  of  the  differential  equation  thus 
d  r     1    d.iu          i      du 


H 

= 

J 
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we  get 


* 

L 

M 

P 

0* 

+2.0884 

-1.05596 

0 

15 

2.0984 

1.06930 

—0.00096 

30 

2.1248 

1.10615 

0.00179 

46 

2.1620 

1.15771 

0.00229 

60 

2.2005 

1J1071 

0.00217 

75 

2.2294 

1.25039 

—0.00131 

N 

2.2398 

N4fl  • 

+0.00006 

105 

2.2282 

.  •.';•'-.! 

0.00142 

120 

2.1984 

.20971 

0.00225 

135 

2.1593 

.15685 

0.00234 

150 

2.1218 

.10567 

0.00182 

165 

2.0953 

.06921 

+0.00097 

180 

-{-2.0858 

—1.05608 

0 

By  substituting   the   periodic  developments  which  correspond  to  the 
special  values,  this  equation  may  be  reduced  to  the  form 

[1.00010  -  62  cos  4>  +  2043  cos  2$  +  3  cos  3$  +  6  cos  4$  ]  '^\l 

+  [121  sin  $—6957  sin  2$  -  12  sin  3$ -  20  sin  4<f>]  rf-V** 

a<f> 

+  [1.15885  +  93  cos  $  —  16644  cos  2$  —  45  cos  3$  +  266  cos  4$]  tu 
=  [2.16208  +  137  cos  $  -  10493  cos  2$  -  35  cos  3$  +  268  cos  4$]  »C 
4-    residual, 

in  which  the  numerical  coefficients  are  all  to  five  places  of  decimals.     In 
this  we  substitute  the  periodic  series  with  indeterminate  coefficients 
tu  =  a,  +  a,  cos  $  +  oIcos2$  +  a,cos3$+... 

and  equate  to  zero  each  coefficient  of  the  cosine  of  the  multiple  of  $,  and 
thus  obtain  a  group  of  equations  determining  the  a.     As  the  non-periodic 
term  of  bv  should  vanish,  this  furnishes  the  equation  determining  i(7, 
—  0.501044C  +  1.082840,  +  20a,  -  1849o,  —  60,  +  47<i,  =  0 

where  again  the  coefficients  have  all  five  decimals. 

After  the  elimination  of  &C  the  group  of  equations  determining  the  a  in 
the  first  trial  are 

—  3.5140. -I- 0.025290,  +  438  =0 

—  0.0020.  +  O.lOOlOo,  4-  0.000380,  -  0.069ff,  4-  171.0  =  0 
+  0.0560,  -  2.844  o,  — 0.108  o,       +  1270  =0 

—  0.12680,4-0.0030,—  7.84o,  — 214  =  0 

-  0.003  o.  —  0.194o,  —  14.84o.  4-  100  =  0 

—  OJ88  o,- 23.840,-  23-0 

-34.840.—  44  =  0 
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The  final  terms  of  these  equations  are  in  units  of  the  tenth  decimal. 
Their  solution  leads  to  the  values 

a,  =  +  128, a,  =  —  1707,a,  =  +  449,as  =  0,   at  =  +  1 
as  =  —     l,a,  =  —       l,a,=      0,  as  =  — 1,5(7  =+ 258.5 

The  equations  determining  the  a  for  the  second  trial  differ  only  from 
those  for  the  first  trial  in  having  different  absolute  terms,  and  their  solution 
gives  the  values 

ao  =  +  786.1,  a,  =  —  8.0,  a,  =  +  780.3,  a,  =  +  23.4 
at  =  +  8.7,  «6  =  +  6.0,  a,  =  —  63.2,  a,  =  -  0.1 
ae=  +  1.5,  a,  =  +  0.1,  aIO  =  +  0.2,  iC  =  +  1670.2 

When  these  corrections  are  applied  severally  to  the  coefficients  of  the 
approximate  values  of  u  employed  in  the  two  trials,  the  results  are  two 
values  of  u  which  differ  only  in  their  three  first  coefficients  by  2  and  3 
units  in  the  tenth  decimal,  the  following  coinciding  exactly.  We  give  then 
only  the  result  of  the  second  trial,  which  as  it  has  been  made  with  more 
care,  is  to  be  preferred. 

-0.0018815565 

4-  0.00057  82691  cos  $ 

-0.01433  26013  cos  2$ 

-  0.00002  26099  cos  3$ 
4- 0.00013  20734  cos  4$ 
4-  0.00000  04283  cos  5<j> 
—  0.00000  13790  cos  6$ 

-  0.00000  00070  cos  7$ 
+  0.00000  00155  cos  8$ 
4- 0.00000  00001  cos  94 
—  0.00000  00002  cos 


u  = 


The  values  of  C  from  the  two  trials  also  agree  well,  they  are 
0  =  —  0.00691 749770,     C  =  —  0.00691 749767. 

To  derive  from  the  just  given  expression  the  coordinates  of  the  moon 
as  functions  of  the  time  it  is  necessary  to  have  the  correct  value  of  v.  This 
is  obtained  by  computing  the  correction  5v  to  be  added  to  the  values  of  v 
in  the  second  trial.  We  employ  the  equation 

SV  =  FSC  +  Gtu  +  Hd-du 
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The  principal  results  obtained  are,  in  units  of  the  tenth  decimal. 


t 

to 

~3+ 

* 

0° 

4-  1535.0 

0 

4-  829.3 

15 

1476.5 

—  523 

763.7 

30 

1220.5 

1448 

4-  481.4 

45 

752.8 

1960 

—  35.6 

|Q 

305.0 

1301 

530.8 

75 

.,.,  , 

—  308 

-.<••:  I 

90 

80.0 

4-  37 

788.3 

105 

128.2 

406 

731.0 

120 

350.0 

1367 

-481.3 

135 

805.1 

1916 

4-  22.1 

150 

1246.5 

1  — 

511.3 

165 

1454.5 

4-  371 

743.1 

180 

4-  1493.0 

0 

4-  786.1 

When  the  corrections  in  the  last  column  are  applied  to  the  mentioned 
set  of  values  of  v  and  the  periodic  development  of  this  quantity  derived, 
we  get 

+  0.00061  24345  1  cos  +' 

—  0.02042  24560  4  cos  2$ 
-0.00003  88 1751  cos  3* 
4-  0.00024  75192  1  cos  4* 
4-  0.00000  09433  5  cos  5* 

—  0.00000  32 169  3  cos  6* 

—  0.00000  00186  3  cos  7* 
4- 0.00000  00433  7  cos  84 
4- 0.00000  00002  3  cos  9* 

—  0.00000  00006  2  cos 

The  integration  of  this  expression  gives 


4-  126.32369  sin  4 

—2106.21697  sin  2* 

—  2.66890  sin  3$ 
4-  12.76362  sin  4$ 
4-   0.03892  sin  5$ 

0.1 1059  sin  6$ 

—  0.00055  sin  7$ 
4-      0.001 12  nn  8f 
4-      0.00001  sin  9$ 

—  0.00001  sin  10* 
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t  and 


From  this  formula  are  derived  the  following  corresponding  values  of 


15 

15 

17 

8. 

75640 

30 

30 

29 

29. 

55616 

45 

45 

33 

37. 

86824 

60 

60 

28 

27. 

66264 

75 

75 

15 

23. 

69115 

90 

89 

57 

53. 

58146 

105 

104 

40 

32, 

,45790 

120 

119 

27 

54. 

62453 

135 

134 

23 

25.41221 

150 

149 

28 

26. 

23660 

165 

164 

41 

47. 

23948 

From  these  special  values  we  derive  the  periodic  development  of 
terms  of  r: 


n 


=    T   +    • 


—  125.68900  sin  r 
+2106.27704  sin  2T 
+  0.73711  sin  3r 
+  8.74182  sin  4T 
+  0.00763  sin  5r 
+  0.04902  sin  6r 
+  0.00006  sin  IT 
+  0.00032  sin  ST 


A  comparison  of  this  formula  with  the  corresponding  one  employed  at 
the  outset  shows  that  the  coefficient  of  the  parallactic  inequality  in  the  latter 
needs  the  correction  +  0".0375.* 

Astronomers  have  been  accustomed  to  employ  the  function  -  of  the 

r 

moon's  radius.     In  order  to  obtain  this  we  substitute  the  just  given  special 

r2 
values  of  $  in  the  expression  for  -^  in  terms  of  <p;   then,  by  extracting  the 


*  It  should  be  explained  that  this  rather  large  correction  is  due  to  no  imperfection  in  Prof.  E.  W. 
Brown's  coefficient,  but  arises  from  a  mistake  committed  in  transforming  his  series. 
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square  root  and  taking  the  reciprocal,  we  have  the  following  special  values: 


T 

e 

0 

15 

30 

45 

60 

75 

90 

105 

120 

135 

150 

165 

180 


a_ 
r 

1.00785  58819 
1.00687  82756 
1.00422  86149 
1.00065  67204 
0.99714  55263 
0.99463  05661 
0.99376  63268 
0.99478  25258 
0.99743  74708 
1.00106  63735 
1.00472  62613 
1.00742  99059 
1.00842  50531 


Thence  we  have  the  following  periodic  development : 

1.00090  73946 
—  0.00028  72776  cos  T 
+  0.00718  65934  COB  2r 
+  0.00000  23529  cos  3r 
+  0.00004  58501  cos  4r 
+  0.00000  00385  coe  ST 
+  0.00000  03269  cos  6T 

0.00000  00004  coe  7r 
+  0.00000  00025  cos  ST 


a 

r 


The  coefficient*  of  the  expressions  for  <p  and  a  may  be  trusted  as  cor- 
rectly corresponding  to  the  assumed  values  of  the  three  elements,  m,  ",  and 
u.  to  within  a  very  few  units  of  the  last  decimal  noted. 
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MEMOIR  No.  59. 
On  the  Convergence  of  the  Series  Used  in  the  Subject  of  Perturbations. 

(Bulletin  of  the  American  Mathematical  Society.  Vol.  II,  pp.  93-97,  1896.) 

The  perturbations  of  the  planets  and  the  coordinates  of  the  moon  have 
been  developed  by  astronomers  in  infinite  series  of  terms  involving  sines  or 
cosines  of  linear  functions  of  two  or  more  arguments  with  positive  or  nega- 
tive integral  multipliers.  These  arguments  vary  proportionally  with  the 
time,  and  their  periods,  in  accordance  with  notions  derived  from  the  theory 
of  probabilities,  are  supposed  to  be  incommensurable  with  each  other. 
Recently  M.  Poincare  has  much  insisted  that,  under  the  latter  condition, 
these  series,  in  the  rigorous  mathematical  sense,  are  divergent  (Les  Methodes 
Nouvelles  de  la  Mecanique  Celeste,  Vol.  II,  pp.  277-280).  However,  the 
reasons  brought  forward  to  sustain  this  opinion  are  scarcely  convincing,  and 
I  think  there  has  been  some  scepticism  among  astronomers  in  reference  to 
the  matter.  Without  attempting  to  find  any  flaw  in  M.  Poincare's  logic,  I 
simply  wish  to  point  out  a  class  of  cases  where  the  convergency  of  the  series 
can  be  shown  in  spite  of  the  incommensurability  of  the  component  argu- 
ments. 

In  many  problems  of  dynamics,  where  the  integral  of  conservation  of 
areas  has  place,  we  shall  often  have  the  longitude  /I  of  the  moving  point 
given  by  a  quadrature.  We  choose  as  our  example  the  equation 

1    ill          ie=oof=s+  «o 

!  cos  (t7  +  i'O,  (1) 


in  which  I  =  nt  +  c  and  I'  =  n't  +  c',  and  a  is  a  positive  constant  less  than 
unity.  Here  /I  corresponds  to  M.  Poincare's  log  x  (p.  279  of  the  above- 
quoted  volume).  Under  the  condition  named,  the  series  of  (1)  is  convergent. 

Now  let  both  members  of  the  equation  be  integrated;  putting  n  for  —  ,  we 

have 

I  =  »  +  nt  +  ?  S^^r  a<+l''l  gin  (il  +  i'l"),  (2) 

n     i  4-  1  fi 

e  being  the  added  arbitrary  constant,  and  the  sign  of  summation  2  having 
the  same  extension  as  that  of  the  double  sign  in  (1),  except  that  the  com- 
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bination  i  =  i'  =  0  is  omitted.  When  //  is  an  irrational  quantity,  the 
summation  of  this  equation  constitutes  a  divergent  series  according  to 
M.  Poincar6. 

We  prefer  to  write  (2)  in  the  more  expanded  form 

i  =  i  +  af  +  5  {  £  i  «•  fiin  il  +  1  ti  n  i F 1 
»  I     »     L  M         J 

'dntf  OH 

(3) 

where  the  extent  of  the  summation,  in  all  cases,  is  from  1  to  +  «  .  This 
will  be  the  signification  of  the  sign  2  hereafter. 

Before  we  proceed  to  consider  the  question  of  convergence  in  reference 
to  (3),  it  may  be  of  interest  to  point  out  that  the  series  of  (1)  admits  of 
summation.  For,  by  arranging  it  according  to  cosines  of  multiples  of  /', 
we  have 

-f-   [l  +  2aOOiJ+2«i'00«2J+2aJCO«3/  +  ...]aCOir 

+  fl  +  2«  co«  /  +  2a'  oo«  2f  +  2a'  co«  3/  +...]«'  co«  2r 


=  [1  4-  a  COS  I  +  a*  006  21  +  .  .  .] 

+  [1  +  2a  COS  f  +  2«'  C08  2/  4-  .  .  .][a  C06  f  +  a*  COS  2f  +  .  .  .] 
1  +  a«  —  a  (1  +  a')(ooa  1  +  COt  f)  +  2a*  001  if  OM  f 
(1  —  2*  COi  /  +  o»Xl  —  2a  C0«  f  +  a1) 

Then  A  can  be  expressed  by  the  following  quadrature  : 
i  =  i  +  n<  + 
aj,  [jl  -  2«  oo§  (nt  +  e)  +  <J[1  -  «a  cos  (n't  +  4)  +  aT  ~ 

Our  supply  of  functions  in  the  integral  calculus  is  inadequate  to  the  expres- 
sion of  this  quadrature  in  finite  terms;  but  there  is  no  bar  to  our  finding  the 
amount  of  motion  of  %  between  any  two  given  times  /,  and  /,  by  the  process 
of  mechanical  quadratures. 

Quadratures  may  also  be  invoked  to  aid  in  the  expression  of  (3).    For, 
by  putting 


cot 


u  well  as 
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(3)  takes  the  form 

*  =  s  +  n*  +  ?  {  2-1  a-  fsin  il  +  -  sin  »7'~] 

*  1  *    L          p-        J 

+  2  (P,a  COS  I'  +  P2«!  COS  2Z'  +  P3as  COS  32'  +  .  .  .) 

-  2,«  (Q,a  ami'  +  Q,*1  sin  21'  +  Q,a>  sin  3Z'  +  ...)}•  (6) 

But  it  will  be  perceived  that,  putting 


cos   — 


+  a"  ' 


Xi  satisfies  the  linear  differential  equation  of  the  second  order 

*jF'  +  .V*i  +  £  =  0.  (7) 

By  the  integration  of  this,  we  have 

Xt  =  cos  (i>f)  I   L  sin  (i/il)  dl  —  sin  (t>£)   I   L  cos  (iftl)  dl.  (8) 

The  first  summation  of  (6)  may  be  obtained  through  the  use  of  the  well- 
known  equation 

2-i-a'sint7  =  -12  +  arctanfLt-?  tan  41  (9) 

t  |_1  —  a         2  J 

We  come  now  to  the  consideration  of  the  question  of  convergence  of 
the  two  double  summations  in  (3).     In  these  we  may  put 

sin  il  =  cos  il  =  sin  i'l'  —  cos  i'P  =  1; 

the  matter  at  issue  is  not  thereby  changed.     Hence  it  suffices  to  determine 
the  convergence  or  divergence  of  the  two  series 


It  is  necessary  now  to  specify  the  precise  nature  of  the  quantity  p. 
As  an  example,  we  assume  that  (j.  =  VA,  h  being  a  non-square  integer. 
The  divisor  in  the  two  series  is  then  t2  —  hi'2.  From  the  theory  of  indeter- 
minate equations  of  the  second  degree,  we  learn  that  the  least  absolute  value 
of  this  expression  is  unity  ;  that  is,  we  may  write 


Unity  may  therefore  be  substituted  for  this  divisor  in  the  summations  just 
given  without  thereby  modifying  the  question  of  their  convergence,  which 
is  thus  narrowed  to  the  convergence  or  divergence  of  the  single  expression 

•EZW+*. 
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Hut  this  series  U  convergent,  being  equivalent  to  the  product 
[rtVH'V]  =  0  +  «a»  +  8*1  +  . . .][«  +  «"  +  «•  +  ...]• 

If  we  agree  to  takej  terms  of  each  factor  of  this  as  an  approximation,  the 
error  committed  will  be 


which  may  be  made  as  small  as  we  please  by  taking  j  sufficiently  large. 
This  expression  is  also  a  superior  limit  to  the  error  committed  in  either  of 
the  double  summations  of  (3)  when  the  series  is  pushed  to  the  same  extent 
in  reference  to  the  varying  integers  i  and  f. 

As  a  more  general  example,  including  the  former,  we  will  take 

,.f  + 

where  />,  q,  j/,  and  tf  are  integers,  and  •£•  is  not  an  exact  square.  If  we  sub- 
stitute this  value  of /r  in  the  expression  t*  —  i'-p- ,  and  rationalize  and  render 
integral  this  denominator,  multiplying  it  by  the  proper  factor,  we  find  that 
it  becomes 


Now  this  expression,  which,  is  integral,  cannot  vanish,  for  this  would  make 
y  £  rational;  consequently,  its  absolute  value  is  at  least  unity.  We  may 

then  substitute  unity  for  it  in  the  summations  we  consider  without  affecting 
the  question  of  their  convergence.  Thus,  the  latter  is  seen  to  depend  on 
the  convergence  of 


As  these  summations  are  quite  plainly  convergent,  there  is  nothing  further 
to  be  said. 

As  a  still  greater  generalization,  let  us  suppose  that  p  is  an  irrational 
root  of  an  algebraic  equation  with  rational  coefficients.  Then,  in  a  similar 
way  as  before,  i*  —  fff  may  be  rationalized  and  rendered  integral  by  mul- 
tiplying by  the  proper  factor.  The  absolute  value  of  the  thus  modified 
denominator  is  at  least  unity.  On  consulting  the  form  of  the  numerator,  it 
is  gathered  that  the  convergence  of  our  series  depends  on  that  of  various 
summations  whose  general  type  is 

Vou  IV.-T. 
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where  v  and  v'  are  finite  positive  integers.  The  convergence  is  therefore 
established. 

When  n  is  rational,  we  would  simply  transfer  the  terms  which,  in  the 
integration,  become  proportional  to  t  to  the  term  nt  of  (3).  Then  the 
remainder  would  constitute  a  periodic  and  convergent  series.  Thus,  in  all 
cases  where  (i  is  a  root  of  an  algebraic  equation  with  rational  coefficients, 
(3)  may  be  affirmed  to  be  a  convergent  series. 

Our  method  of  treatment  cannot  be  applied  in  the  case  where  (i  is  a 
root  of  a  transcendental  equation.  But  it  may  be  remarked  that  the  higher 
the  degree  of  the  equation  which  has  fj.  for  a  root,  the  larger  become  the 
exponents  v  and  v'.  Thus,  one  is  led  to  think  that,  when  ^  is  a  root  of  a 
transcendental  equation,  these  exponents  become  infinite.  Should  this  be 
correct,  the  summations,  whose  general  type  has  just  been  given,  become 
divergent.  But  we  would  not  be  warranted  in  concluding  thence  the  diver- 
gence of  (3).  The  whole  question  turns  on  the  properties  of  the  integral 

_l_    a'~\r\    »>./,   nr.0    ftn't   _1_    ff\    J_    „»!  ' 


—  2o  COS  (nt  +  C)  +  a'][l  —  2a  COS  (n't  +  <0  +  a!]  J 

n' 
It  is  possible  that  the  ratio  —  may  have  values  which  would  make  this 

expression  tend  towards  infinity  as  the  limits  of  integration  were  removed 
farther  from  each  other.  But  I  am  not  aware  that  this  has  been  proved. 

n1 

But  it  is  something  gained  to  have  established  that,  when  —  is  an  irrational 

n 

root  of  an  algebraic  equation  with  rational  coefficients,  the  expression  is 
always  contained  between  finite  limits,  whatever  may  be  the  limits  of  inte- 
gration. 

Our  conclusions  still  hold  when  in  (1)  we  substitute  the  general  coeffi- 
cient Cij,  for  a'"1"1'1,  provided  we  have  the  condition 


a  being  positive  and  less  than  unity.  ,  Also,  we  might  assume  a  different 
rate  of  decrement  in  the  coefficients  with  augmenting  multiples  of  V  from 
that  which  belongs  to  I.  Calling  this  a',  for  a'  +  |i/l  we  should  have  a'a"1'1,  and 
the  course  of  reasoning  would  be  scarcely  changed  by  this  modification.  In 
case  there  are  more  than  two  elementary  arguments,  the  mode  of  proceeding 

n'  n"  n"' 

is  quite  similar.     The  ratios  —  ,  —  ,  —  ,   etc.,  being  irrational  roots  of  alge- 

n    n    n 

braical  equations,  the  divisors  introduced  by  integration  must  be  rationalized 
and  rendered  integral  by  multiplying  both  terms  of  the  fraction  by  the 
proper  factor.  The  convergence  of  the  series  is  made  out  as  before. 
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Remarks  on  the  Progress  of  Celestial  Mechanics  Since  the 
Middle  of  the  Century. 

PRESIDENTIAL  ADDRESS  DELIVERED  BEFORE  THE  AMERICAN    MATHEMATICAL  SOCIETY, 

DECEMBER  87,  1895. 

(Bulletin  of  ln«  American  Mathematical  Society,  Second  Serlet,  Vol.  II,  pp.  125-186,  18M.) 

The  application  of  mathematics  to  the  solution  of  the  problems  presented 
l'\-  the  motion  of  the  heavenly  bodies  has  had  a  larger  degree  of  success 
than  the  same  application  in  the  case  of  the  other  departments  of  physics. 
This  is  probably  due  to  two  causes.    The  principal  objects  to  be  treated  in 
the  former  case  are  visible  every  clear  night,  consequently  the  questions 
connected  with  them  received  earlier  attention  ;  while,  in  the  latter  case, 
the  phenomena  to  be  discussed  must  ofttimes  be  produced  by  artificial  means 
in  the  laboratory;  and  the  discovery  of  certain   classes  of  them,  as,  for 
instance,  the  property  of  magnetism,  may  justly  be  attributed  to  accident. 
A  second  cause  is  undoubtedly  to  be  found  in  the  fact  that  the  application 
of  quantitative    reasoning    to   what   is  usually   denominated   as   physics 
generally  leads  to  a  more  difficult  department  of  mathematics  than  in  the 
case  of  the  motion  of  the  heavenly  bodies.     In  the  latter  we  have  but  one 
independent  variable,  the  time ;  while  in  the  former  generally  several  are 
present,  which  makes  the  difference  of  having  to  integrate  ordinary  differ- 
ential equations  or  those  which  are  partial.     Thus  it  happens  that,  while 
the  science  of  astro- mechanics  is  started  by  Newton,  that  of  thermal  con- 
ductivity receives  its  first  treatment,  at  the  hands  of  Fourier,  more  than  a 
century  later.     In  addition  to  these  two  causes,  ever  since  the  discovery  of 
the  telescope  the  application  of  optical  means  to  the  discovery  of  whatever 
might  be  found  in  the  heavens  has  always  had  a  fascination  for  mankind. 
And,  as  the  ability  to  co-ordinate  and  correlate  the  facts  observed  much 
enhances  the  enjoyment  of  scientific  occupation,  it  has  resulted  that  many 
who  began  as  observers  ended  as  mathematical   astronomers.    Thus  our 
science  has  had  relatively  a  large  number  of  cultivators. 

A  thoroughly  satisfactory  history  of  our  subject  is  yet  to  be  written. 
We  have  only  either  slight  sketches  of  the  whole,  or  elaborate  treatments 
of  special  divisions  of  the  science,  and  none  of  them  coming  down  to  recent 
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times.  Among  the  former  may  be  mentioned  Gautier's  Essai  Mstorique  sur 
le  probleme  des  trois  corps,  which  appeared  in  1817.  Also  Laplace's  historical 
chapters  in  the  last  volume  of  the  Mecanique  Celeste.  Todhunter's  History 
of  the  theories  of  attraction  and  the  figure  of  the  earth  is  an  example  of  the 
latter  class.  Such  books  as  Todhunter's — of  which  Delambre  has  given  an 
earlier  example  in  his  Histoire  de  I  'Astronomic — can  hardly  be  regarded  as 
history;  they  resemble  rather  extensive  tables  of  contents  of  the  literature 
examined,  accompanied  by  short  comments.  However,  in  many  cases,  they 
are  more  useful  to  the  student  than  formal  histories  would  be,  as,  when 
judiciously  compiled,  they  may,  as  epitomes  in  our  libraries,  take  the  place 
of  a  large  mass  of  scientific  literature.  The  History  of  Physical  Astronomy 
by  Robert  Grant,  is  a  book  that  comes  down  to  1850,  and  professedly  covers 
the  whole  of  our  subject.  But  only  one-third  of  this  book  is  devoted  to 
astro-mechanics,  the  rest  dealing  with  what  is  really  observational  and  de- 
scriptive astronomy.  Moreover,  the  author  indulges  so  much  in  diffusive 
veins  of  writing,  that  but  a  small  fraction  of  the  200  pages  is  really  given 
to  purely  historic  statement.  As  far  as  the  Lunar  Theory  is  concerned,  the 
third  volume  of  M.  Tisserand's  Traite  de  Mecanique  Celeste  constitutes  a  fair 
history.  But  it  must  be  borne  in  mind  that  the  author's  plan  is  to  notice 
only  the  disquisitions  having  a  first-class  importance;  hence  his  history  is 
incomplete  in  this  respect. 

In  America  we  are  not  well  situated  for  investigations  of  this  char- 
acter, on  account  of  the  meagreness  of  our  libraries.  Of  no  inconsiderable 
number  of  memoirs  and  even  books,  having  at  least  some  importance  in  our 
subject,  there  exist  no  copies  in  the  United  States.  Hence,  should  an 
American  be  inclined  to  undertake  the  task  of  writing  the  history  of  our 
subject,  he  must  at  least  perform  some  of  the  work  abroad. 

In  the  present  discourse  it  is  proposed  to  touch  very  lightly  the  more 
important  steps  made  since  the  middle  of  the  century,  the  time  at  our 
disposal  not  admitting  fuller  treatment. 

And  first  we  will  take  up  Delaunay's  method,  proposed  for  employment 
in  the  lunar  theory,  but  quite  readily  extended  to  all  classes  of  problems  in 
dynamics.  The  first  sketch  of  this  method,  given  of  course  by  the  author 
himself,  appeared  in  the  Comptes  Rendus  of  the  Paris  Academy  of  Sciences, 
in  1846.  It  professes  to  be  merely  an  extract  from  a  memoir  offered  for 
publication  in  the  collections  of  the  Academy,  which  must,  however,  have 
been  afterwards  withdrawn  to  make  place  for  the  two  volumes  of  the 
Theorie  du  Mouvement  de  la  Lune.  When  this  extract  is  compared  with  the 
earlier  chapters  of  the  latter  work,  it  is  perceived  that  Delaunay  has,  to  some 
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extent,  modified  and  improved  hia  method  in  the  interim  between  1846  and 
1860.  In  this  long  period  nothing  appeared  from  the  author  on  this  nub- 
ject.  He  must  have  been  profoundly  engaged  in  applying  his  method  to 
the  motion  of  the  moon.  Tisserand's  exposition  of  this  method  is  some- 
what more  brief  than  the  author's  own.  Rut  when  the  necessary  modifica- 
tions are  introduced  into  Delaunay's  procedures,  to  make  them  applicable  to 
the  more  general  case  of  the  motion  of  a  system  of  bodies,  the  establish- 
ment of  the  formulas  can  be  rendered  still  more  brief. 

There  is  one  point  in  reference  to  Delaunny's  method  which,  as  far  as  I 
.1:11  aware,  has  escaped  notice.  This  method  consists  in  a  series  of  operations 
or  transformations,  in  each  of  which  the  position  of  the  moon  in  space  is 
defined  by  six  variables,  the  number  three  being  doubled  in  order  that  the 
velocities,  as  well  as  the  co-ordinates,  may  be  expressed  without  differentials. 
The  aim  of  the  transformations  is  to  make  one-half  of  these,  which 
Poincare  has  called  the  linear  variables,  continually  approach  constancy, 
while  the  other  half,  named  the  angular  variables,  continually  approach  a 
linear  function  of  the  time.  But  at  any  stage  of  the  process  the  position  of 
the  moon,  as  well  as  its  velocity,  is  definitely  fixed  by  the  six  variables  pro- 
duced by  the  last  transformation,  provided  that  the  proper  degree  of 
variability  is  attributed  to  them,  just  as,  before  any  transformation  was 
made,  the  six  elements  of  elliptic  motion,  usually  denominated  osculating, 
defined  them;  the  point  of  difference  to  be  noticed  being  that  the  more  the 
transformations  are  multiplied,  the  more  complex  becomes  the  character  of 
the  expression  of  the  former  quantities  in  terms  of  the  latter.  But,  how- 
ever great  may  be  the  number  of  transformations,  the  series  evolved  have 
always  one  consistent  trait,  viz.,  that  the  angular  variables  are  involved  in 
them  only  through  cosines  or  sines  of  linear  functions  of  these  variables, 
the  linear  functions  being  formed  with  integral  coefficients.  Now,  as  in  all 
this  work  we  are  obliged  to  employ  infinite  series,  the  question  of  their 
convergence  is  an  extremely  important  one.  The  inquiry  in  this  respect 
may  be  divided  into  two  parts,  mainly  independent  of  each  other.  These 
are,  convergence  as  respects  the  angular  variables,  and  convergence  as 
respects  the  linear  variables.  The  first  part  is  much  the  more  simple. 
Regarding  each  of  the  coefficients  of  the  series  we  employ  as  a  whole,  that 
is,  representing  it  by  a  definite  integral,  it  is  quite  easily  perceived  that  the 
said  series  are  both  legitimate  and  convergent  when,  giving  the  angular 
variables  the  utmost  range  of  values,  still  no  two  of  the  bodies  can  occupy 
the  same  point  of  space.  In  the  contrary  case  the  series  are  evidently 
divergent.  This  condition  affords  certain  limiting  conditions  for  the  values 
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of  the  linear  variables.  Could  we  trace  these  limiting  conditions  through 
all  the  transformations,  and  obtain  by  comparison  the  formulas  to  which 
these  tend  when  the  number  of  transformations  is  made  infinite,  we  should 
be  in  possession  of  the  conditions  of  stability  of  motion  of  the  system  of 
bodies.  The  second  part  of  the  inquiry  relates  to  the  expression  of  the 
mentioned  coefficients  by  infinite  series  proceeding  according  to  powers  and 
products  of  certain  parameters  which  are  functions  of  the  linear  variables. 
It  is  well  known  that,  in  the  case  of  elliptic  elements,  Laplace  and  Cauchy 
almost  simultaneously  showed  that  the  series  are  convergent  when  the 
eccentricity  does  not  exceed  a  fraction  which  is  about  two-thirds.  The 
determination  of  the  conditions  of  convergence,  after  certain  transforma- 
tions have  been  made  in  the  signification  of  the  elements,  is  undoubtedly  a 
more  complex  problem ;  nevertheless,  it  seems  to  be  within  the  competency 
of  analysis  as  it  exists  at  present. 

The  discovery  of  the  criterion  for  the  convergence  of  series  proceeding 
according  to  powers  and  products  of  parameters  is  due  to  Cauchy,  and  is  a 
most  remarkable  contribution  to  the  science  of  mathematics.  Supposing 
that  the  parameters  begin  from  zero  values,  this  criterion  amounts  to  saying 
that  the  moment  the  function,  which  the  series  is  to  represent,  ceases  to  be 
holomorphic,  or  becomes  infinite,  that  moment  the  series  ceases  to  be 
convergent.  Consequently,  if  a  space,  having  as  many  dimensions  as  there 
are  parameters  in  the  case,  be  conceived,  and  a  surface  be  constructed  in  it 
formed  by  the  consensus  of  all  the  points  where  the  considered  function 
ceases  to  be  holomorphic,  then,  provided  the  values  of  the  parameters  define 
a  point  within  this  surface,  that  is,  on  the  same  side  where  lies  the  origin, 
the  series  will  be  convergent.  Generally  this  surface  will  be  closed,  and, 
within  it,  the  function  will  not  take  infinity  as  its  value. 

Without  any  mathematical  reasoning  the  propriety  of  the  principle  just 
enunciated  may  be  perceived.  Since  it  is  possible  for  the  series  in  powers 
and  products  to  give  only  one  value  for  the  function,  the  moment  the  latter 
may  have  any  one  of  several  values,  the  series  fails  to  give  them  all;  and, 
as  there  is  no  reason  why  any  particular  value  should  be  selected,  the  con- 
clusion must  be  that  it  does  not  represent  any  of  them.  Also,  it  is  easy  to 
see  that,  when  the  function  takes  infinity  as  its  value,  the  series  fails  to 
represent  it. 

In  applying  this  principle  to  the  series  involved  in  the  treatment  of 
the  problem  of  many  bodies  by  Delaunay's  method,  it  appears,  at  first  sight, 
as  if  we  must  have  some  finite  representation  of  the  coefficients  in  question 
in  order  to  discoverthe  particular  points  at  which  they  cease  to  be  holomorphic, 
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such,  for  instance,  aa  is  given  by  an  algebraic  or  transcendental  equation. 
But  this  is  not  imperative,  as  it  is  often  possible  to  make  this  discovery  from 
certain  recognized  properties  of  the  function  considered,  without  being  in 
possession  of  its  form  explicitly  or  implicitly.  It  appears  probable  that,  in 
the  class  of  cases  considered,  the  mentioned  coefficients  can  be  represented 
by  multiple  definite  integrals,  all  taken  between  the  limits  0  and  it,  the  in- 
dependent variable*  being  those  which  have  been  denominated  angular. 
Such  functions  are  always  holomorphic,  provided  that  the  expressions  under 
the  signs  of  integration  are  themselves  holomorphic  between  the  mentioned 
limits.  If  the  statement  just  made  be  admitted,  although  it  may  be  impos- 
sible to  write  explicitly  the  mentioned  expressions,  we  may,  nevertheless, 
be  certain  that  they  remain  holomorphic,  provided  that  the  linear  variables, 
which  may  be  the  same  as  the  parameters  considered,  are  so  restricted  in 
their  range  of  values  that  no  matter  what  values  the  angular  variables 
receive,  no  distance  between  any  two  bodies  of  the  system  can  vanish.  On 
in  other  words,  that  the  R  of  Delaunay  must  never  become,  infinite.  Thus 
it  seems  probable  that  the  conditions  of  convergence  for  Delaunay 's  series 
are  precisely  identical  with  those  for  the  stability  of  motion  of  the  system. 

The  series  arising  in  Delaunay 's  method,  as  applied  to  the  moon,  con- 
tain five  parameters;  the  number  would  be  six  were  the  moon's  mass  not 
neglected.  We  should  also  have  six  in  the  application  of  the  method  to  two 
planets  moving  about  the  sun ;  however,  should  we  employ  the  well-known 
functions  &,<"  of  Laplace,  the  number  would  be  reduced  to  five.  It  ought  to 
be  possible,  therefore,  after  the  performance  of  a  limited  number  of  o]  ora- 
tions, to  assign  limiting  values  to  these  parameters,  below  which  the  series 
would  certainly  be  convergent  This  also  involves  the  possibility  of  finding 
limits  to  the  errors  committed  by  truncating  the  series  at  a  certain  order  of 
terms.  Again,  provided  the  time  is  limited  to  a  certain  interval,  the 
capacity  of  these  truncated  series  for  representing  the  co-ordinates  of  the 
planets  could  be  shown  by  giving  superior  limits  to  the  errors  necessarily 
involved. 

One  more  remark  may  be  made  before  we  leave  Delaunay's  method. 
In  every  operation  or  transformation  half  the  integrals  are  obtained  with- 
out the  intervention  of  the  time,  and  from  these  solely  are  obtained  the 
ranges  of  values  for  all  the  linear  variables.  As  no  integrating  divisors 
appear  in  their  expressions,  it  follows  that  the  question  of  stability  is  not 
affected  in  any  way  by  the  vanishing  of  these.  Moreover,  the  presence  of 
a  libration  in  the  angle  of  operation  does  not  necessitate  any  change  in  the 
procedure.  The  integrating  divisors  which  appear  in  the  expressions  for 
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the  angular  variables,  obtained  through  quadratures,  may  cause  difficulty, 
but  this  can  generally  be  removed  by  a  modification  of  the  parameters 
employed  in  the  development  of  the  coefficients  in  series.  Beyond  this  it 
does  not  seem  necessary  to  attend  particularly  to  the  terms  which  Professor 
Gylden  has  designated  as  critical. 

To  give  a  succinct  idea  of  the  scope  of  this  method,  it  may  be  said  that 
it  is  applicable  whenever,  in  the  system,  the  planets  maintain  their  order  of 
succession  from  the  sun.  In  systems  where  that  undergoes  change,  as  is  the 
case  with  the  group  of  minor  planets,  supposing  their  action  on  each  other 
is  sensible,  it  is  not  applicable. 

Delaunay's  method  has  not  yet  received  all  the  developments  and 
applications  it  is  susceptible  of. 

The  treatise  of  Hansen  on  the  shortest  and  most  ready  method  of  de- 
riving the  perturbations  of  the  small  planets  was  published  in  the  interval 
1857-1861.  But  as  the  principles  on  which  it  is  founded  had  been  elaborated 
and  communicated  to  the  public  some  years  earlier,  it  is,  perhaps,  more 
properly  to  be  assigned  to  the  first  half  of  the  century.  In  consequence,  I 
pass  it  over  with  this  slight  mention. 

Perhaps  the  most  conspicuous  labors  in  our  subject,  during  the  period 
of  time  we  consider,  are  those  of  Professor  Gylden  and  M.  Poincare.  We 
will  limit  our  attention,  for  the  remainder  of  this  discourse,  to  the  consider- 
ation of  these  investigations. 

Professor  Gylden  began  work  with  the  methods  of  Hansen  and  was 
gradually  led  to  modifications  of  them  looking  towards  their  use  for  in- 
definite lengths  of  time.  This  quality  has  latterly  become  imperative  with 
him,  and  he  has  recently  published  the  first  volume  of  what  is  evidently 
intended  to  be  a  lengthy  work  entitled  Traite  Analytique  des  Orbites 
Absolues  des  Huit  Plaribtes  Principals.  To  show  the  drift  of  Professor 
Gylden's  investigations,  we  cannot  do  better  than  give  an  analysis  of  this 
volume.  At  the  outset  the  author  introduces  a  class  of  curves  he  names 
peripleginatic.  The  definition  of  this  sort  of  curve  is  that  it  describes  con- 
tinually the  space  between  two  concentric  spheres,  and,  at  every  point, 
turns  its  concavity  towards  the  intersection  of  the  radius  vector  with  the 
inner  sphere.  In  an  application  to  the  solar  system,  the  sun  is  supposed  to 
occupy  the  common  centre  of  the  spheres.  The  investigation  is  at  first 
limited  to  the  case  where  this  curve  is  plane.  A  differential  equation  of 
the  second  order  is  derived  which  the  radius  vector  of  this  curve  satisfies, 
the  independent  variable  being  the  angle  described.  The  perpendicular 
distance  between  the  spheres  is  called  the  diastern.  The  spheres  are  sup- 
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to  be  drawn  so  that  they  touch  the  curve  at  the  point*  where  the 
radius  becomes  a  maximum  or  minimum.  Thus,  in  some  cases,  the  spheres 
are  regarded  aa  fixed,  in  others,  as  movable.  In  the  latter  case,  however, 
the  sum  of  their  radii  is  supposed  to  remain  constant.  Thence  we  have  two 
groups  of  periplegmatic  curves;  those  with  constant  and  those  with  variable 
diiustema.  The  author  gives  examples  of  both  these  groups,  in  most  cases  of 
which  the  line  of  apsides  is  variable,  and  considers  the  situation  and  density 
of  the  points  of  intersection  of  these  curves  with  themselves. 

The  idea  of  an  absolute  orbit  of  a  planetary  body  is  this:  an  oval 
symmetrical  with  regard  to  an  axis  movable  in  space.  While  the  axis  re- 
mains constant  in  length  (the  half  of  it  is  called  the  protometre),  the 
velocity  of  ita  motion  may  vary,  and  the  diastem  may  also  vary.  Professor 
Gyldfri,  however,  admits  into  the  expressions  of  these  variations  only  terms 
whose  period  would  become  infinite  did  the  planetary  manses  vanish.  These 
terms  he  calls  elementary.  But  elementary  terms  in  the  diastem  and  the 
longitude  of  the  perihelion  can  produce  terms  in  the  co-ordinates  having 
periods  which  differ  but  little  from  the  time  of  revolution  of  the  planet 
These  are  also  called  elementary  terms.  But  the  two  classes  are  dis- 
tinguished, the  first  as  being  of  the  type  (A),  and  the  second  aa  of  the  type 
(B).  In  all  the  formulas  relative  to  this  matter  the  author  insists  on  keep- 
ing the  arc  described  by  the  radius  as  the  independent  variable. 

The  co-ordinates  are  only  approximately  given  by  the  preceding 
apparatus  of  expressions.  They  must  then  have  certain  complements  added 
to  them;  these,  however,  are  all  composed  of  terms  which  would  vanish 
with  the  planetary  masses. 

In  deriving  the  elementary  terms  in  the  radius  of  a  planet  through  the 
integration  of  a  linear  differential  equation  of  the  second  order,  Professor 
Gylden  attaches  much  price  to  his  method  of  establishing  the  convergence 
of  the  series  formed  by  the  successive  terms.  As  the  latter  are  obtained 
through  division  by  divisors  of  the  order  of  the  planetary  masses,  it  might 
be  feared  that  some  of  them  would  turn  out  to  be  very  large.  But  the 
author  prevents  this  by  retaining  in  the  coefficient  of  the  dependent  variable 
in  the  differential  equation  a  quantity  equivalent  to  the  sum  of  the  squares 
of  all  the  coefficients  in  the  integral.  This  is  named  the  horistic  or  limiting 
function.  It  is  plain  such  an  expression  could  be  introduced  in  the  men- 
tioned coefficient,  provided  that  the  linear  equation  is  the  truncated  form  of 
an  equation  containing  the  cube  of  the  variable.  And  in  the  problem  of 
planetary  motion  the  approximations  may  always  be  so  ordered  that  this 
shall  be  the  case. 
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With  regard  to  the  co-ordinate  which  exhibits  the  departure  of  the 
planet  from  a  6xed  plane,  Professor  Gylden  does  not  greatly  deviate  from 
the  procedure  of  Hansen  in  following  the  displacement  of  the  instantaneous 
plane  of  the  orbit.  Only  here,  as  in  the  preceding  treatment  of  the  radius, 
he  would  sharply  distinguish  the  elementary  and  non-elementary  terms. 

At  this  point  is  introduced  certain  new  nomenclature.  As  before  we 
had  diastem  now  we  have  anastem  to  denote  the  product  of  the  radius  and 
the  sine  of  the  inclination;  and  what  has  generally  been  called  the  true 
argument  of  the  latitude  is  here  called  the  anastematic  argument.  Any 
angular  magnitudes  which  are  constantly  moving  through  the  circumference 
are  astronomic  arguments;  and  when  they  have  the  same  mean  velocity  of 
rotation  they  are  isokinetic;  and  isokinetic  arguments  are  homorhythmic 
when,  in  each  revolution  through  the  circumference,  they  always  retake 
together  the  same  corresponding  points.  In  like  manner,  the  true  anomaly 
is  the  diastematic  argument,  and  we  have  diastematic  and  anastematic 
coefficients  and  moduli.  It  will  be  seen  from  this  that  Professor  Gylden 
does  not  shrink  from  imposing  on  us  the  labor  of  learning  new  terms. 

Thus  far  we  have  been  engaged  in  deriving  the  equations  of  the  path 
followed  by  a  heavenly  body;  it  remains  to  show  how  we  may  find  the  point 
on  that  path  occupied  by  the  body  at  a  given  moment.  There  is  then 
necessary  an  equation  between  the  time  and  the  variable  assumed  as  in- 
dependent, that  is,  the  orbit  longitude,  or,  more  properly,  the  amount  of 
angle  described  by  the  radius  vector.  If  we  suppose  the  absolute  orbit  to 
be  described  by  the  planet  so  that  equal  areas  are  passed  over  by  the  radius 
in  equal  times,  it  is  plain  that,  on  the  attainment  of  a  given  longitude,  a 
definite  amount  of  time  must  have  elapsed  since  the  epoch.  This  is  what 
Professor  Gylden  calls  the  reduced  time;  and  he  computes  the  difference  be- 
tween it  and  the  actual  time  required  by  the  theory  of  gravity  for  the 
planet  to  arrive  at  the  stated  direction.  This  mode  of  proceeding  does  not 
differ  from  Hansen 's  except  in  the  point  that  the  absolute  orbit  is  sub- 
stituted for  a  fixed  ellipse. 

But  this  gives  us  correctly  only  the  orbit  longitude;  for  the  radius  and 
the  latitude,  which  correspond  in  the  absolute  orbit  to  this  reduced  time, 
are  not  quite  those  which  the  planet  has  at  the  actual  time.  Consequently, 
Professor  Gylden  proposes  to  compute  two  corrections,  the  one  to  be  applied 
to  the  product  of  the  eccentricity  into  the  cosine  of  the  true  anomaly,  the 
other  to  the  sine  of  the  latitude.  Also  the  reduction  of  the  orbit  longitude 
to  the  plane  of  reference  must  be  manipulated  so  that  it  comes  out 
correctly. 
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The  employment  of  the  orbit  longitude  as  independent  variable 
throughout  all  the  integrations  necessitates  a  mass  of  very  intricate  trans- 
formation.1' of  terms  from  one  shape  into  another.  Also  the  integrations 
which  bear  on  elementary  terms  must  be  kept  distinct  from  those  which 
bear  on  non-elementary  terms.  A  degree  of  complexity  is  thus  imparted 
t»  the  subject,  which  makes  it  difficult  to  see  when  one  has  really  gathered 
up  all  the  warp  and  woof  of  it.  Professor  Gylden  has  nowhere  removed 
the  scaffolding  from  the  front  of  his  building  and  allowed  us  to  see  what 
architectural  beauty  it  may  possess;  it  is  necessary  to  compare  a  large 
number  of  equations  scattered  through  the  volume  before  one  can  opine 
how  the  author  means  to  proceed. 

The  advantages  claimed  for  the  method  are  that  it  prevents  the  time 
from  appearing  outside  the  trigonometrical  functions,  and  that  it  escapes  all 
criticism  on  the  score  of  convergence.  The  first  is  readily  conceded,  but 
many  simpler  methods  possessing  this  advantage  are  already  elaborated, 
and  it  is  not  so  clear  that  the  second  ought  to  be  granted. 

No  completely  worked  out  example  of  the  application  of  this  method 
has  yet  been  published.  The  great  labor  involved  will  naturally  deter 
investigators  from  employing  it 

In  1890  was  published  the  memoir  of  M.  H.  Poincaru,  entitled  Sur  le 
l>robftmc  des  trots  corps  et  lea  Equations  de  la  dynamique,  and  which  obtained 
the  prize  of  the  King  of  Sweden.  Most  of  the  results  of  this  memoir  were 
worked  over  and  presented  anew  with  greater  elaboration  and  clearness  by 
their  author  in  Let  Mithodes  Nouvclles  de  la  Mecanique  Celeste.  Here  we  find 
a  large  number  of  new  and  very  interesting  theorems. 

First  is  to  be  noted  the  class  of  particular  solutions  in  the  problem  of 
the  motion  of  a  system  of  material  points  which  are  now  named  jieriodic 
solution!.  The  initial  relative  positions  and  velocities  of  the  several  points 
are  so  adjusted  that,  after  the  lapse  of  a  definite  time,  the  latter  retake 
them.  Hence  is  evident  a  method  which  may  be  employed  to  elaborate 
this  special  case  of  motion,  viz.,  by  the  tentative  process  with  mechanical 
quadratures.  M.  Poincare  has  divided  this  sort  of  solutions  into  three 
classes,  of  which,  however,  the  second  and  third  are  not  essentially  different. 
He  haa  shown  that,  in  the  latter  classes,  the  values  of  the  arbitrary  con- 
stants of  the  problem  must  be  so  adjusted  that  no  secular  inequalities,  or, 
aa  Professor  Gylden  calls  them,  elementary  terms,  may  arise.  The  number 
and  variety  of  these  particular  solutions  is  far  greater  than  one  would  at 
first  sight  imagine. 
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We  come  now  to  a  second  class  of  particular  solutions  named  by  the 
author  asymptotic.  It  arises  from  the  consideration  of  solutions  differing 
very  little  from  periodic  solutions.  Here  we  have  to  deal  with  linear 
differential  equations  having  periodic  coefficients.  The  integrals  of  these 
contain  in  their  terms  exponential  factors,  and  on  the  nature  of  the  ex- 
ponents of  these  factors  depends  the  quality  of  the  resulting  solutions. 
M.  Poincare  has  named  these  exponents  characteristic.  They  are  roots  of 
an  algebraic  equation  of  a  degree  equal  to  the  number  of  dependent 
variables  involved  in  the  question.  If  any  of  these  roots  are  imaginary 
with  real  portions  or  wholly  real,  we  are  in  presence  of  asymptotic  solutions. 
The  algebraic  equation  mentioned  contains  the  unknown  only  in  even 
powers ;  hence  the  characteristic  exponents  are  in  pairs  having  the  same 
absolute  value,  but  with  contrary  signs.  In  all  the  cases  presented  by 
astronomy,  where,  on  account  of  the  near  approach  to  circular  motion,  a 
periodic  solution  can  be  taken  as  a  first  approximation,  it  appears  that  the 
squares  of  the  characteristic  exponents  are  all  real  and  negative.  Thus, 
there  is  no  call  here  to  consider  this  sort  of  solution,  and  this  fact  must 
much  diminish  the  interest  of  the  astronomer  in  it.  M.  Poincare  has,  how- 
ever, elaborated  it  with  great  pains,  showing  how  the  effect  of  higher 
powers  of  the  deviations  from  the  periodic  solution  may  be  taken  into 
account.  The  series  resulting  are,  nevertheless,  divergent,  as  in  other  cases. 

The  second  volume  of  the  Methodes  Nouvelles  is  devoted  to  the  elabor- 
ation and  consideration  of  various  processes  for  developing  the  integrals 
of  planetary  motion  according  to  the  powers  of  a  small  parameter.  The 
chief  of  these  are  due  to  Professor  Newcomb  and  MM.  Lindstedt  and 
Bohlin;  but  M.  Poincare  has  augmented  the  number  of  them  by  introducing 
modifications  of  his  own.  All  involve  the  principle  of  recurrence;  that  is, 
the  first  step  is  the  only  one  which  is  independent,  the  following  depend  on 
all  that  precede.  These  methods,  in  their  general  aspect,  do  not  differ  from 
the  old  developments  in  powers  of  the  disturbing  force,  except  the  opera- 
tions are  so  adjusted  that  the  time  never  escapes  from  the  trigonometric 
functions.  This  is  accomplished  by  greatly  augmenting  the  number  of  the 
elementary  arguments,  and  by  supposing  that  the  rate  of  motion  of  each  of 
these  is  developable  according  to  integral  powers  of  the  before-mentioned 
parameter,  or,  in  some  cases,  of  its  square  root. 

When  there  is  more  than  one  elementary  argument,  the  series  obtained 
in  all  these  ways  are  pronounced  to  be  generally  divergent  in  the  rigorous 
sense  of  the  word.  M.  Poincaie  brings  forward  several  methods  of  proof 
of  this.  The  first  depends  on  the  presence  of  small  divisors  in  the  ex- 
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pressions  of  the  coefficient*.  However,  when  we  do  not  insist  on  develop- 
ments in  powers  of  a  parameter,  this  method  of  proof  has  no  application. 
Another  method  ia  derived  from  the  principle  that  two  characteristic 
exponents  vanish  for  every  uniform  integral  that  exists.  But  the  integrals 
which  necessitate  this  conclusion  must  not  only  be  uniform,  they  must  be 
valid  for  every  possible  case  of  the  problem.  Now  the  integrals  known  as 
those  of  the  conservation  of  living  forces  and  of  areas  are  of  this  nature;  but 
tin-  integrals  derivable  from  the  series  of  Delaunay,  Newcomb,  and  Lindstedt 
are  valid  only  for  a  limited  range  in  the  values  of  the  linear  variables. 
For  instance,  in  the  problem  of  the  three  bodies,  if  the  deformation  of  the 
triangle  formed  by  these  bodies  is  such  that  we  cannot  find  any  two  sides, 
one  of  which  sustains  to  the  other  an  invariable  relation  of  greater  to  less, 
we  cannot  apply  the  mentioned  series.  And  here  it  is  well  to  note  that  the 
defect  of  convergence  does  not  arise  from  the  application  of  the  processes 
of  integration,  but  already  exists  in  the  development  of  the  perturbative 
function  before  integration  commences.  Thus  Delaunay's  development  of 
this  function  at  the  beginning  of  his  lunar  theory  is  divergent  and 
illusory,  unless  we  have  the  lunar  radius  in  apogee  always  less  than  the 
solar  radius  in  perigee,  and  that  without  regard  to  the  mode  of  expressing 
the  coefficients.  Some  of  the  particular  integrals,  relied  upon  by  M 
Poincare  to  establish  the  vanishing  of  all  the  characteristic  exponents  in 
case  we  accept  M.  Lindstedt's  series  as  valid,  lie,  so  to  speak,  on  the  boundary 
of  the  domain  in  which  these  series  are  convergent. 

In  the  third  place  an  appeal  is  made  to  the  alleged  non-existence  of 
analytic  and  uniform  integrals  beyond  those  already  known.  Were  this 
non-existence  clearly  established  it  would  decide  the  question  on  the  side 
where  M.  Poincare  has  placed  himself.  But,  at  least  as  far  as  the  non- 
existence  of  integrals  of  this  nature  in  a  limited  domain  for  the  linear 
variables  is  concerned,  the  proof  given  for  it  is  quite  defective.  This  proof 
consists  in  ascertaining  how  these  integrals,  supposing  them  to  exist,  would 
behave,  should  we  attempt  to  derive  periodic  solutions  from  them.  It  is 
difficult  to  present  this  matter  without  the  assistance  of  algebraic  formulae; 
nevertheless,  it  may  be  attempted.  Let  there  be  a  number  of  equations 
whose  left  members  are  formed  by  the  product  of  two  factors.  When  we 
pass  to  a  periodic  solution,  one  of  these  factors  becomes  zero.  What  con- 
clusion can  we  draw  from  each  of  the  thus  modified  equations?  Evidently 
one  of  two  things:  either  the  remaining  factor  of  the  left  member  is  infinite 
and  the  right  member  indeterminate,  or  it  is  finite  and  the  right  member  a 
vanishing  quantity.  Now  in  case  we  are  obliged  to  accept  the  first  con- 
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elusion,  were  it  only  but  once,  M.  Poincare  has  demonstrated  the  non- 
existence  of  integrals;  but,  granting  that  it  is  proper  in  every  case  to  accept 
the  latter  conclusion,  the  demonstration  fails.  Now  he  declines  to  consider 
the  latter  alternative,  saying  that  he  does  not  believe  that  any  problem 
of  dynamics,  presenting  itself  naturally,  occurs  where  the  right  members  of 
the  mentioned  equations  would  all  vanish.  But  it  should  be  borne  in  mind 
that,  while  they  do  not  vanish  in  the  general  equations,  the  adjustment  of 
the  values  of  the  linear  parameters  required  by  the  passage  to  a  periodic 
solution  may  bring  about  their  vanishing.  Thus,  in  the  lunar  theory,  a 
periodic  solution  is  brought  about  by  making  e  =  0,  e1  =.  0,  and  y  =  0,  the 
result  is  the  vanishing  of  every  coefficient  having  any  of  these  quantities 
as  a  factor. 

M.  Poincare  appeals  in  another  place  to  the  fact  that  the  Lindstedt 
series,  if  convergent,  would  establish  the  non-existence  of  asymptotic 
solutions.  But  this  observation  is  irrelevant  for  the  reason  that  the 
domains  of  the  two  things  are  quite  distinct.  In  any  case  where  Lindstedt 
series  are  applicable  there  are  no  asymptotic  solutions,  and,  where  there  are 
asymptotic  solutions,  Lindstedt's  series  would  be  illusory. 

We  owe  much  to  M.  Poincare  for  having  commenced  the  attack  on  this 
class  of  questions.  But  the  mist  which  overhangs  them  is  not  altogether 
dispelled ;  there  is  room  for  further  investigation. 
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MEMOIR  No.   ftl. 

Jupiter-Perturbations  of  Ceres,  of  the  First  Order,  and  the  Derivation 

of  the  Mean  Elements. 

(Artronomletl  Journal,  Vol.  XVI,  pp.  5743,  1890.) 

Although  Ceres  was  the  first  discovered  of  the  minor  planets,  no 
thoroughly  adequate  expressions  for  its  absolute  perturbations  have  ever 
been  published,  and  the  ephemerides  of  its  position  have  been  derived  by 
the  method  of  special  perturbations.  The  fullest  account  of  the  discovery 
of  this  planet  is  contained  in  a  paper  by  Lalande  (Conn.  de»  Temps  de  Tannle 
XIII,  pp.  453-465).  It  is  there  stated  that  Burckhardt  computed  the  per- 
turbations in  the  incredibly  short  space  of  two  days,  and  that  he  afterwards 
computed  tables  founded  upon  them.  I  have  not  been  able  to  find  this  work 
in  print,  and  perhaps  it  was  never  published.  For  some  time  after  it*  dis- 
covery Gauss  busted  himself  with  this  planet  ( Werke,  Band  VI,  pp.  199-313). 
He  computed  no  less  than  thirteen  sets  of  elements,  and  gave  analytical 
expressions  for  the  perturbations  with  tables  for  facilitating  their  computa- 
tion, but  did  not  go  beyond  terms  of  the  first  order  with  respect  to  the 
eccentricities  and  mutual  inclination.  Damoiseau  (Conn,  des  Teniyw.  1846, 
Additions,  p.  32),  has  also  given  expressions  for  the  perturbations.  But, 
although  a  large  number  of  terms  are  computed,  some  even  of  the  fifth 
order  with  respect  to  the  eccentricities  and  mutual  inclination,  the  in- 
dividual coefficients  do  not  seem  very  exact,  probably  because  only  the 
term  of  the  lowest  order  was  taken  into  account;  and  the  secular 
motions  assigned  to  the  eccentricity  and  longitude  of  the  perihelion  are 
much  too  rapid.  These  are  the  only  disquisitions  on  this  subject  I  am 
aware  of. 

In  1874,  at  the  time  of  publishing  a  modified  form  of  computing 
absolute  perturbations  (A»tr.  Nachr.  No.  1982),  I  entered  into  an  engagement 
to  illustrate  it  by  computing  the  first-order  perturbations  of  Ceres  by  Jupiter. 
Considerable  work  was  done  shortly  after,  but  other  occupations  hindered 
its  completion  at  that  time.  However,  I  have  now  brought  it  to  a  con- 
clusion, and  the  results  are  here  presented. 


COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL 

The  elements  of  Ceres  and  Jupiter  employed  as  the  basis  of  the  work 
are  the  following: 

EPOCH,  1854  JANUARY  Od.O. 

O  /  "  O         f  II 

it  =  148  55  23.41  „•'  =  11  58  42.2 

Q=    80  50  50.79  Q'  =  98  56.38.3 

t  =    10  37    8.54  i'=    1  18  39.6 

<f>  =      4  24  38.41  $'=    2  45  55.24 

M  =  769?63875  /*'  =  299?1286 

log  a  —  0.0000000  log  a'  =  0.2737570 


m'  = 


1050 


Those  of  Ceres  are  on  the  authority  of  Ernest  Schubert  (A.J.  Ill, 
153-159,  162-165).  The  computations  were  carried  through  with  the 
stated  mass  of  Jupiter,  a  value  now  antiquated ;  but  this  imperfection  will 
be  removed  at  the  end,  when  the  final  results  will  be  changed  to  suit  a 
more  modern  value  of  this  constant. 

From  the  given  elements  result  the  following  values  of  the  mutual 
inclination  of  orbits  and  angular  distances  of  the  perihelia  from  the 
ascending  node  of  Jupiter's  orbit  on  the  orbit  of  Ceres: 

7=9°22'53".85,     /7  =  250°34'28".01 ,     //' =  113°35'30".69 

The  circumference  being  divided  into  16  equal  parts  with  reference  to 
v,  the  true  anomaly  of  Ceres,  we  compute  the  quantities  K,  K',  A  and  A' 
for  each  of  the  points  of  division  from  the  equations 

K  cos  (/?'  —  A)  =  cos  (v  +  77) 
K  sin  (/7'  —  A)  =  cos  /sin  (v  +  77) 
K'  cos  (Il'  —  A')  =  cos  I  COB  (v  +  II) 
K'  sin  (77'  -  A')  =  sin  (v  +  77) 

Let  £  and  £'  denote  the  mean  anomalies  severally  of  Ceres  and  Jupiter, 
and  to'  an  angle  such  that 

C'  =  v  -  £-  (v  -  C)  +  to' 

Then  the  circumference  is  divided  into  24  equal  parts  with  reference  to 
«/.  Let  r  and  r1  denote  the  radii  of  Ceres  and  Jupiter;  h,  double  the  areal 
velocity  of  Ceres,  and  v'  the  true  anomaly  of  Jupiter.  We  compute  for  all 
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combinations  of  the  16   values  of  r,  with  the  24  values  of  «r',  the  four 
following  quantities: 

3Jr<x>€  (*  +  A) 


cos 


For  convenience  the  three  last  are  expressed  in  seconds  of  arc.  For 
about  two-thirds  of  the  values  of  «/  where  Ceres  and  Jupiter  are  quite 
ili.-tant  from  each  other,  differencing  with  reference  to  r  will  serve  as  a  test 
of  their  correctness.  For  the  remaining  values  of  u/  they  must  be  checked 
by  a  duplicate  computation. 

Mechanical  quadratures  are  now  applied  to  these  384  values  of  X,  Y 
and  Z.  first  with  reference  to  the  variable  v,  and  then  with  reference  to  the 
variable  ir'.  After  these  periodic  series  are  obtained  we  replace  «/  by 
y  —  v,  so  that  the  signification  of  &  is  given  by  the  equation 


The  general  argument  of  these  series  is  I'D  +  i'b',  t  and 


whence  -, 

dv        ft 

i'   being  integers.     The  following   table   gives  the   periodic  developments 
of  X,  F,  Z. 


< 

I 

i 


ATf. 


I 

• 

I 
I 
I 


I 

eo» 

•ID 

H 

•« 

+20.67678 

—  9.34693 

—  0.64788 

—  0.1197 

—  0.9805 

+  0.286 

+  0.439 

—  0.068 

—  0.081 

+  0.01 

+  0.01 

+  0.016 

+  0.003 

+  0.124 

—  0.046 

—  0.491 

+  0.270 

+  0.003 

—  0.640 

+  T41J 

+  4.269 

—17.4732 

—16.6278 

+  S.476 

+  2J16 

—  0  .2*7 

+  1.202 

+  0.022 

—  0.624 



+  0.070 

cos 

* 

+  0.03465 

—  0.13276 

—  0.6521 
+  0.348 

—  0.027 
0.00 

0.000 
+  0.014 

—  0.046 

—  0.182 
+  1.056 

—  4.3868 

—  0.429 
+  1.080 

—  0.260 
+  O.OJS 


tin  cot 

...  +  3.256 

+  0.06894  —13.41794 

+  04212  +  2.9068 

—  0.180  —  0.311 

+  0.019  +  0.018 
0.00 


—  0.001 
+  0.029 

—  0.201 
+  0.661 

—  1.641 
+  44851 

—  0.244 

—  0.082 

—  0.006 

—  0.001 


+  0.49 

—  S.662 

+  9.640 

—  4.264 
+  4.4J 

—  0.79 
+  0.11 


•la 

—  4.48970 
+  1.4363 

—  0.112 

—  0.012 


+  0.07 

—  0.697 
+  4.226 

—  3.363 
+  746 

—  1.77 
+  0.12 
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Arg. 

X 

T 

Z 

i 

i' 

COS 

sin 

COB 

Bin 

COB 

sin 

It 

n 

it 

// 

// 

n 

8 

—  2 

+  0.024 

+  0.007 

—  0.004 

+  0.007 

2 

—  2 

—  0.158 

—  0.035 

+  0.011 

+  0.022 

+  0.01 

+  0.06 

1 

—  2 

+  0.498 

+  0.182 

—  0.193 

+  0.111 

—  0.55 

—  0.55 

0 

—  2 

—  0.0673 

+  1.8213 

+  1.6813 

—  0.3220 

+  2.928 

+  3.946 

1 

—  2 

—  3.5564 

—17.5296 

—11.6928 

+  1.6478 

—  5.833 

—13.083 

2 

—  2 

+  4.7181 

+57.1832 

+49.4221 

—  3.7845 

+  1.106 

+  4.584 

8 

—  2 

—  1.713 

—  7.047 

—  3.678 

+  1.367 

+  1.15 

—  5.39 

4 

—  2 

+  0.849 

—  0.345 

—  0.518 

—  0.615 

—  0.30 

+  1.07 

5 

—  2 

—  0.21 

+  0.09 

+  0.14 

+  0.13 

... 

. 

e 

—  2 

+  0.02 

—  0.04 

—  0.01 

—  0.01 

.          .          . 

.     .     . 

2 

—  3 

—  0.025 

—  0.024 

0.000 

+  0.001 

. 

1 

—  3 

+  0.133 

+  0.110 

—  0.036 

—  0.002 

—  0.01 

—  0.11 

0 

—  3 

—  0.3421 

+  0.0131 

+  0.4117 

+  0.0765 

+  0.238 

+  1.096 

1 

—  3 

+  0.9744 

-  3.6564 

—  3.11454 

—  0.76372 

—  0.151 

—  5.149 

2 

0 

—  6.7575 

+19.4914 

+15.9989 

+  6.4363 

—  2.869 

+  8.918 

8 

—  3 

+22.268 

—29.430 

—26.060 

—20.161 

+  1.52 

—  2.94 

4 

^      Q 

—  3.486 

+  4.038 

+  2.478 

—  0.526 

—  2.61 

+  1.89 

5 

—  3 

—  0.71 

—  0.16 

+  0.08 

+  0.65 

+  0.51 

—  0.36 

6 

—  3 

+  0.21 

—  0.03 

—  0.02 

—  0.13 

.           .           . 

7 

—  3 

—  0.03 

+  0.02 

0.00. 

+  0.01 

.     .     . 

•     •     • 

1 

—  4 

+  0.012 

+  0.038 

0.000 

+  0.003 

. 

0 

-  4 

—  0.053 

—  0.116 

+  0.050 

+  0.039 

—  0.07 

+  0.16 

1 

—  4 

+  0.3645 

+  0.2471 

—  0.4406 

—  0.3832 

+  0.454 

—  1.149 

2 

-  4 

—  3.1579 

+  3.2819 

+  2.9694 

+  2.7147 

—  2.568 

+  3.174 

8 

-  4 

+14.084 

—  8.344 

—  7.349 

—12.076 

+  5.07 

—  3.00 

4 

—  4 

—21.886 

+  4.199 

+  3.532 

+19.926 

—  2.05 

+  0.81 

5 

—  4 

+  2.16 

—  1.28 

—  1.04 

—  1.15 

+  1.86 

+  0.15 

6 

—  4 

+  0.35 

+  0.40 

+  0.31 

—  0.36 

—  0.34 

—  0.02 

7 

—  4 

—  0.13 

—  0.07 

+  0.01 

—  0.08 

.     .     . 

.     .     . 

1 

—  5 

—  0.002 

+  0.007 

+  0.001 

0.000 

. 

0 

—  5 

+  0.0092 

—  0.0365 

+  0.0001 

+  0.0052 

—  0.015 

+  0.009 

1 

—  6 

+  0.0166 

+  0.0640 

—  0.0406 

—  0.0846 

+  0.163 

—  0.154 

2 

—  5 

—  0.6539 

+  0.1132 

+  0.29957 

+  0.71839 

—  0.994 

+  0.565 

8 

—  5 

+  4.3150 

—  0.6108 

—  0.6302 

—  3.8565 

+  2.941 

—  0.506 

4 

—  6 

—11.700 

—  2.142 

—  1.833 

+  8.855 

—  3.51 

—  0.69 

6 

—  5 

+11.155 

+  6.713 

+  6.319 

—10.118 

+  1.33 

+  0.48 

• 

—  B 

-  1.40 

—  0.13 

+  0.16 

+  2.47 

—  0.71 

—  0.77 

7 

—  5 

—  0.03 

—  0.37 

—  0.34 

+  0.05 

+  0.13 

+  0.12 

8 

—  6 

+  0.04 

+  0.17 

+  0.06 

0.00 

.     .     . 

.     .     . 

0 

_,__  .     C 

+  0.006 

—  0.005 

—  0.001 

—  0.001 

1 

—  6 

—  0.022 

+  0.020 

—  0.006 

—  0.009 

+  0.028 

—  0.007 

2 

—  6 

—  0.041 

—  0.035 

—  0.009 

+  0.125 

—  0.239 

+  0.028 

8 

—  6 

+  0.7851 

—  0.0235 

+  0.2033 

—  0.8253 

+  0.943 

+  0.179 

4 

—  6 

—  3.166 

—  1.956 

—  1.730 

+  2.910 

—  1.76 

—  1.09 

5 

—  6 

+  5.01 

+  6.41 

+  5.80 

—  4.58 

+  1.35 

+  1.71 

6 

—  6 

—  2.20 

—10.44 

—  6.57 

+  1.90 

—  0.42 

—  0.78 

7 

—  6 

+  0.59 

+  0.49 

+  0.21 

—  0.51 

+  0.05 

+  0.58 

8 

—  6 

—  0.13 

+  0.21 

+  0.19 

+  0.14 

.           .           . 

•          •          . 

» 

—  6 

0.00 

—  0.19 

—  0.03 

—  0.03 

... 

... 
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Arg. 


1 

if                 CO* 

do 

•    • 

•In 

., 

•  in 

it 

M 

N 

W 

tf 

IP 

1 

—  7        —  0.008 

+  0.001 

+  0.001 

+  0.001 

f     f 

. 

1 

—  7        +  0.017 

—  0.004 

—  0.008 

+  0.011 

—  0.037 

-  0.012 

1 

—  7        +  0.0646 

+  0.0679 

4-  0.0936 

—  0.1189 

+  0.196 

+  0.123 

4 

-  7        —  0.496 

—  0.686 

—  0.664 

4-  O.S11 

—  0.466 

-  0.694 

6 

—  7        +  0.890 

+  2.798 

+  2-568 

—  0.867 

+  0.39 

4-  1.12 

6 

—  7        4-  0.36 

—  (.31 

—  4.90 

4-  1.26 

+  0.09 

—  1.28 

7 

—  7        —  1.71 

+  1.80 

+  1.47 

+  1.67 

—  0.13 

+  0.63 

1 

—  7        —  0.10 

—  0.41 

—  0.27 

—  1.36 

+  0.21 

—  0.24 

• 

— 

+  0.13 

—  0.07 

—  0.02 

—  0.16 

... 

.     . 

10 

— 

—  0.02 

—  0.03 

—  0.02 

+  0.02 

.     .     . 

.     . 

1 

— 

—  0.001 

—  0.001 

0.000 

0.000 

1 

— 

+  0.0062 

+  0.0029 

—  0.0008 

+  0.0003 

—  0.002 

—  0.003 

1 

— 

—  0.0062 

+  0.0028 

+  0.0190 

—  0.0160 

+  0.025 

4-  0.035 

4 

— 

—  0.0267 

—  0.1307 

—  0.1693 

+  0.0433 

—  0.082 

—  0.184 

S 

— 

—  0.042 

4-  0.759 

+  0.673 

+  0.025 

—  0.03 

+  0.66 

• 

— 

4-  0.87 

—  2.00 

—  1.87 

—  0.79 

+  0.38 

—  0.81 

7 

— 

—  2.42 

4-  2.38 

+  2.20 

+  1.25 

—  0.63 

+  0.57 

S 

— 

4-  2.11 

—  0.93 

—  0.84 

—  1.96 

+  0.27 

—  0.18 

9 

— 

—  0.08 

+  0.19 

-I-  0.23 

—  0.03 

.          t 

. 

10 

— 

—  0.10 

+  0.03 

—  0.10 

+  0.08 

.     .     . 

. 

1 

_ 

+  0.001 

+  0.001 

0.000 

0.000 

3 

— 

—  0.0032 

—  0.0045 

+  0.0018 

+  0.0004 

4-  0.001 

+  0.006 

4 

— 

+  0.0050 

—  0.0103 

—  0.0263 

—  0.0040 

+  0.002 

—  0.044 

6 

— 

—  0.068 

+  0.133 

+  0.161 

4-  0.065 

—  0.06 

+  0.16 

• 

— 

+  0.44 

—  0.46 

—  0.46 

—  0.41 

+  0.28 

—  0.28 

7 

— 

—  1.41 

+  0.66 

+  0.67 

+  1.31 

—  0.62 

+  0.23 

8 

— 

+  2.14 

—  0.10 

—  0.08 

—  3.11 

+  0.44 

—  0.03 

9 

— 

—  1.20 

—  0.40 

—  0.36 

4-  1.10 

—  0.19 

—  0.03 

10 

— 

+  0.08 

—  0.01 

—  0.18 

+  1.06 

. 

. 

11 

— 

4-  0.11 

—  0.02 

+  0.17 

-I-  0.05 

.     .     . 

.     .     . 

—10             0.0000 

—  0.0006 

—  0.0002 

4-  0.0001 

—10        +  0.0001 

+  0.0022 

—  0.0025 

+  0.0018 

+  0.003 

—  0.007 

—10        —  0.0149 

+  0.0122 

4-  0.0173 

+  0.0146 

—  0.028 

4-  0.030 

—10        4-  0.139 

—  0.062 

—  0.018 

—  0.135 

+  0.12 

—  0.06 

—10        —  0.61 

-1-  0.18 

+  0.05 

+  0.48 

—  0.28 

+  0.02 

—10        4-  1.01 

+  0.10 

+  0.28 

—  0.96 

+  0.34 

4-  0.11 

—10        —  0.98 

—  0.80 

—  0.77 

+  0.93 

—  0.22 

—  0.12 

10 

—10        4-  0.11 

4-  0.62 

+  0.62 

—  0.35 

. 

11 

—10        4-  0.06 

—  0.05 

+  0.10 

+  0.19 

.     .     . 

.     .     . 

—11        —  0.0008 

+  0.0008 

0.0000 

—  0.0001 

—11        —  0.0006 

—  0.0004 

4-  0.0016 

+  0.0039 

—  0.007 

4-  0.003 

—11        +  0.014 

—  0.023 

+  0.001 

—  0.031 

+  0.04 

0.00 

—11        —  0.13 

—  0.03 

4-  0.09 

+  0.13 

—  0.10 

—  0.03 

—11        4-  0.31 

+  0.14 

+  0.21 

—  0.31 

4-  0.15 

4-  0.11 

—11        —  0.38 

—  0.60 

—  0.68 

+  0.36 

—  0.11 

—  0.19 

10 

—11        +  0.13 

4-  0.79 

+  0.71 

+  041 

... 

... 

11 

—11        4-  0.18 

—  0.36 

—  0.31 

+  0.01 

... 

... 

13 

—11        —  0.16 

—  0.10 

+  0.07 

—  0.70 

.          *          • 

.          .          . 

11 

—11        +  0.22 

+  0.20 

—  0.16 

4-  0.24 

... 

.          • 
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In  order  to  pass  from  the  values  of  these  three  functions  to  the 
expressions  of  the  perturbations  of  the  three  coordinates,  it  is  necessary  to 
derive  first  the  function 

7=X+2/r>  +  2ryr-2(gsmt)X  +  T\dv, 

where  p  denotes  the  semi-parameter  and  /  is  the  arbitrary  constant  which 
completes  the  integral  of  the  expression.  To  discover  the  value  of  the 
latter,  let  X  contain  the  terms 

B0  +  BI  cos  v 

and  T,  without  the  addition  of  2/V,  the  terms 

At  +  AI  cos  v 
Then 

/  =  -  gi,  [34,  +  B,  +  I  (3J,  +  £t)  +  tan  JCOB'  f.A^ 

In  the  present  case  we  have 

A0  =  +  20".96790,    B,  =  +  20".57678,    Al  =  —  12".  75542,    Bl  =  —  9".34693, 

consequently 

/=—  13".68833 

The  perturbations  of  the  radius,  of  the  orbit-longitude,  and  a  latitude 
referred  to  the  plane  of  the  primitive  orbit,  are  then  given  by  the  equations 

Sr  =  fT  sin  (v  —  v~)  dv 
SI  = 


80  =  /Zain  (y  —  v 

where  v  denotes  a  v  invariable  in  the  integration  which  afterwards  is  to  be 
made  equal  to  v. 

In  integrating  the  perturbation  of  the  radius  Sr  contains  the  portion 

Kw  cos  v  +  EM  sin  v 

depending  on  arbitrary  constants.  In  order  to  make  the  terms  involving 
the  argument  v  disappear  from  the  perturbation  of  the  orbit  longitude  fa, 
we  must  put 

K"  =  +  3".6988,    JT<"  =  +  0".4188 
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After  the  integration  is  accomplished  we  substitute  for  the  r,  which 
appears  as  a  multiplier  of  coefficients,  its  value  given  by  the  infinite  series 

v  —  nt  +  E,  iin  r  -  *  i',  lin  2r  f  i  £,  iin  3r  —  .  .  . 
where 


Before  the  integration  was  performed  it  was  discovered  that  the  fi  of 
the  osculating  elements  for  1854  Jan.  1  differed  widely  from  the  mean 
value.  In  integrating,  therefore,  the  value  //  =  770".75  was  assumed,  and 
the  mass  of  Jupiter  was  put  at  gn'-ar  The  following  table  gives  the 
expressions  for  the  perturbations,  those  of  the  common  logarithm  of  the 
radius  being  in  units  of  the  seventh  decimal: 


i 

0  0 

1  0 
S  0 

S  0 


tin 


COi 


CM 


t  (loff  r) 


(In 


•lo 


cot 


+  2.76 


...  ...  —  138.3  

.     .     .  +  0.4127**  

...  .     .     .  +  68.0            +  9.8                  

—  1.01940**  —  6.61277**  +  10.7318M*  —  68.6638**  —  6.72591**  +  2.25062*1 
—1.06            +  0.77  +  13.8            +  12.1            —  0.31           —  0.45 

—  0.01960**  —  0 12522*1  +  0.4127**  —  2.6364*1 

+0.06            —  0.09  —  0.9            —  1.6            +  0.01            +  0.02 




—    0.01 

0.00 

—      0.2 

+      0.1 

+     0.14 

+     0.06 

+      1.7 

—      0.9 

—  0.01 

—  0.10 

—    0.64 

—    1.18 

—      3.6 

+     18.6 

+  0.66 

+  3.95 

+  41.31 

—  19.74 

+  124.2 

+     92.8 

+  4.99 

+  11.38 

+16188 

—146.19 

—1133.5 

—1017.4 

—  5.39 

—  6.82 

+     7.36 

—    6.09 

—  123.1 

—    89.2 

—  4.92 

—  2.77 

— 

L    +     0.07 

—    0.47 

—      1.6 

—      8.6 

+  0.30 

+  0.14 

— 

0.00 

+     0.06 

0.0 

+       1.0 

—  0.01 

—  0.01 

— 

+    0.01 

—    0.01 

+      0.3 

+      0.1 

—  0.01 

0.00 

— 

—    0.22 

—    0.86 

—      3.4 

+     17.1 

+  0.26 

+  0.25 

— 

+     6.10 

—  44.13 

+     37.3 

+  337.8 

+  9.96 

+  7.38 

— 

+  107.73 

—600.51 

—  326.8 

—1966.3 

—13.81 

—  6.16 

— 

+  43.06 

—61481 

—  622.1 

—6206.4 

—  9.23 

—  2.23 

— 

—    0.26 

—    6.06 

—      0.4 

—  136.8 

+  1.37 

—  0.29 

— 

+     0.13 

+     0.16 

—      1.4 

+      3.3 

—  0.11 

+  0.03 

_ 

—    0.01 

—    0.01 

+      0.3 

—      0.2 

—    0.01 

—    0.09 

—       0.1 

+      1-1 

+  0.03 

0.00 

+     L17 

—    8.76 

+     16.3 

+  103.6 

—  3.09 

—  0.67 

+  10.63 

—  66.53 

—    30.7 

+  313.4 

—  6.30 

—  0.16 

+  143.46 

+S96.34 

—1343.5 

+3489.0 

+29.64 

-  9.64 

+  29.67 

+  43.12 

—  456.6 

+  6S6.6 

+  1.14 

—  0.64 

+     0.06 

—    0.48 

+      0.3 

—      6.0 

—  0.27 

+  0.37 

—    Mi 

—    0.01 

+      U 

—      OJ 

+  0.03 

—  0.04 

+     0.01 

0.00 

—      0.1 

0.0 

•      •       • 

•       •      • 
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Arg. 
i        i> 

<ft 
sin 
tt 

cos 

// 

t  (log  r) 
COB                     sin 

W 

sin 

// 

cos 

// 

0    —4 

+    0.09 

—    0.10 

+      1.8 

+      1.3 

—  0.11 

+  0.05 

1    —4 

+     3.45 

+     1.61 

+    12.7 

—      0.9 

—  1.66 

+  0.65 

2    —4 

+  51.89 

+  65.22 

—  308.5 

+  377.4 

+  3.98 

—  3.22 

3    —4 

+  44.38 

+  28.87 

—  588.3 

+  386.4 

+  2.75 

—  4.64 

4    —4 

—    8.99 

—    1.36 

+  145.6 

—    19.8 

—  0.16 

+  0.41 

6    —4 

+     0.15 

+     0.17 

—      2.1 

+      3.0 

—  0.01 

—  0.17 

6    —4 

+     0.03 

—    0.03 

—      0.7 

—      0.5 

0.00 

+  0.02 

0    —5 

+     0.44 

+     0.27 

+      9.0 

—      5.5 

0.00 

+  0.01 

1    —  5 

+  21.22 

+  13.45 

+  209.2 

—  132.7 

—  1.34 

+  1.41 

2    —6 

+297.15 

+193.91 

—  313.6 

+  174.6 

+  0.57 

—  1.00 

2    —5 

+184.80 

+  45.15 

—2022.8 

+  497.3 

+  4.14 

—24.06 

4    —5 

—    4.64 

+     2.30 

+     55.2 

+     40.5 

+  0.21 

+  1.09 

6    —6 

+     2.38 

—    1.51 

—    41.8 

—    26.9 

—  0.06 

—  0.16 

6    —5 

—    0.21 

—    0.02 

+      2.6 

—      0.5 

+  0.05 

+  0.05 

7    —5 

0.00 

+     0.02 

+      0.1 

+       0.4 

0.00 

—  0.01 

1    —6 

+     0.08 

+     0.07 

+       1.1 

—      0.9 

+  0.01 

—  0.04 

2    —6 

+     0.15 

+     0.24 

+      4.5 

—      0.5 

+  0.03 

—  0.27 

3    —6 

—  12.82 

+     1.02 

+  103.6 

+     10.4 

+  0.33 

+  1.72 

4    —6 

—    5.61 

+     3.05 

+     80.4 

+     42.8 

+  0.61 

+  0.98 

6    —6 

+     1.60 

—    2.03 

—    26.8 

—    34.2 

—  0.28 

—  0.22 

6    —  6 

—    0.27 

+     1.08 

+      4.8 

+     23.0 

+  0.06 

+  0.03 

7    —6 

+     0.04 

—    0.01 

—      0.7 

—      0.1 

—  0.03 

0.00 

8    —6 

—    0.01 

—    0.01 

+      0.1 

—      0.2 

•    •    • 

.    .    . 

2    —7 

—    0.15 

+     0.17 

—      1.0 

—      1.1 

—  0.02 

—  0.08 

3    —7 

—    3.63 

+     2.37 

+     15.3 

+     10.6 

+  0.13 

+  0.21 

4    —7 

—    3.43 

+     3.80 

+     42.1 

+     46.0 

+  0.92 

+  0.72 

6    —7 

+     0.46 

—    1.42 

—      7.0 

—    22.4 

—  0.31 

—  0.09 

6    —7 

—    0.14 

+     0.95 

+      0.9 

+     17.0 

+  0.13 

—  0.01 

7    —7 

—    0.16 

—    0.33 

+      3.1 

—      6.2 

—  0.03 

+  0.01 

8    —7 

+     0.05 

+     0.01 

—      0.3 

+      0.3 

+  0.01 

+  0.01 

9    —7 

+     0.01 

0.00 

—      0.1 

+      0.1 

•    •    • 

.   .    . 

2    —8 

—    0.24 

+     0.10 

—      2.8 

—      1.1 

+  0.01 

+  0.01 

3    —8 

—    2.90 

+     0.92 

—      4.7 

—      2.9 

+  0.04 

+  0.03 

4    —8 

+     1.11 

—    4.17 

—    11.0 

—     41.2 

—  0.93 

—  0.41 

6    —8 

+     0.01 

—    0.83 

—      0.4 

—    12.7 

—  0.22 

+  0.01 

6    —8 

+    0.22 

+     0.51 

—      3.7 

+      8.8 

+  0.11 

—  0.05 

7    —8 

—    0.27 

—    0.27 

+      6.1 

—      6.0 

—  0.04 

+  0.04 

8    —8 

+     0.13 

+     0.06 

—      2.6 

+      1.1 

+  0.01 

—  0.01 

9    —8 

0.00 

—    0.01 

0.0 

—      0.1 

.    .    . 

3    —9 

—    0.01 

—    0.01 

—      0.1 

0.0 

+  0.01 

0.00 

4    —9 

—    0.02 

—    0.33 

+      0.2 

—      2.3 

—  0.06 

0.00 

5    —9 

—    0.16 

—    0.39 

+      2.0 

—      5.1 

—  0.12 

+  0.05 

6    —  * 

+     0.17 

+     0.19 

—      2.7 

+      3.0 

+  0.05 

—  0.05 

7    —9 

—    0.21 

—    0.11 

+      3.8 

—      1.9 

—  0.02 

+  0.06 

8    —9 

+     0.23 

+     0.01 

—      3.7 

+      0.1 

0.00 

—  0.02 

9    —9 

—    0.06 

+     0.02 

+      1.1 

+      0.4 

0.00 

+  0.01 

10    —9 

—    0.03 

0.00 

+      0.2 

0.0 

•    •    . 

•       t       • 

JUPITER  PERTURBATIONS  OF  CERES  1  |  «.i 

A  ado(r)  tft 

tin  co«  co«  tin  tin  cot 


—10 

+ 

0.06 

— 

0.01 

+ 

0.6 

+ 

0.1 

. 

.   . 

... 

—10 

+ 

0.61 

— 

0.16 

— 

0.9 

— 

0.4 

— 

0.01 

0.00 

—10 

— 

0.17 

— 

0.30 

+ 

l.t 

— 

1.1 

— 

0.11 

+  0.11 

—10 

+ 

0.09 

+ 

0.01 

— 

1.1 

+ 

0.1 

+ 

0.01 

—  0.01 

—10 

— 

0.11 

— 

0.01 

+ 

1.8 

— 

0.6 

0.00 

+  0.01 

—10 

+ 

0.10 

— 

0.01 

— 

1.9 

— 

0.6 

— 

0.01 

—  0.01 

—10 

— 

0.06 

+ 

0.06 

+ 

11 

+ 

0.9 

0.00 

+  0.01 

10    —10  +    0.01  —    0.01  —      0.1  —      0.4  ...  ... 

—11  0.00  —  0.01  ...                 ...  ...  ... 

—11  +  0.04  +  0.01  —      0.1  +      0.1  +  0.01  —  0.01 

—11  +  0.04  +  0.01  —      0.6  +      0.1  0.00  —  0.01 

—11  —  0.04  —  0.01  +      0.7  —      0.1  0.00  +  0.01 

—11  +  0.04  —  0.01  —      0.7  —      0.4  —  0.01  —  0.01 

—11  —  0.01  +  0.04  +      0.6  +      0.8  +  0.01  +  0.01 

10  —11  —  0.01  —  0.03  0.0  —      0.7  ...  ... 

11  —11  0.00  +  0.01  —      0.1  +0.1  ...  ... 

11    —11  +  0.01  0.00  ...                 ...  ...  ... 

In  order  to  arrive  at  mean  elements  for  Ceres,  as  well  as  to  see  how 
closely  the  preceding  perturbations  were  capable  of  representing  the 
heliocentric  coordinates  of  the  planet,  10  normal  positions  were  formed  for 
the  times  of  as  many  oppositions  from  material  as  follows: 

Opposition  of  1802  —  Derived    from    4    observations    at    Greenwich    on 

Mar.  6,  14,  18,  25. 

"    1807—  Derived  from  Gauss's  Werke.  VI,  299. 
"    1830  —  Derived    from    5    observations    at    Greenwich    on 

Apr.  27,  28,  30;  May  1,  3. 
"   1857  —  Derived    from    4    observations    at    Greenwich    on 

Feb.  16,  24,  26,  28. 
••          "    1863 — Derived    from    5    observations    at    Greenwich    on 

July  6,  9,  10,  16,  18. 
"          "    1866  — Derived   from   3  observations  at  Greenwich,    1    at 

Paris  on  Jan.  22,  23,  24;  Feb.  2. 
"    1873  —  Derived   from   4   observations   at  Greenwich,   3  at 

Paris  on  Sept  19,  20,  23,  26,  27;  Oct.  2,  6. 
"  "    1883  —  Derived    from    8    observations    at    Greenwich    on 

Nov.  23,  26,  27,  29;  Dec.  4,  5,  14,  15. 

"    1885  —  Derived    from    eleven    observations    at  Greenwich 
on  Mar.  27,  28,  30,  31;  Apr.  2,  4,  6,  11,  16,  17,  18. 
"    1890  —  Derived    from    7    observations    at    Greenwich    on 
May  14,  15,  21,  22,  23,  24,  26. 
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The  normals,  with  certain  additional  data,  are 


Greenwich  M.  T. 

d 
1802  Mar.    17.15072 

1807  May  3.14789 

1830  Apr.  30.32003 

1857  Feb.  13.77639 

1863  July  16.16898 

1866  Jan.  20.79681 

1873  Sept.  23.34662 

1883  Dec.  6.86562 

1885  Apr.  2.34757 

1890  May  17.37448 


Hel.  Long. 

M.  E.  of  Date 

Oeoc.  Lat.  Log.  Earth's  Radius            v 

or           if 

O             '           // 

O           '              " 

176  21  32.3 

+  17     7  57.2 

9.9982161 

27  22  46.0 

222  13  53.8 

+  10  40  15.9 

0.0038415 

72  47     3.6 

219  55  21.2 

+  11  11  24.4 

0.0035208 

70  37  38.6 

145  34  58.1 

+  15  36  20.0 

9.9947561 

357  15  27.9 

293  33  38.9 

—    8  49  22.5 

0.0070483 

144  41  38.8 

121     5  35.9 

+  11     9  43.7 

9.9931177 

332  20  44.7 

0  51  22.7 

-15  45  57.5 

0.0011276 

211  24  17.1 

74  57     7.3 

—    1  44  29.6 

9.9933823 

285  41  43.1 

193  15  32.4 

+  15  51  21.8 

0.0001720 

43     6  40.2 

236  51  47.4 

+    6  53  49.4 

0.0051454 

86  39  46.0 

dA 


&  log  r 


1802 

139  25  1.0 

+  22  36.9 

—  5035 

—  3.3 

1807 

296  45  40.8 

+  24  33.2 

+  7507 

+  59.9 

1830 

274  31  6.4 

—  1  7.6 

+  8938 

+  58.6 

1857 

4  20  30.5 

—  17  5.9 

—  6064 

-34.8 

1863 

201  16  52.6 

+  11  56.4 

+  6398 

+  23.9 

1866 

274  6  12.9 

+  12  23.9 

-10719 

—  43.4 

1873 

146  35  49.7 

+  11  13.2 

-  6087 

-10.4 

1883 

94  51  25.5 

+   26.1 

-  8011 

—  69.5 

1885 

140  26  1.5 

+  22  49.0 

+  1114 

+  22.6 

1890 

297  3  7.8 

+  15  32.9 

+  9161 

+  77.9 

The  Earth's  radius  is  corrected  for  its  latitude  according  to  the  precept 
of  Gauss  (Theoria  Motus,  Art.  72).  To  &'  are  added  the  long-period  in- 
equalities of  the  mean  longitude  of  Jupiter.  The  values  of  the  pertur- 
bations given  in  the  last  columns  contain  only  the  periodic  terms;  that  of 
log  r  is  in  units  of  the  seventh  decimal.  The  terms  due  to  the  action  of 
Mars  and  Saturn  were  computed  from  the  formulas  of  Damoiseau. 

The  secular  perturbations  through  the  action  of  Mars,  Jupiter  and 
Saturn  were  computed  by  the  method  of  Gauss,  the  values  of  the  attracting 
masses  being  severally  $%%%,  isrrss,  sen«-  The  results  obtained  are  an- 
nexed to  the  following  system  of  elements,  which  is  that  compared 
with  the  foregoing  normals.  The  secular  motions  of  n,  Q,  and  t  include 
the  effect  of  precession  and  motion  of  the  ecliptic.  The  adopted  value  of 
general  precession  for  1850  is  50".25787. 


Jt'PITKR  I'KKTl'RBATIONS  OT 


I'.'l 


Epoch,  1860  Jan.  0.0  0. 1C.  T. 

O  t        it 

L  =  809  80  36.7 
»  =  148  23  18.1  +  106.6658  t 
Q  =    80  60  45.0       -  4.9064  t 
i  =    10  37  10.1 
•  =  0.0784600 
p.  =  770T72275 
log  a  =  0.4420721 


—  0.5676  t 

—  0.0000033347  t 


The   residual*   left  by  the  comparison  of   these  elements  with  the 
normals  are  (Obs.  —  Cal.). 


Hel.  Loaf  . 

Oeoc.  Ut. 

Htl.  Loof  . 

G«oe.  L»l 

fg 

H 

mi 

+    60.0 

—   6.2 

1866 

—   41.9 

+  24.7 

1807 

+    64.5 

—  36.5 

1873 

+     1.4 

+  21.2 

1830 

—     8.7 

—  30.6 

1883 

—   86.1 

+  29.3 

1857 

-112.3 

—   3.6 

1885 

—  132.2 

—   9.7 

1863 

—     3.1 

—  31.2 

UM 

—   43.4 

—  41.6 

The  equations  of  condition  for  correcting  the  assumed  elements  follow. 
The  final  terms  of  those  which  arise  from  the  longitudes  are  made  to  be 
residuals  in  geocentric  longitude  multiplied  by  the  cosine  of  the  geocentric 
latitude.  For  convenience,  40  Julian  years  is  the  unit  of  time  for  fm;  and 
logarithms  are  written  in  place  of  the  coefficients  and  final  terms. 


<c 

fa 

ft 

•Ar 

M 

•In  i4n 

1802 

0.2672 

0.3445ft 

0.2115 

0.4953ft 

8.4476 

9.1657ft 

1.8969ft 

-- 

0 

1807 

0.2183 

0.2463n 

0.4881 

0.0219n 

9.1591 

8.4948 

2.0072» 

— 

0 

1830 

0.2218 

9.9136n 

0.4832 

0.0777ft 

9.1653 

8.2980 

1.1371 

0 

1857 

0.2752 

9.5258 

9.1437ft 

0.5506n 

9.0604n 

8.9829n 

2.2512 

0 

1863 

0.1233 

9.6528 

0.2255 

0.3470 

9.1107n 

8.7608 

0.6714 

" 

1866 

0.2651 

9.8687 

0.2068ft 

0.4965n 

9.1698n 

8.3681 

1.8261 

0 

1873 

0.1189 

9.8921 

0.1796n 

0.3641 

8.6749 

9.1163n 

0.3141n 

. 

0 

1883 

0.2123 

0.1409 

0.4831n 

0.0063n 

8.4786 

9.1571 

2.1329 

•  1 

1885 

0.2557 

0.2008 

0.3524 

0.4166n 

9.0183 

9.0255n 

2.3191 

_  i 

0 

1890 

0.2006 

0.2047 

0.4968 

9.5788ft 

9.0397 

8.9905 

1.8349 

-  ~ 

a 

1802 

S.GOOln 

8.6774 

9.1570 

9.1793 

0.2006 

9.1811 

0.7924 

- 

« 

1807 

9.3875» 

9.4155 

9.6191» 

9.4182 

9.9952 

0.0921 

1.5623 

« 

1830 

9.3848fi 

9.0766 

9.5902n 

9.4489 

0.0162 

0.0778 

1.4857 

i 

1857 

9.1716 

8.4222 

9.2357 

9.4569n 

0.1608 

9.8347n 

0.5563 

i 

1863 

9.3113n 

8.8408» 

9.3040n 

9.5934n 

9.9144n 

0.1066 

1.4942 

i 

1866 

9.4239 

9.0275 

9.0576n 

9.7023n 

0.0161 

0.0884n 

1.3927ft 

• 

0 

1873 

8.5646 

8.3378 

8.7992 

9.1512 

0.1667ft 

9.4141ft 

1.3263ft 

- 

•  1 

1883 

9.4808 

9.4094 

9.7573ft 

9.2342n 

9.2080ft 

0.1956n 

1.4669ft 

- 

1 

1885 

9.1333» 

0.0784n 

8.4282ft 

9.4843 

0.1678 

9.7837 

0.9868 

• 

1 

UN 

9.4417ft 

9.4458ft 

9.7255n 

9.1310 

9.8069 

0.1592 

1.6191 

— 

0 
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With  equal  weights,  these  20  equations  produce  the  normal  equations 


6L 
23.232 
'+  3.028 
+14.472 
—23.316 
—  0.031 
—  2.473 

in 

+  3.028 
+17.398 
—  8.914 
+  2.845 
+  0.014 
—  0.301 

<5e 

+14.472 
—  8.914 
+54.309 
—10.240 
+  0.716 
—  1.276 

eiir 

—23.316 
+  2.845 
—10.240 
+53.884 
+  0.465 
+  2.198 

Si 

—  0.031 
+  0.014 
+  0.716 
+  0.465 
+13.300 
+  1.850 

sin'in 
—  2.473 
—  0.301 
—  1.276 
+  2.198 
+  1.850 
+11.657 

// 

+  826.0 
+1068.6 
—  286.3 
—1179.9 
+     95.5 
+  265.5 

=  0 
=  0 
=  0 
=  0 

=  0 
=  0 

Their  solution  gives  the  corrections  and  corrected  elements : 

Epoch  1850  Jan.  OdO  G.  M.  T. 
£  =  309°  30' 3274 
IT  =148    28  32.5 
&=    80   48 
t  =    10    37 


SL  =  —  473 
8/i  =  —  07004474 
ie  =  —  0.00000145 
&r  =  +  5'  1474 
8t=       —379 
8&  =—2'  3974 


5.6 
6.2 

e  =  0.07844855 
p.  =  7707718276 
log  a  =  0.4420738 


The  residuals  left  by  this  solution  in  heliocentric  longitude  and 
geocentric  latitude,  as  they  result  from  the  equations  of  condition,  are 
(Obs.  —  Calc.), 

Geoc.  Lat. 
+1372 
+  9.5 
+  4.7 
—  0.1 
—19.7 

They  are  larger  than  one  would  be  inclined  to  attribute  to  the  neglect 
of  the  square  of  the  disturbing  force.  However,  the  derived  mean 
elements,  on  account  of  the  long  period  of  time  embraced,  will  have 
some  value. 


Hel.  Long. 

Geoc.  Lat. 

Hel.  Long. 

1802 

+1070 

+   377 

1866 

+4174 

1807 

+13.9 

+13.0 

1873 

-  1.8 

1830 

—18.1 

+  8.3 

1883 

—  6.3 

1857 

—40.2 

—  8.6 

1885 

—22.0 

1863 

—15.0 

+  7.3 

1890 

+36.0 
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MEMOIR  No.  «. 

On  the  Values  of  the  Eccentricities  and  Longitudes  of  the  Perihelia  of 
Jupiter  and  Saturn  for  Distant  Epochs. 

(Agronomical  Journal,  Vol.  XVII,  pp.  81-87,  1897.) 

The  values  of  these  elements  derived  from  the  formulas  given  by 
LeVerrier  and  Stockwell,  in  their  general  treatment  of  the  secular  varia- 
tions of  the  elements  of  the  large  planets  of  the  solar  system,  are 
considerably  in  error  at  remote  epochs  on  account  of  the  neglect  by  these 
investigators  of  the  terms  arising  from  the  squares  and  products  of  disturb- 
ing forces.  Thus,  Stockwell  puts  the  length  of  the  period  of  the  principal 
inequalities  of  the  eccentricities  and  perihelia  of  Jupiter  and  Saturn  at 
69140  years;  but  65000  years  is  a  much  nearer  approximation  to  it. 

In  ascertaining  the  modifications  the  perturbative  function  undergoes, 
by  reason  of  terms  of  two  dimensions  with  respect  to  disturbing  forces,  we 
are  obliged  to  have  recourse  to  the  labors  of  LeVerrier,  as  no  one  else  has 
derived  them  in  the  form  which  is  necessary.  I  have  given  the  results  in 
this  Journal,  No.  204.  From  the  values  of  the  coefficients  of  R,  the  per- 
turbative function,  I  deduce  the  following  expression: 

R  =  0".002906604^  +  0".002631048^  +  0".00859488«'  +  0".0926819eV 
+  0".0691391/«  +  0".28848/  +  7".2004«V  +  19".828V«"  +  5".9589a'4 
—  [0".003565305  +  (/'.0561361*1  +  0".145101«"  +  2".87238«4  +  23".9129«V' 
+  81".7899«"]«»'  cot  («'  -  .)  +  [0".0436099  +  V'.TTOGV 
+  13".  1094*"]  «V*  ooe  2  (-'—-)  -  *".61437«V  co«  3  (-'  -  «). 

The  coefficients  of  this  expression  are  generally  the  mean  of  the  values 
deduced  from  LeVerrier's  four  equations;  but,  for  the  coefficient  of 
eef  cos  (<uf  —  a) ,  I  have  preferred  the  value  which  results  from  the  equations 
for  Saturn,  as  the  motion  of  the  eccentricities  at  the  epoch  1860,  thus  ob- 
tained, more  nearly  agrees  with  that  of  my  New  Theory  of  Jupiter  and 
Saturn;  and,  as  the  motion  of  the  perihelion  of  Saturn  at  the  same  epoch, 
so  far  as  it  results  from  the  inter-action  of  Jupiter  and  Saturn,  from  the 
same  theory  is  19".95426,  to  bring  about  an  agreement,  I  have  supposed 
that  LeVerrier's  coefficient  of  the  term  +18".12312e/  in  the  expression  for 

ought  to  be  increased  by  0".3,  and  thus  be  read  +18".42312. 
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Desiring  to  pursue  a  similar  course  to  that  in  a  previous  paper  (Annals 
of  Mathematics,  Vol.  V,  p.  177),  and  get  a  form  of  the  perturbative  function 
in  a  measure  independent  of  the  values  assumed  for  the  masses  of  the 
planets  and  of  the  linear  unit,  I  multiply  the  coefficients  of  the  preceding 
expression  by  a  factor  whose  logarithm  is  1.9212280,  and  put  e2  =  4BZ  —  40*, 
e/z  =  40/2  —  40*,  and  express  the  development  in  powers  of  cos(u'  —  u) 
instead  of  in  cosines  of  multiples  of  o'  —  u.  Thus  we  have 

—.  o  =  0.9697480  6*  +  0.8778427  6"  +  10.5009  0'  +  65.4910  0*0"  +  78.0629  0" 
mm 

+  1506.40"  +  12905.5  0'0"  +  35803.50V  +  31652.9  6" 

-  [1.1895555  +  58.90540'  +  193.04570"  +  15244.40'  +  85660.1  0'0" 

+  116032.8  0"]  00'  cos  («/  —  «,)  +  [116.4027  +  50818.3  0' 

+  139849.0  0"]  0V2  cos1  (*'  —  «>)  —  55825.8  0*0"  cos'  (a/  -  w). 

If  the  coefficients  of  this  expression  are  compared  with  those  of  the 
similar  expression  in  the  memoir  quoted  (p.  195)  it  will  be  seen  how  much 
the  convergence  of  the  series  has  been  diminished  by  the  inclusion  of  terms 
of  two  dimensions  with  respect  to  disturbing  forces. 

Denoting  mV^a,  m'^/'fia1  severally  by  -,,    -n>  we  have  the  integral 

A  /* 


K  being  an  arbitrary  constant  whose  value  must  be  ascertained  by  sub- 
stituting in  the  equation  for  6  and  &  the  values  they  have  at  a  determinate 
epoch,  as  1850.  The  values  we  attribute  to  the  masses  of  Jupiter  and 
Saturn  are  severally  I0t7*  ^  and  550}—  j,  the  first  being  Bessel's  value  aug- 
mented by  a  2000th  part.  We  take  a'  as  the  linear  unit,  and  thence  log 
a  =9.7367410.  Thus  log  1=  1.5757581,  log  U  =  1.7721022.  We  assume 
the  following  values  of  the  eccentricities  and  longitudes  of  the  perihelia 

for  1850: 

e  =  0  .  04825336,  e'  =  0.  05605744, 

<a  =  11°  54'  26?77,  •>'  =  90°  6'  38M5. 

But  these  values  of  course  include  the  effect  of  the  presence  of  Uranus, 
Neptune,  etc.,  and,  desiring  to  work  as  though  Jupiter  and  Saturn  were 
alone,  we  subtract  from  the  values  of  e  cos  u,  e  sin  t>,  etc.,  the  terms  due  to 
the  presence  of  the  other  planets.  The  values  of  the  former,  at  the 
epoch  1850,  are 

e  cos  co  =  +  0  .  04721505,  e  sin  <o  =  +  0  .  00995615, 

e'  cos  w'  =  —  0  .  00010829,  e'  sin  «'  =  +  0  .  05605730, 
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and  the  terms  of  these  due  to  the  other  planets,  derived  from  Stockwell'i 
formulas,  are 

-0.00057480, +  0.00194960,  — 0.00053070, +  0.00180250. 

By  subtracting  these  we  obtain 

•  cos  •=  +0.04778985,  «  sin.  =  +  0.00800655, 

«*  cos.' =  +  0.00042241,  •'sin.' =+ 0.05425484. 


and  thus  result 


•  =  0 . 04845509,       «'  =  0 . 05425649, 

•  =  9°  30*  38T93,       «'  =  89'  33'  14T12. 


The  substitution  of  these  values  of  e  and  <f  in  the  integral  equation 
gives  log  AT=  93.7956760.  Then  we  can  replace  the  variables  6  and  &  by 
the  expressions 

6=  [8.4735961]  sin  Jr    ,    9  =  [8.6699402]  cos Jr. 

The  potential  function  ft  becomes  then  divisible  by  A',  and  we  will  put 
n  =  A'/i'.  where  this  R  must  not  be  confounded  with  the  R  we  used  at  the 
outset.  Then,  writing  x  for  cos  r,  we  get 

B  =  0.0006895184  +  0.0003724115*  +  0.0000727015**  +  0.0000 109446  & 

-  [0.0004889780  +  0.0001386728*  +  0.0000304  5t!3x3J  sin  K  cos  y 
+  [0.0000616764  +  0.0000275660*]  sin**  cos*y 

-  0.0000082095  sin'r  cos*y , 

where,  for  brevity,  y  is  put  for  u'  —  u.     The  partial  derivative  of  ft  with 
respect  to  K  is  needed  in  the  discussion,  and  we  have 

=  0.0008002223  +  0.0005743155*  +  0.0001902984**  +  0.0000328338** 

—  [0.0006723170  +  0.0003598214*  +  0.0000913689**]  sin  v  cosy 
+  [0.0001604290  +  0.0000826980*]  sinV  cos*y 

—  0.0000246285  sin*»  cos^ 

As  the  terms  of  these  two  equations,  written  above,  are  only  the 
beginnings  of  infinite  series  we  will  add  to  them  some  additional  terms 
obtained  by  induction,  as  thereby  the  results  are  probably  rendered  more 
exact.  By  substituting  in  the  first  the  values  of  x  =  cotv  and  sin  v  cosy 
which  bold  at  1850,  the  value  of  the  constant  C,  in  the  integral  equation 
R=O,  is  ascertained.  At  that  time  we  have  »  =  109°  3' 3l".62, 
y  =  80°  2*  35".19.  For  convenience'  sake  we  divide  the  equation  R=.C 
by  —  0.000488978,  the  coefficient  of  sin  »•  cosy  in  it  Thus,  this  coefficient 
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is  unity   in   the   equation   which   follows.     For   brevity   we   write  y  for 
sin  v  cos  y.     Then 

0.3800515  =  —  [9.8817338>  +  [0.0000000]  y     —[9.1008297]^    +  [8.225028]y3 
-[9.1722541]*2  +  [9.4527020>y  —  [8.7510845]*!/2  +[7.825028]a;2/3 
-[8.3508344]z»  +  [8.7934640]z2t/— [8.2893993]a;y+  [7.22503  ]x*y* 
-[7.41747     >«  +  [8.0222860]*8!/ —  [7.71577     >y+[6.4250     ]««f« 
—[6.3722      >5  +  [7.13917    >4y—  [7.03021     ]zy+  [5.4250    ]«V 
—[5.2149       >"  +  [6.1441       Ja^t/— [6.2327       >y+[4.22         >y 
—[3.95  >7+ [5.0371       >««/— [5.3233       >y 

+  [3.82          ]z7y— [4.3019      >y 
—[3.17          ]zy 

— [7.28163]y4     -f  [6.2828]y>   — [5.2210]y9    +  [4.0961]*/7  — [2.91]y8 
-[6.6816  >j/4  +  [5.4828>y5  —  [4.2210]xt/e  +[3.10     ]a;yT 
—[5.8816  >V  +  [4.4828]^— [3.02     ]a;y 
-[4.8816  ]zy  +  [3.28     ]a:y 

—[3.68     >y 

The  foregoing  may  be  regarded  as  the  equation  in  rectangular  co- 
ordinates of  a  plane  curve.  It  is  obvious  that  we  need  consider  only  the 
portion  between  the  limits  ±  1  of  the  abscissa.  We  therefore  compute  for 
every  0.1  of  a;  between  these  limits  the  corresponding  value  of  y,  and  get 
the  following  table,  where,  in  order  to  exhibit  the  quality  of  the  function, 
the  differences  are  also  noted  : 


—1.0 
-0.9 

-0.3171623 
0.2463770 

+707853 

+  2330 

A» 

710183 

-  227 

—0.8 

0.1753587 

2103 

+  22 

712286 

205 

+  6 

-0.7 

0.1041301 

1898 

28 

714184 

177 

12 

-0.6 

—0.0327117 

1721 

40 

715905 

137 

8 

-0.5 

+0.0388788 

1584 

48 

717489 

89 

10 

—0.4 

0.1106277 

1495 

58 

718984 

31 

13 

-0.3 

0.1825261 

1464 

71 

720448 

+  40 

10 

-0.2 

0.2545709 

1504 

81 

721952 

121 

20 

—0.1 

0.3267661 

1625 

101 

723577 

222 

21 

0.0 

0.3991238 

1847 

122 

725424 

344 

23 

0.1 

0.4716662 

2191 

145 

727615 

489 

22 

0.2 

0.5444277 

2680 

167 

730295 

656 

37 

0.3 

0.6174572 

3336 

204 

733631 

860 

42 

0.4 

0.6908203 

4196 

246 

737827 

1106 

50 

0.5 

0.7646030 

5302 

296 

743129 

1402 

80 

0.6 

0.8389159 

6704 

376 

749833 

1778 

70 

0.7 

0.9138992 

8482 

446 

758315 

2224 

+57 

0.8 

0.9897307 

10706 

+503 

769021 

+2727 

0.9 

1.0666328 

+13433 

+782454 

1.0 

+1.1448782 

IC1T1E8  AND  PERIHELIA  OF  JUPITER  AND  SATURN  127 

The  value  or  y  expanded  in  powers  of  z,  which  might  be  derived  from 
the  foregoing  table,  forms  a  aeries  too  slowly  convergent  to  be  used,  but  the 
table  will  serve  instead.  The  variables  z  and  y  do  not  move  through  the 
whole  range  of  the  table,  but  only  between  the  two  limits  which  satisfy  the 
equation  z1  +  y*  =  1.  By  trial  from  the  data  of  the  table  we  find  for 
the  first  limit 


y  =  na»co»r  =  —  0.2878410,    r  =  180°; 
and,  for  the  second  limit 

i  =  oot  v  =  +  0.5735289,    y  =  tin  »  cot  r  =  +  0.8191864,    r  =  0°. 

The  angle  v  then  moves  between  the  extreme  values  v  =  55°  0'  ll".97 
andr=163°  18'  4". 20.  These  values  correspond  to  the  maximum  and 
minimum  values  of  the  eccentricities,  and  we  have 

When        y  =  0°  e  =  0.02747989        «'  =  0.08289313. 

"  Y  =  180°        0  =  0.05885862        e'  =  0.01358174. 

But  these  are  the  values  which  result  when  the  inter-action  of  Jupiter 
and  Saturn  is  alone  considered.  To  obtain  the  actual  maximum  and 
minimum,  the  sum  of  the  coefficients  of  the  terms  arising  from  the  presence 
of  the  other  planets  must  be  applied.  According  to  Stockwell's  in- 
vestigation these  are : 

For  Jupiter  0.0020673     ;    Saturn  0.0019165. 

Thence  we  have  the  maximum  and  minimum  values  as  follows: 

Maximum  Eccentricity       Minimum  Eccentricity 
Jupiter  0.06092592  0.02541259 

Saturn  0.08480963  0.01166524 

By  putting 

1  —  z«  —  f  -  tin'*  sin';-  =  (0.5735289  —  *)(z  +  0.9578284)  Q 

Q  is  a  factor  whose  variation  is  small  relatively  to  its  magnitude. 

From  the  table  giving  the  values  of  y  corresponding  to  the  set  values 
of  z  may  be  obtained  the  values  of  Q  corresponding  to  the  same  argument. 
Calling  h  the  factor  —  0.000488978,  by  which  we  have  divided  the  equation 


1  372 
R  =  C,  we  get  the  values  of  ,  ,      corresponding  to  the  same  argument,  by 

differentiating  the  preceding  equation  connecting  z  and  y,  with  respect  to 
y,  and  substituting  in  the  result  the  value  of  y  from  the  preceding  table. 

I   3D 

In  this  way  are  derived  the  following  values  of  log  Q  and  log  *     -  '• 
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—  1.0 

0.1806684 

9.9174264 

—  0.8 

0.1815019 

9.9249009 

—  0.6 

0.1822846 

9.9327715 

—  0.4 

0.1830558 

9.9409367 

—  0.2 

0.1838695 

9.9492582 

0.0 

0.1847981 

9.9575473 

0.2 

0.1859370 

9.9655508 

0.4 

0.1874115 

9.9729259 

0.6 

0.1893944 

9.9792066 

As  the  variable  v  does  not  move  through  the  whole  circumference,  we 
substitute  for  it  an  auxiliary  variable  -^  possessing  this  property,  such  that 

x  =  cos  v  =  —0.1921497  —  0.7656786  cos  </>. 
Then  for  the  elaboration  of  the  equation 

dy 

dt  _         SQ 

we  have  the  following  table  of  values,  given  for  intervals  of  0.1  in  x,  in 
order  to  facilitate  the  following  change  to  the  variable  ^: 

dy 

*®  j  &         *       J4 


-1.0 
—0.9 

2008.862 
1990.925 

-17.937 

-  298 

18.235 

+  47 

-0.8 

1972.690 

251 

+  3 

18.486 

50 

-0.7 

1954.204 

201 

9 

18.687 

59 

-0.6 

1935.517 

142 

4 

18.829 

63 

-0.5 

1916.688 

79 

8 

18.908 

71 

-0.4 

1897.780 

8 

10 

18.916 

81 

-0.3 

1878.864 

+   73 

3 

18.843 

84 

-0.2 

1860.021 

157 

17 

18.686 

101 

—0.1 

1841.335 

258 

7 

18.428 

108 

0.0 

1822.907 

366 

18 

18.062 

126 

0.1 

1804.845 

492 

17 

17.570 

143 

0.2 

1787.275 

635 

17 

16.935 

160 

0.3 

1770.340 

795 

24 

16.140 

184 

0.4 

1754.200 

979 

+30 

15.161 

+214 

0.5 

1739.039 

+1.193 

—13.968 

0.6 

1725.071 
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By  interpolating  in  the  preceding  table  we  obtain  the  value*,  of  the 
function  corresponding  to  equidistant  values  of  the  angle  4>,  as  follows: 


> 

* 

_  au 

0' 

—  0.9578284 

2001.337 

15 

0.9317385 

1996.652 

M 

0.8552468 

1982.799 

45 

0.7335662 

1960.435 

,,M 

0.5749890 

1930.819 

75 

0.3903219 

1895.948 

M 

—  0.1921497 

1858.547 

105 

-f  0.0060225 

1821.808 

UM 

0.1906896 

1788.887 

135 

0.3492668 

1762.278 

150 

0.4709474 

1743.331 

165 

0.5474391 

1732.249 

180 

+  0.5735289 

1728.638 

By  applying  mechanical  quadratures  to  the  values  in  the  last  column 
we  obtain  for  the  periodic  series  representing  the  latter  function, 

j-  =  1861.5617  +  138.234  cos  <!>  +  3.217  cos  2^—1.861  cos  ty  +  0.205  cos  4V- 

-  0.024  CM  5<»  +  0.003  coa  6v". 
Whence,  by  integration, 

t  +  e  =  1861.5617v*  4-  138.834  tin  0  +  1.608  sin  2s'-  —  0.620  sin  -V  +  0.051  sin  4^ 
—  0.005  tin  5V. 

Calling  to  mind  that  we  have  put  a'  =  1,  it  is  obvious  that  the  mean 


/  1fi02  fi 

motion  of  Saturn  is  denoted  by  -J  ]  .     But,    when  the  Julian  year  is 

II  O'jUl.O 


adopted  as  the  unit  of  time,  the  mean  motion  of  this  planet  is  43996".  08. 
The  mean  motion  of  the  argument  ^  in  a  year  is  then 

4IW.08     550L6     « 


and  the  period  in  which  the  principal  inequalities  of  the  eccentricities  go 
through  their  round  of  values  is  54844.16  years.  Putting  M  for  23"  63069 
(<  +  c),  we  have 

M  =  *  +  1531  6".C  sin  V  +  178".2  sin  V  -  68".7  sin  3V'-  +  5".7  sin  4V'-  —  0".5  sin  5^ 
+  0".l  sin  6^. 

In  order  to  have  the  proper  value  of  M  corresponding  to  a  given  date, 
from  the  value  of  v  previously  given  for  1850.0,  for  the  same  epoch,  we 
vou  nr.-t. 
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derive  t=  280°  6'  31".13;  whence  M  =  275°  53'  15".3.     Thus  the  formula 
for  M  is 

J/"=275°53'15".3  +  23".63059(<— 1850). 

It  remains   to    devise    some    method    of   obtaining    separately    the 
quantities  o  and  o'.     For  this  purpose  we  employ  the  equation 


dy         dy 


Prolonging  the  series  previously  given  for 


have 
d(Kl 


by    induction,    we 


0.0008002223—  [6.8275741]  y     +-  [6.2052829]y2     —  [5.3914379]y3 

+  [6.7591505]a;  —  [6.5560870]a#  +•  [5.9174950>t/2  —  [5.0904079]  xy* 
+  [6.2794352>2  —  [5.9607984]  x*y  +  [5.37190     \ff  —  [4.52938     ]a 
+  [5.5163212]a^  —  [5.18949     >3y  +  [4.56630     ]xsy2  —  [3.70835 
+  [4.49829     >4— [4.1581      ]x*y  +  [3.5007      >Y—  [2.6273 
+  [3.2683      ]^  —  [2.88          ]x»y  -f  [2.1851      >y  —  [1.2963 

+  [4.39477]y4     —  [3.1733]y5     +  [1.8417]y8     —  [0.2102]y7 
+  [4.04477]xy«  —  [2.7933]^  +  [1.4417]a^» 
+  [3.43477>y  —  [2.1533>y  +  [0.7817]a;y 
+  [2.5748  Jx8/—  [1.2533>y 
+  [1.4748  >y 

By  attributing  to  x  values  evenly  spaced  from  x  =  — 1.0  to  x  =  0.6 
and  to  y  its  corresponding  values  we  get  the  following  table  of  values 
for  this  function: 


>y 
>y 


X 

1000  H^PV 

J 

J' 

J' 

J* 

J» 

-1.0 

+0.5203093 

+32024 

—0.9 

0.5235117 

+  499 

32523 

+139 

-0.8 

0.5267640 

638 

-  14 

33161 

125 

+  2 

—0.7 

0.5300801 

763 

12 

33924 

113 

—  3 

-0.6 

0.5334725 

876 

15 

34800 

98 

2 

—0.5 

0.5369525 

974 

17 

35774 

81 

4 

-0.4 

0.5405299 

1055 

21 

36829 

60 

13 

-0.3 

0.5442128 

1115 

34 

37944 

+  26 

10 

—0.2 

0.5480072 

1141 

44 

39085 

-  18 

13 

-0.1 

0.5519157 

1123 

57 

40208 

75 

16 

0.0 

0.5559365 

1048 

73 

41256 

148 

19 

0.1 

0.5600621 

900 

92 

42156 

240 

25 

0.2 

0.5642777 

660 

117 

42816 

357 

29 

0.3 

0.5685593 

+  303 

146 

43119 

503 

—28 

0.4 

0.5728712 

-  200 

—174 

42919 

-677 

0.5 

0.5771631 

-  877 

+42042 

0.6 

+0.5813673 
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We  can  write  the  differential  equations  determining  u  and  u'  thus: 


_   , 
"  ' 


*• 


or 


•/. 


_  [9.6598021]  ,  „ 
l-x 


*.'    [9.10991741  .  ™ 

z;        ~nnr 

where  the  values  of  F  and  F  corresponding  to  special  values  of  x  are  con- 
tained in  the  following  table : 


—  1 

.0 

r 
+0.6866546 

A 

A*               f         A 
+0.6801311 

A' 

—12070 

—  1122 

-0 

.9 

0 

.6854476 

-1818 

0 

.6800189 

—3268 

13888 

4390 

-0 

.8 

0 

.6840588 

1379 

0 

.6795799 

2769 

15267 

7159 

-0 

.7 

0 

.6825321 

964 

0 

.6788640 

2234 

16231 

9393 

-0 

.6 

0 

.6809090 

588 

0 

.6779247 

1674 

16819 

11067 

-0 

.5 

0 

.6792271 

270 

0 

.6768180 

1101 

17089 

12168 

-0 

.4 

0 

.6775182 

—  13 

0 

.6756012 

-  637 

17102 

12705 

—  0 

.3 

0 

.6758080 

+  159 

0 

.6743307 

0 

16943 

12705 

-0 

.2 

0 

.6741137 

216 

0 

.6730602 

+  506 

16727 

12199 

-0 

.1 

1 

.6724410 

+  145 

0 

.6718403 

966 

16582 

11233 

0 

.0 

0 

.6707828 

-  128 

0 

.6707170 

1373 

16710 

9860 

0 

.1 

0 

.6691118 

628 

0 

.6697310 

1689 

17338 

8171 

0 

.8 

0 

.6673780 

1397 

0 

.6689139 

me 

18735 

6295 

0 

.3 

0 

.6655045 

2505 

0 

.6682844 

1891 

21240 

4404 

0 

.4 

0 

.6633805 

4042 

0 

.6678440 

1713 

25282 

2691 

0 

.8 

0 

.6608523 

-6058 

0 

.6675749 

+1290 

-31340 

-  1401 

0 

.6 

+0 

.6577183 

+0 

.6674348 

It  will  be  perceived  that  -' ''  and  "  -  become  infinite  when  in  the  first 

x  =  1  and  in  the  second  x  =  —  1.  This  is  explained  by  the  circumstance 
that,  in  this  case,  the  one  and  the  other  of  the  eccentricities  become  zero, 
and,  consequently,  the  positions  of  the  perihelia  indeterminate.  Although, 
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in  the  present  application,  x  does  not  attain  either  of  these  values,  yet  it  is 
necessary  to  separate,  in  the  formulas,  the  portions  which  become  infinite, 

f  f 

viz.:  the  terms  —  -  —  and  —  £  —  ,  /and/'  being  constants.    It  thus  becomes 
1  —  jc         1  +  «'  ' 

necessary  to  discover  the  values  of  /  and  f.     This  we  do  by  assimilating 

^     ¥-,  which  is  to  be  divided  by  1  —  x  or  1  4-  *,  to  a  polynomial  in  x. 
v  Q 

The  theory  of  algebraical  equations  shows  that  the  remainders,  left  after 
the  several  divisions,  are  what  the  function  divided  becomes,  when,  in  the 
first  case,  we  make  x  =  1,  and,  in  the  second,  x  =  —  1.  But  we  have 


where  a  and  b  are  respectively  the  superior  and  inferior  limiting  values  of  ar. 


Thus  the  remainders  are  severally  JV(1  —  a)(l  —  b)  and  ^V(l  +  a)(l  +  b); 
and  we  have 


Interpolating  the  values  of  F  and  F'  to  correspond  to  equal  intervals 
of  the  auxiliary  angle  -fy,  precisely  as  was  done  for  the  function  -jj  ,  we  get 


1], 

F 

F> 

0° 

0.6861706 

0.6801257 

15 

0.6858527 

0.6800921 

30 

0.6848457 

0.6798599 

45 

0.6830572 

0.6791319 

60 

0.6804925 

0.6776614 

75 

0.6773524 

0.6754797 

90 

0.6739817 

0.6729620 

105 

0.6706829 

0.6706534 

120 

0.6675439 

0.6689822 

135 

0.6644982 

0.6680445 

150 

0.6616393 

0.6676374 

165 

0.6594553 

0.6674958 

180 

0.6586206 

0.6674627 

By  the  well  known  process  we  obtain  for  the  periodic  series  representing 


f  =  0.6734880  +  0.0184490  cos  V  -  0.0007878  cos  2^  +  0.0002755  COB  8i/> 

—  0.0002945  cos  ty  +  0.0000505  cos  5ij>  —  0.0000058  cos  ty, 
F'  =  0.6734830  +  0.0070854  cos  y>  +  0.0004198  cos  2t/>  —  0.0007822  cos  3y> 

—  0.0001050  cos  4i/y  +  0.0000282  cos  6^>  —  0.0000086  cos  6y». 

The  constant  terms  of  the  two  functions  have  come  out  equal,  as  they 
should,  and  thus  we  have  a  check  on  the  accuracy  of  the  computation. 
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Integrating  the  expressions  for  c  ?  and  "  ?  ,  we  get 

w  .  <•  -  »re  Un  [I9.MW05751  Ua  |  *]  -f  0.6734SSO  *  +  8774'M  •!•  f  —  81".l  tin  *f 

+  18". 9  tU  Sf  -  15".S  tin  4*  +  »".!  tin  ft*  -  0".»  I!D  By., 

U  m  *  +  w«  U>  UO.T84M78]  Ua  |  f]  +  0  «7S4830  *  -t-  U«l".5  tin  V  +  «8".S  tin  Sy. 

-  U".8  tin  Sf  -  »".4  tin  4*  +  1".S  da  5y>  _  0".l  tin  «<•. 

It  will  be  perceived  from  these  formulas  that,  in  the  period  of  54844.16 
jean,  in  which  the  eccentricities  of  the  planets  go  through  their  round  of 
values,  the  perihelion  of  Saturn  advances  through  an  arc  422°  27'  13".9, 
and  that  of  Jupiter  through  an  arc  a  circumference  less,  or  62°  27'  13".9. 

Although  we  now  have  all  the  formulas  necessary  for  ascertaining  at 
any  time  the  considered  elements  of  the  planets,  in  making  further  investi- 
gations on  the  perturbations  of  Jupiter  and  Saturn  it  is  very  convenient  to 
hare  the  four  functions  e  cos  o,  e  sin  u,  t?  cos  o',  and  t'  sin  o'  expressed 
explicitly  in  terms  of  the  time.  For  this  purpose  we  derive  the  two 
expressions 

Vr^lS«»  =  +  0.3730883  r  [1.1734830*  +  c  +  2774T1  sinf  —  8l"2  sin  8*  +  ....] 
+  1.0261360  S:  [0.1734830*  -f-  c  -f-  2774T1  «n*  —  81T2  sin  2f  +....] 

Vr+Tr»  =  —  0.7298805  Z  [1 . 1734830*  -f  c  +  1461T5  gin*  -j-  43T3  ain  2*  — . . . .  ] 
+  0.5245233  r  [0. 1734830*  +  c+  146175 sin*  +  4373 sin 2*  —....] 

We  transform  these  expressions  so  that  they  stand  thus: 

e  coe«  =  L  <x»x  —  N 

•  tin  •  =L  KD.X  +  N 

4  coe  •'  =  L'  coe  x  —  N'  sin  x  -J-  P*  cos  x'  —  5'  «in  x' 

•*  tin  •' =  L' sin  x  +  JV' co«  x  +  ^  «n  X  +  5/ «»  X' 

where  x  denotes  1.1734830  M  +  c,  and  g'  0.1734830  J/  +  c,  and  compute 
the  special  values  of  Z.,  N,  etc.,  corresponding  to  equidistant  values  of  M. 
The  values  of  4>,  correspondent  to  the  values  of  M,  are 

Jf  t  JT  * 

0»  0*  0*  070  1058  100°  49'  1979 

16  13  57  42.7  120  116  13  1.0 

30  27  58  49.6  135  131  63  34.0 

45  42  6  45.5  150  147  47  51.2 

60  56  24  52.4  165  163  51  35.4 

76  70  66  21.4  180  180  0  0.0 

85  43  56.6 
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The  resulting  values 

of  L,  N,  etc.,  follow;  they  have  been  computed  for 

every  15°  of  M,  but  it  is  thought  sufficient  here  to  give  them  for  every  30°. 

M 

L 

N 

P 

s 

0 

+0.01569403 

0.00000000 

+0.04316460 

0.00000000 

30 

0.01568453 

—0.00055468 

0.04316546 

—0  .  00000442 

60 

0.01566453 

0.00098081 

0.04316786 

+0.00000199 

90 

0.01565339 

0.00116239 

0.04317138 

0.00001605 

120 

0.01566451 

0.00102276 

0.04317516 

0.00003573 

150 

0.01568794 

—0.00058755 

0.04317810 

+0.00004339 

180 

+0.01569935 

0.00000000 

+0.04317924 

0.00000000 

X 

L' 

N> 

P' 

8' 

0 

—0.04827219 

0.00000000 

+0.03469046 

0.00000000 

30 

0.04823472 

+0.00184077 

0.03468862 

—0.00010047 

60 

0.04815368 

0.00324916 

0.03468358 

0.00016630 

90 

0.04809893 

0.00385871 

0.03467646 

0.00019278 

120 

0.04812057 

0.00343532 

0.03466902 

0.00018175 

150 

0.04819279 

+0.00201363 

0.03466343 

—0.00011503 

180 

—0.04823174 

0.00000000 

+0.03466139 

0.00000000 

The  periodic  developments  of  these  quantities  result  as  follow: 

L  =  +0.01567527  — 186  cos  M  +  2167  cos  2M  —  90  cos  ZM  —  23  cos  4Jf  +  10  cos  5M  —  2  cos  61f 
N  =  —  0.00115622  sin  M  +  2159  sin  2M  +  672  sin  3M  —  262  sin  4M  +55  sin  5M  —  9  sin  6Af 
P  =  +0.04317165  —  730  cos  M  +  27  cos  2M  —  1  cos  3M 

8  =  +0.00002272  sin  M  —  2351  sin  2M  +  765  sin  3Af  — 412  sin  4Jf +  97  sin  5M— 11  sin  63f 
L'  =  —0.04817544  —  2436  cos  M  —  7656  cos  2M  +  430  cos  3if  —  1  cos  4Af  —  15  cos  5M  +  4  cos  6 M 
N'=  +0.00385831  sin  M  — 10364  sin  2M  — 145  sin  3Jlf  +  385  sin  4Jf  — 103  sin  5M  +  16  sin  6M 
P'  =  +0.03467617  +  1454  cos  M  —  27  cos  2M  —  1  cos  311  +  2  cos  4if 
8'  =  —0.00020065  sin  Jf  +  866  sin  2M  —  759  sin  3M  —  25  sin  4Jf  +  29  sin  5Jf  —  7  sin  6M 

The  coefficients  of  these  expressions  are  given  uniformly  to  8  decimals. 
From  these  8  equations  we  derive 


e £  o>  =  +0.01568298  £  x 

—  0.00059066  £  (2X 
+  0.00002545  £(3X. 
+  0. 00000085  £  (4X 

—  0.00000094  £(5X 
+  0.00000027  £  (6X 

—  0.00000004  £  (7X 


+  0  .  04374883  £  x' 


—  x')—  0.00001497  £  (2X'—  x) 

—  2X')  +  0  .  00000808  £  (3X'  —  2X) 

—  3X')—  0.00000263  £  (4X'  —  3X) 

—  4X')  +  0.00000183  *  (5X'  —  4X) 
5X')—  0.00000045^  (6X'  —  5X) 
6X')  +  0  .  00000005  £  (  7X'  —  6X) 


e'  *  w'  =  —  0  .  04826849  £  x 
+  0.00192117  £  (2X 

—  0  .  00009390  £  (3X 
+  0  .  00000131  £  (4X 
+  0.00000206  £  (5X 

—  0.00000062.'!;  (6X 

(7X 


0.00000010  £ 


+  0  .  03273483  £  x' 
x')+  0.00012113  S  (2X'—  x) 
2X')—  0  .  00000159  £  (3X'  —  2X) 
3X')  +  0  .  00000186  £  (4X'  —  3X) 
4X')+  0.00000057  £  (5X'  —  4X) 
5X')—  0.00000020  £  (6X'  —  5X) 
6X')+  0.00000003  £  (7X'  —  6X) 
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By  the  substitution  of  the  value  of  ^  which  belongs  to  1850  in  the 
formulas  for  u  and  u',  we  ascertain  that  the  arbitrary  constant*  c  and  d 

have  the  values 

c  =  340"  15'  45TS     ,    </  =  160'  15'  46?2. 

These  values  should  differ  by  exactly  180°;  the  small  deviation  is  attribut- 
able to  accumulated  errors  of  calculation;  we  adopt  c  =  340°  15'  45". 7. 
The  expressions  for  the  two  arguments  g  and  g7  are  then 

x  =  304*  V  43T5  +  27:73010  (I  — 1850), 
x'  =   88°  r  28T2  +    4T09951  (t  — 1850). 

We  see  that,  in  spite  of  the  extreme  slowness  of  convergence  exhibited 
by  the  coefficients  of  the  original  form  of  It,  the  final  expressions  we  have 
arrived  at  for  determining  the  elements  appear  tolerably  convergent 

In  his  recent  prize  memoir  (Die  SdctUarm  Verdnderungen  der  Bahnen 
tier  OroMfn  Planeten,  p.  256),  Mr.  Paul  Harzer  ban,  instead  of  our  annual 
motions  of  the  arguments  g  and  %',  the  values  31".456547  and  3". 918590. 
The  somewhat  large  difference  between  the  values  of  the  motion  of  g  is  due, 
I  think,  to  a  cause  which  Mr.  Harzer  has  noted  in  the  Nachtrag  to  his 
memoir,  as  well  as  to  his  neglect  of  second  order  terms  which  arise  from 
the  argument  twice  the  movement  of  Saturn  minus  that  of  Jupiter.* 

The  expressions  we  have  obtained  need  to  be  completed  by  the  addition 
of  the  terms  arising  from  the  presence  of  the  six  planets  not  considered  in 
this  investigation.  Adapted  from  the  formulas  of  Stockwell,  they  are 

I  **m  =  — 0.0000061  ~(  87*  18'+    6".50543<)   +0.0000104  £(  15*  38'  +    7".32997O 
— 0.0000011 « (331*  !«' +  17".S71181)   +0.0000006  £(136  •     6'  +  18-.03676I) 
+0.0000645 £(  71*  61'+    0".63867«)   +0.0019846  £(  107°  41'  40"  +  3*.70698I)  . 
/£.'=— O.OOOOOM*(  87*  18'+    6".60543<)   +0.0000107  £(  16'  38'  +  7".32997«) 
-4.0000077  £(331°  16'  +  17'.37128<)   +0.0000076  £(  136"  6'  +  18".03676f) 
+0.0000716 £(  71»  61'+    (T.63867O   +0.0018117  £(  107'  41'  40"  +  J-.70688O . 

It  should  be  mentioned  that,  in  the  preceding  investigation,  the  effect 
of  the  terms  of  two  dimensions  as  to  planetary  masses  in  the  inter-action  of 
Jupiter  and  Saturn  on  the  expressions  just  written  has  been  neglected. 
Also  the  influence  of  the  terms  of  the  third  order  with  respect  to  eccen- 
tricities and  inclinations  has  been  neglected,  except  when  they  involved 
solely  the  eccentricities  of  Jupiter  and  Saturn.  These  effects  are,  however, 
probably  small  in  comparison  with  those  which  are  considered. 

•  Om  UM  Utter  poUt  eoMmlt  A«ra«.  ftftrt  •/  <**  Am*rie»n  fplumtrit,  VoL  IV,  p.  SSI. 
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MEMOIR  No.  63. 
On  Intermediary  Orbits  in  the  Lunar  Theory. 

(Astronomical  Journal,  Vol.  XVIII,  pp.  81-87,  1897.) 

The  difficulties  investigators  have  met  in  the  endeavor  to  push  the 
approximation  to  the  coordinates  of  a  planet  beyond  the  simple  Keplerian 
theory,  by  reason  that  the  time  appeared  as  a  multiplier  outside  of  the 
trigonometrical  functions,  are  at  once  removed  if  we  consent  to  divide  the 
potential  function  otherwise  than  is  commonly  done.  This  modification 
has  given  rise  to  what  are  known  as  intermediary  orbits.  But  the  way 
Gylden  and  others  have  introduced  them  seems  unnecessarily  obscure,  as 
they  are  often  discussed  without  the  slightest  reference  to  the  law  of 
gravitation. 

In  the  lunar  theory  much  will  be  gained  if  we  can  make  the  perigee 
and  node  have  a  uniform  motion  already  in  the  first  approximation.  Now 
the  disturbing  function  of  the  solar  action  may  be  considered  as  involving 
a  term  which  is  rigorously  proportional  to  the  square  of  the  radius  and 
another  proportional  to  the  square  of  the  moon's  perpendicular  distance 
from  the  plane  of  the  ecliptic.  The  first  will  give  rise  to  a  movement  of 
the  perigee,  while  the  second  will  impart  a  movement  to  the  node. 

We  may  then  write  the  potential  function  belonging  to  our  problem 


**'*' 


where  p  denotes  the  sum  of  the  masses  of  the  earth  and  moon  and  x,  x'  are 
two  constants  to  be  so  taken  that  the  perigee  and  node  obtain  their  actual 
motions.  Then,  in  considering  the  further  effects  of  solar  perturbation,  we 
subtract  from  the  ordinarily  given  disturbing  function  the  terms 

t*(iT+f)  +  i*t 

The   differential  equations   of  our   problem   in  terms  of  rectangular 
coordinates  are 


=** 
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They  admit  the  two  integrals  of  conservation  of  areas  in  the  plane  xy 
and  of  the  conservation  of  living  forces;  or,  as  they  may  be  written, 


_  k 


Here  the  time  is  the  independent  variable,  but  the  equations  to  be 
treated  are,  to  a  considerable  degree,  simplified  if  we  adopt  for  this  the 
true  longitude  of  the  moon.  Let,  as  usual,  u  denote  the  reciprocal  of  the 
moon's  curtate  radius,  •  the  tangent  of  the  latitude  and  r  the  true  longitude. 

Then,  bearing  in  mind  that  here  -»-  =  0,  the  differential  equations,  usually 
given  for  these  variables  and  the  independent  variable*,  take  the  form 


*  3 

*  — 


dt       1 


But  a  =  Ai«  (!  +  «•)-«  +»•»-•  +  »«•«-•••; 

if  we  substitute  this  value  in  the  first  and  second  equations  of  the 
preceding  group,  and,  for  simplicity,  put  ft  =  Mi',  x  —  aft*,  x  —  x'  =  /3A", 
where  k,  a,  /?  are  constants,  we  get 

+  u  +  «*-•  _  t  (1  -(-  «•)  -I  =  o 


We  may  get  rid  of  the  constant  k  by  substituting  ku  for  u  and  then 
writing  a  for  a*"4  and  ft  for  fik~*.    Thus  we  have 


+[!  +  *-']•  =0 

These  equations  admit  the  integral 


Since  the  left  member  of  this  cannot  be  negative,  if  we  construct  the 
algebraic  surface  whose  equation  is 

fe  (1  +  O~»  -«•  +  [«  +  («  -  fl  «•]«-•  +  C  =  0 

•TIMUAJTD,  JMeMlfiM  CW«*«,  Tom.  I,  p.  90. 
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the  moon  must  move  on  that  side  of  this  surface  for  which  the  left  member 
of  this  equation  remains  positive.  But,  for  the  value  of  the  arbitrary 
constant  C  which  obtains  in  the  lunar  theory,  this  surface  will  have  a  fold 
which,  enveloping  the  origin,  is  closed.  Moreover,  for  any  given  time,  the 
moon  will  be  found  to  be  moving  within  this  fold.  This  affords  us  an 
inferior  limit  to  the  value  of  «. 

The  latter  of  equations  (1),  which  more  especially  determines  s,  is 
satisfied  by  the  value  s  =  0.  While  s  does  not  vanish  in  the  actual  lunar 
theory  it  is  nevertheless  quite  small,  and  we  can  see  that  its  expression  has 
a  constant  factor,  which  if  small,  will  render  s  small.  Thus,  in  a  first 
approximation,  we  can  assume  s  =  0.  The  introduction  of  this  value  into 
the  first  of  equations  (1),  or  into  the  integral  equation,  shows  that,  in  this 
approximation,  v  is  determined  as  a  function  of  u  by  the  equation 

*  =  „  .M  _    «  (2) 

du       i]a  +  CV  +  2u*  —  «« "~  V  ^ 

involving  elliptic  integrals.  This  equation  has  been  treated  by  Legendre* 
and  Peircef- 

After  the  integration  of  this  equation  the  resulting  value  of  u  can  be 
substituted  in  the  second  equation  of  (1),  and  we  shall  have  a  linear 
differential  equation  of  the  second  order  with  variable  coefficients  for 
determining  s.  This  being  integrated,  we  can  substitute  the  resulting  value 
of  s  in  the  first  of  (1),  and  thus  a  more  approximate  equation  will  be  had 
for  determining  u.  This  alternate  use  of  each  of  the  equations  (1)  will,  it 
is  evident,  give  rise  to  an  elaboration  of  the  values  of  u  and  «  of  the 
following  form:  let  tan  t  denote  the  small  constant  which  factors  s,  i  being 
in  the  neighborhood  of  what  is  known  as  the  inclination  of  the  lunar 

orbit,  then 

«  =  Ut  +  f71  tan'  i  +  Ut  tan4  i  +  ... 
s  =  S,  tan  i  +  St  tan  •  i  +  S,  tan6  i  +  . . . 

where  the  U  and  S  will  be  independent  of  the  arbitrary  constant  tan  i, 
save  that,  involving  two  arguments,  £,  which  may  be  called  the  moon's 
anomaly,  and  >?,  which  may  be  called  the  argument  of  latitude,  these 
arguments  are  of  the  form  £  =  cv  +  const.,  >?  =  gv  +  const.,  c  and  g  are 
constants  which  are  developed  in  the  series 

c  =  c,  +  c,  tan  *  »  +  ct  tan '  i  +  .  . . 

ff  =  ff,+ff,  <an'  »  +gt  tan4  »  +  . ,  . 

where  CQ,  clt 9o,  ffi  ••••  are  independent  of  tan  i. 

*Traitt  del  Fonctioni  Elliptiquet,  Tom.  I,  p.  681. 
\Analyt\c  Mechanics,  pp.  394,  396. 
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As  to  the  constants  a  and  G  which  appear  in  Eq.  (2),  it  is  plain  we  are 
not  obliged  to  retain  them,  but  may  substitute  two  others  for  them.  Let  us 
adopt  a  and  e,  such  that 

«  =  (1  —  «0*  0  —  fl)  «*»  0  =  —  (3  +  ••)  a  +  9  (1  -f  «•)  a1, 

where  a  is  a  little  less  than  unity,  and  e  is  small.     Then  the  factors  of  A 
are  thus  shown: 

Eq.  (2)  can  be  somewhat  simplified  by  adopting  a  new  variable  w  such 
that  u  =  uw,  and  putting  y  =  -  -  which  gives 

rf*  _  w 

2w  ""?«•  —  (w  —  if  Vw  —  iyw  —  r(i  —  O 

The  adoption  of  a  new  variable  E ,  such  that 

w  =  (1  +  •)  <x»'  kB  +  (1  -  •)  tin «  \E  =  1  +  •  CM  £, 
produces  the  equation 

</.-  w 


w  —  «yw—  r  (I-*1) 

where,  as  r  and  £  will  be  supposed  to  increase  together,  the  radical  should 
always  receive  the  positive  sign.  In  order  to  avoid  the  appearance  of 
radicals  in  the  expressions  which  follow,  we  adopt  a  new  constant  to 
replace  -y  such  that 


Here  e  and  f>  are  small  positive  quantities  which  may  be  regarded  as  of 
the  first  order.     Then  the  last  equation  can  be  written 
dv  w 


If  we  adopt  three  new  constant*,  g,  h,  H,  such  that  they  are  de- 
termined by  the  equations 

f^=l  +  '+(rf^(l-0 
^  =  1+.  --^(i-,) 


s    ~~^  V(l— f)(l  — 4) 
the  last  equation  can  be  given  the  form 

d,  1  +  r+i*~~ 

ai-^vr 
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This  equation  can  be  further  transformed  by  adopting  a  new  variable 
4*  to  supersede  E,  such  that 


tan  $E= 


And,   employing   the   four  constants   k,  n,  /,  K  determined   by   the 
equations 


g~  (1  +  2e<5  +  <>')'  -163" 


the  differential  equation  takes  the  form 

~        1 

= 


It  will  be  perceived  that  the  constants  k,  n,  f,  are  positive  quantities 
of  the  first  order  of  smallness,  while  K  differs  from  unity  by  a  quantity  of 
the  same  order. 

The  form  to  which  the  equation  is  now  reduced  is  that  of  Legendre, 
and  it  shows  that  the  integral  involves  the  first  and  third  species  of  elliptic 
integrals.  But  we  may  here  introduce  the  0  function  of  Jacobi.  If  we  put 

<!>  =  am  (x) 
the  differential  equation  takes  the  form 


Deriving  the  constant  argument  a  from  the  equation,  (*2  =  —  1), 


we  have,  in  terms  of  the  0  functions,* 

/'  AX  ___  1  ["*'  (&0        LJM^O  —  «»)"!     , 

1—  Vm'Wun'x  -  ri.logan(ta)  |_8  (ia)  wg  0(x  +  id)  J 


d(ia) 
But  d  .  log  m  (ia)  _  en  (id)  ,    ...  _     1      /T^T 

-  i/  •  —  5  -     "—    -  7"1  —  >  **'•  I***/  -^   —  r-=   A/  -  —  -•— 

*(w)  *n(ta)  »/g\ff^i  — 


and,  putting  v  for  2tf  (1  —  /), 

+  J 


*  BIBTRAMD,  CaJcuI  Integral,  p.  653. 
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The  well-known  periodic  development  of  6(x)  is 


For  roost  of  the  applications  q  is  so  small  that  not  more  than  two  or 
three  terms  of  this  series  need  be  considered.  The  constants  involved  have 
the  significations 

~ 


K  = 


As  the  8  functions  in  our  problem  have  complex  arguments,  it  is 
necessary  to  separate  the  real  from  the  imaginary  portions.     This  has  been 

done  by  Jacobi*,  and  putting  6  =  !?;,  we  have 


;, 


And  if  we  make 

..• 

we  have 

?-»«n" 
•  -|-  conit  H  Mi  -f-  S  WO  tea  —  -f-  2  arc  Un  --  *  --  (. 


—  2arcUn  -  —  --  2»rcUn 


This  equation  gives  the  value  of  v  in  terms  of  x;  by  the  inversion  of 
the  series  x  can  be  obtained  in  terms  of  v;  from  which  can  be  found  cnz, 
and  thence  the  value  of  v  from  the  equation 


The  employment  of  elliptic  functions  in  the  treatment  of  the  problem 
does  not  appear  to  be  an  improvement,  since,  depending  on  two  arguments, 
they  can  not  be  tabulated  to  any  great  extent,  and  thus  interpolation  between 
the  given  values  is  necessarily  difficult.  In  addition  to  this  these  functions 
are  not  so  easily  multiplied  together  as  circular  functions.  Under  these 
circumstances  it  seems  the  employment  of  periodic  series  throughout  will 
have  the  greater  advantage. 

JfcMOTMfO,  Vol.  XXXIX,  p.  845. 
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I  will  now  show  by  a  numerical  example  how  much  easier  is  the 
treatment  by  computing  special  values  of  the  functions  involved  and  thence 
deducing  their  periodic  developments.  It  is  true  that  this  procedure 
demands  that  we  know  at  the  outset  the  values  of  the  two  independent 
constants  involved.  But  this  limitation  need  not  greatly  trouble  us. 

NUMERICAL  ILLUSTRATION. 

Let  us  assume  the  values  e  =  0.055  and  £  =  0.1.  This  value  of  e  is 
about  that  which  obtains  in  the  actual  lunar  theory.  The  value  of  5  con- 
siderably exceeds  that  which  would  give  the  observed  motion  of  the  lunar 
perigee;  but,  by  its  employment,  we  shall  better  exemplify  the  advantages 
of  the  numerical  method. 

We  compute  to  the  argument  E  for  every  30°  in  the  semi-circumference 

the  values  of  w  and  -j=,from  the  formulas 
aJ£ 


W 


ff,       ,    .  ,. 

dti       yw'_2^w  —  /•(!  —  e) 

The  computation  of  the  latter  equation  will  be  facilitated  by  using  the 
quantities  6  and  x  derived  from 

8in"  =  L 


,  - 

w  \  w    /  2  cos'  J«  COBS 

when  -j=,  =  1  +  x.    The  following  are  the  values  arrived  at: 


0°  1.0550000000  1.0621369983 

30  1  .  04763  13972  1  .  06277  08524 

60  1  .  02  750  00000  1  .  06456  66064 

90  1.0000000000  1.0671823976 

120  0  .  97250  00000  1  .  07000  58547 

150  0  .  95236  86028  1  .  07221  86201 

180  0  .  94500  00000  1  .  07306  18242 

From  the  values  of  -^  we  obtain  the  periodic  development 
cus 

1.0673906237 
-0.00545  46813  cos   E 
+  0.00020  85064  cos  2E 
—  =  \  —0.00000  77215  cos  3E 
+  0.00000  02807  cos  4E 
-  0.00000  00101  cos  5E 
+  0.00000  00004  COB  6E 
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II.: 


By  integration  of  this  and  putting 

f  =  0.93686  41412  v  +  oonit., 
we  get 

—  1054T07407  sin   B 
+      20. 14611  sin  2£ 

—  0.49737  on  3£ 
+       0.01366  Bin  4B 

—  0.00039  Bin  SB 
+       0.00001  sin  6£ 

By  a  very  easy  tentative  process  we  ascertain  the  values  of  the  excess 
of  the  angle  E  over  £  to  the  argument  £  for  every  30°  of  the  semi-circum- 
ference. These,  with  the  correspondent  values  of  w  follow: 

M-f  w 

0:00000 
+512.29165 
897.78659 
1053.76895 
928.00622 
+542.53732 
0.00000 


i 

0° 

30 

60 

90 

120 

150 

180 


• 


1054T12213  sin   { 

17. 45483  sin  2* 

0.35334  sin  3f 

0.00704  sin  4£ 

0.00016  sin  5f 


1.0550000000 
1.0475629497 
1.0272924201 
0.9997190163 
0.9722859807 
0.9522964346 
0.9450000000 
From  these  special  values  we  derive  the  periodic  series 

0.9998594669 
+  0.05500  2 1473  coe  t 
+  0.00014  04918  coe2{ 
-  0.00000  2 1465  cos  3| 
+  0.00000  00413  cos  4£ 
—  0 . 00000  00008  COB  5£ 

The  latter  expression  conjoined  with  the  equation  giving  £  in  terms 
of  v  may  be  regarded  as  the  integral  of  the  differential  equation  between 
w  and  r.  It  will  be  perceived  how  rapidly  convergent  the  series  is.  There 
is  here  certainly  no  need  for  the  introduction  of  elliptic  functions. 

Turning  now  our  attention  to  the  treatment  of  the  differential  equation 

for  t,  let  us  assume  that,  in  the  equation  ^  1  +  |  1  -f  -£ .1  «  =  0,  3  has  the 

rftr      L        w  J 
value  0.01,  nearly  that  which  prevails  in  the  actual  lunar  theory.     We 

compute  then  the  following  special  values  of  '  ( : 

&  •{, 

0°  0.0080721674  120°       0.0111898407 

30  0.0083038497  150 

60  0.00897  89110  180 

90  0.01001 12472 


0.0121593782 
0.01253  92848 
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From  these  special  values  we  deduce 

1.0101581588 

—  0.00222  60030  cos    £ 
+  0.00014  72390  cos  2£ 

—  0.00000  92096  cos  3£ 
+  0.00000  03278  cos  4£ 

—  0.00000  00126  cos  5£ 
+  0.00000  00004  cos  6£ 

Changing  the  independent  variable  from  v  to  £  we  have  the  equation: 

1.1508961649 

-0.00253  61359  cos 
+  0.00016  77528 cos! 
—  0.00001  04927  cos  3£  \-s=0 
+  0.00000  03735  cos  4£ 

-0.00000  00144  cos  5£ 
+  0.00000  00005  cos  6£ 

To  integrate  this   we  put  £  =  e^"1  and  assume  that  s  =  2j< 

d 


i  taking  all  integral  values  positive  and  negative.     If  D  =  -^  \/  —  1  the 

at; 

differential  equation  may  be  written  IPs  =  2<  ©<£*.*,  where  &_t  =  ©,. 
00  is  equal  then  to  the  first  coefficient  in  the  last  equation  written  at  length, 
but  the  following  0's  are  equivalent  to  the  halves  of  the  succeeding 
coefficients  taken  in  order.  If  we  use  the  symbol  [i]  to  denote  (g  +  i)2  —  ©„, 
the  constant  coefficients  fy  satisfy  the  equation 


which  holds  for  all  integral  values  of/  positive  and  negative.  An  abbreviated 
specimen  of  the  equations  the  b}  satisfy  is  shown  as  follows: 


-      «,*_,— 


.-  *,»,—  ...=0 
,,—  0,4,-..  .=0 
i,—  ...  =  0 


All  the  b's  but  one  must  be  eliminated  from  this  group  of  equations 
and  the  result  is  an  equation  which  determines  g.  I  have  given  this  equation 
previously*  to  a  degree  of  approximation  which  more  than  suffices  for  our 
present  purpose.  Employing  it,  we  find  that  g  =  1.0727978607;  that  is, 
calling  the  principal  argument  of  the  latitude  >y,  we  have 
y,  =  g%  4-  const  =  1.00506  58465  v  +  const. 


*  Anna.lt  of  3fat!umatic>,  Vol.  IX,  p.  86. 
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We  can  now  solve  the  group  of  equations  determining  the  b'a  in  terms 
of  one  of  them,  preferably  ^ .  The  solution  gives  us 

A  A 

•  =  A.  £,  r   t  <»+»  I  •  ^  +   b'  .\y~t~ 

*.  5 

where  fy,  and  b0'  are  the  arbitrary  constants  introduced  by  the  integration. 
Hut,  in  place  of  b^  and  bj,  we  substitute  the  arbitrary  constants  i  and  A, 
•uch  that 

*.=  »tan«.«»"^,    ».'  =  —  »Uni.«^=» 

Then,  »•  being  equivalent  to  g%  +  Jl, 

•  =  Un  i  r,  *'  tin  (t  +  if) 
*• 

We  solve  the  group  of  equations  giving  the  values  of  the-*-'  by  using 
the  method  of  gradual  approximations  through  recursion.  Only  one  repe- 
.it ion  of  this  is  necessary  to  get  the  values  of  the  f(  correct  to  the  tenth 

DO 

decimal.     The  value  of*  arrived  at  is: 

—  0.00000 00004 sin  (i»  — 5£)  —0.0004030991  sin  (,-f 
+  0.00000 00815 sin  (,  —  4f )  +0.00001  01773  sin  ( ,  +  ! 

—  0.00000  18705 sin  (,  —  3{)  —  0.00000  03429  sin  (,+ 

—  0.00028 38410  sin  (,  —  2()  -f  0 . 00000  00077  sin  (,  + 
-f  0.00110  66224  sin  (,—  O  -  0 . 00000  00002  sin  (,+ 
+  1.00000  00000  sin   7 

That  this  series,  infinite  in  two  directions,  is  convergent  scarcely  needs 
demonstration. 

The  next  step  in  the  treatment  of  the  problem  is  the  determination  of 
the  part  of  w  factored  by  tan*t.  The  rigorous  equation  for  w  is 


«  =  Un  i 


or,  neglecting  the  fourth  and  higher  powers  of  », 
^+[l  +  r^=^-']w-(i+r)  + 
Making  £  the  independent  variable  and  putting 


the  integral  of  this  equation  takes  the  form 


iv.-ie 
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If  w  must  receive  the  increment  5w  on  account  of  X  hitherto  neglected, 

we  must  have 

dwd.Sw 


But,  by  the  theory  of  the  variation  of  arbitrary  constants,  $w  may  be 
supposed  to  result  from  the  application  of  a  correction  to  the  arbitrary 
constant  which  completes  the  value  of  the  argument  £.  This  correction  can 

as  well  be  supposed  to  be  applied  to  £.     Calling  it  5£,  we  have  3w  =  -^  &%> 

u£ 

and,  making  this  substitution  in  the  last  equation,  we  have 

dw'd.d*  .  dwd'vr  ...       dW  ,.   ,    v 
-- 


Cancelling  the  terms  in  both  members  of  this  which  are  equivalent, 
we  have 


w.          „ 

=  X'  S  = 


The  last  gives 


d  w 
As  the  factor  -,-  enters  into  this  expression  an  equivalent  number  of 

times  when  we  consider  both  sides  of  the  integral  signs,  we  can  reject  from 
it  a  factor  which  makes  it  small.     However,  this  factor  must  be  restored 
when  we  derive  from  the  expression  for  ££  the  part  of  it  proportional  to  £, 
that  is,  the  part  of  the  motion  of  the  perigee  proportional  to  tan2i. 
From  the  preceding  value  of  s  we  derive 


—  0.889261535 
-0.00125  0668  cos    £ 

+  0.000 18  6447  cos  2£ 
-f  0.00000  3714  cos  3£ 

—  0.00000  0048  cos  4£ 


+  0.00000  0002  cos  (27,  — 5£) 

-  0.00000  0516  cos  (2rj  —  4£ ) 

-  0 . 00000  3882  cos  ( 2,  —  3|) 

-  0 . 00050  2660  cos  (2,  —  2£) 
+  0.001968352cos(2r;—   £) 
+  0.88925  9439  cos    2r, 

-  0.00071  6900  cos  (2r,  +    £) 
+  0.00017  8311  cos  (2,  +  |£) 
—  0 . 00000  0617  cos  (2,  +  3£) 
+  0.00000  0014  cos  (2r,  +  4£) 


dw 


After  rejecting  from  -^the  constant  factor — 0.05600  21473  it  becomes: 


sin 
+  0.00510  8593  sin 

—  0.0001  17076  sin 
+  0.00000  3000  sin 

—  0.00000  0077  sin 
+  0.00000  0002  sin 


L 


=  sn 


0.999882847 
+  0.01022  3190  cos 
—  0.00023  4306  cos 
+  0.00000  6004  cos 
-0.00000  0154  cos 
+  0.00000  0004  cos 
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If,  in  the  periodic  development  of  «*,  we  limit  ourselves  to  the  portion 
independent  of  the  argument  17,  we  obtain,  after  multiplication  and  inte- 
gration, the  expression 

0.88950  7990  cos  { 
+  0.00258  4996  cos  2£ 

—  0.0001 14720  cos  3f 
-0.00000  0126  cos  44 

—  0.00000  0005  cos  5^ 


This  being  multiplied  by  the  factor  k~l 


there  results 


Un'i 

Dill  :  ,-   ' 


—  0.00910  OC25 

+  0.89010  8010  cos  ( 
-0.00652  3274  cos  2£ 

+  0.00013  7485  cos  3^ 
-  0.00000  7  173  cos  4f 

+  0.00000  0227  coaSf 

—  0.00000  0007  co§«£ 


~ 


For  the  integration  which  comes  next  in  order  let  us  out 

/,.  " 

[r.  -I-  r,  001  e  +  r,  <x»  2  •  +  .  .  .]  ^  =  [t.  +  ,,  «*  s  +  ,,  cos  2  •  -f  .  .  .] 

By  differentiating  this  equation  and  comparing  the  coefficients  it  will  be 
found  that 

*  -  -»r,-  4r,-6r.-... 
«.  -  —  rt—  8r,  —  5r,  -... 
••  -  -  r.  -     r,  —  3r,  -  3r.  -  .  .  . 
'.  -      Ir,  -I-  Vr.  -f  •  .  . 
••  -       r,  +   f  r.  +  .  .  . 


s  -      ir.  -I-  .  .  • 

Applying  these  formulas  it  is  found  in  the  first  place  that 

h  =  -f  0.013075286  tan'i. 

If  this  is  multiplied  by  k,  we  shall  have  the  portion  of  the  motion  of  the 
perigee  factored  by  tan1*,  which  is 

*:  =  —  0.23772317  tan'  » 
The  residual  portion  of  the  integral  is 

—  0.890521697 

+  0.01  563  8207  cos   £ 
+0.000276726  cos  2* 
-  0.00000  71  84  cos  3f 
+  0.00000  01  51  cos  4( 

—  0.00000  0004  cos  54 


:.u,    , 
-;:.  ,r 
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If  this  is  multiplied  by  k-=-?  we  obtain 


<Jw  =  tan  *  t  - 


—  0.89033  736 
+  0.00653  204  cos 
+  0.00056  429  cos 
-  0.00001  295  cos 
+  0.00000  027  cos 


For  the  portion  of  <5w  which  involves  the  argument  v\  it  is  necessary  to 
employ  the  linear  differential  equation  of  the  second  order 


In  this  we  have 


'-!_ 


If  we  put 


0.9989038887 
+  0.03077  06154 cos    £ 

—  0.00203  53235  cos  2£ 
+  0.00012  73071  cos  3£ 

-0.00000  45320  cos  4£ 
+  0.00000  01744  cos  5£ 

—  0.00000  00061  cos  6£ 


a  cos 


I          s1  =  SH.  cos  (2,  +  »f  )  ,    [t]  =  (9g  +  t)1  -  »t 
we  have  for  finding  the  coefficients  kt  the  following  group  of  linear  equations: 


—       «,*_,— 


)]*.-    »,  *,  —  ...  =  J5T. 

,  *„  +  [1]  *,  -  .  .  .  =  Bt 


These  equations  being  solved  we  obtain 

—  0 . 00000  007  cos  (2tj  —  6£) 
+  0 . 00000  227  cos  (ftj  —  5£) 

—  0 . 00010  285  cos  (2i,  —  4£) 

—  0.01836  848  cos  (2r,  —  3£) 
+  0.00407  911  cos  (2r,  —  2£) 

*w  =  ten1  i  1  —  0 . 29855  849  cos  (2r,  —   £) 

—  0.29386  799  cos   2r, 

—  0.00043  539 cos  (2rj  +    i) 
+  0.00000  630  cos  (2,  +  2£) 

—  0 . 00000  070  cos  (2r,  +  3|) 
+  0.00000  002  cos  (2,  +  4£) 


INTERMEDIARY  OKBIT8  1):, 

It  will  be  perceived  that  this  infinite  series  is  amply  convergent  for 
practical  purposes.  The  presence  of  the  small  divisors  [—  3]  =  —0.019 
and  [—  l]  =  +  0.021  ..  .  has  the  effect  of  making  the  coefficients  of  the 
arguments  2»?  —  3£  and  2*;  —  £  abnormally  large  in  the  series  of  coefficients, 
but  the  ratio  of  decrement  in  the  coefficients  is  scarcely  influenced  by  this 
circumstance. 

The  next  step  in  the  elaboration  of  the  subject  would  be  the  deter 
initiation  of  the  change  &r  in  «  which  is  caused  by  taking  into  account  the 
portion  of  w  factored  by  tanf».     Here  we  should  have  to  deal  with  the 
linear  differential  equation 


But  enough  has  been  done  to  show  the  practical  advantage  of  retaining 
periodic  series  involving  circular  functions. 
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MEMOIK  No.  64. 
Note  on  the  Mass  of  Mercury. 

(Astronomical  Journal,  Vol.  XIX,  pp.  157-158,  167,  1898.) 

Desiring  to  make  some  investigations  on  the  secular  perturbations  of 
the  solar  system,  it  was  necessary  to  choose  values  for  the  masses  of  the 
planets.  Mercury  gives  the  most  difficulty  in  this  respect,  the  values 
attributed  to  its  mass  being  so  discrepant.  They  have  been  derived  from 
its  action  on  Venus  or  on  Encke's  comet.  To  weight  them  and  so  take 
a  mean  is  a  method  of  treatment  which  does  not  recommend  itself.  Under 
these  circumstances  it  has  seemed  to  me  that  a  value  of  the  mass  deduced 
solely  from  analogical  considerations  might  be  acceptable. 

If  there  is  any  truth  in  the  nebular  hypothesis,  the  materials  forming 
the  masses  of  the  four  planets  Mercury,  Venus,  the  Earth,  Mars  and  the 
Earth's  moon  ought  to  have  approximately  the  same  chemical  constitution. 
Now  the  matter  composing  the  outside  layer  of  the  Earth  has  a  density 
about  2.55  (that  of  water  being  unity)  while  the  mean  density  is  5.67. 
We  hence  infer  that  the  density  varies  in  the  interior  through  the  effect 
of  pressure,  and  the  phenomena  connected  with  the  rotation  of  the  Earth 
are  very  well  satisfied  by  what  is  known  as  Legendre's  law  of  density 

fti  n  fifty 

p  =  k ;  where  p  denotes  the  density  and  r  the  distance  of  the  matter 

considered  from  the  center  of  the  Earth,  while  Jc  and  m  are  constants,  the 
latter  showing  the  degree  of  compressibility.  Without  making  a  violent 
hypothesis  this  law  may  be  extended  from  the  Earth  to  the  other  four  bodies 
under  consideration,  m  being  supposed  the  same  for  all,  while  k  may  be 
different  for  each.  Knowing  the  masses  of  all  the  bodies  but  Mercury, 
we  may  derive  the  value  of  A;  for  each  of  four  different  cases.  Then  we  may 
attribute  to  Mercury  a  superficial  density  equal  in  succession  to  that  of  each 
of  the  four  remaining  bodies,  and  thus  arrive  at  four  different  values  for 
the  mass  of  the  former ;  and  their  agreement  or  disagreement  will  afford  a 
criterion  for  the  measure  of  success  of  the  treatment. 


NOTE  ON  THB  MASS  OF  MERCURY  \  5  | 

I  have  compiled  the  following  table  of  necessary  data: 


S«  ail-diameter 

Rtelprwal 

1   n~ 

W 

at  dltUace  1 

of  mau 

1X>(   • 

Lof  yj 

Mercury 

3734 

9.58026 

0  03020 

m 

Venus 

8.646 

408000 

9.98827 

V  •  \i\J  V<V  V 

0.31283 

Earth 

8.78 

333470 

0.00000 

0.34632 

Moon 

8.393 

87178000 

9.43551 

0.01636 

Mars 

5.051 

8093500 

9.76013 

0.07881 

The  values  of  the  semi-diameters  are  those  which  are  employed  in  the 
American  EjAcmcru.  By  consulting  Houzeau's  Vade-mecum  de  TAetronome 
it  will  be  seen  that  astronomers  are  not  well  agreed  upon  these  constants 
even  in  quite  recent  times.  The  value  of  the  equatorial  horizontal  solar 
parallax  has  been  diminished  a  little  to  make  it  correspond  to  the  Earth's 
radius  in  latitude  35°.  Taking  this  radius  as  the  unit,  the  column  headed 
"Log  a"  gives  the  logarithm  of  the  radius  a  of  each  planet.  Let  R  denote 
the  density  at  the  surface  and  R'  the  mean  density.  Then  Legendre's  law 
of  density  gives  the  equation 

R  _  3  r  1 


which,  in  the  case  of  the  Earth,  becomes 

^[i--°°tm]  =  8xt66 

and  from  which  m  =  2.5518  =  148°  12'  20".     Having  now  the  value  of  m 
as  well  a*  those  of  the  several  a,  we  compute  the  values  of  ^-  for  each 

planet,  and  their  logarithms  are  inscribed  in  the  last  column  of  the  table. 

The  details  of  the  computation  of  the  mass  of  Mercury  severally  from 
the  four  other  bodies  is  thus  shown  : 


Log  reciprocal  of  mass 

5.61066 

Earth 
5.52306 

Moon 
7.43422 

Mar* 

6.49045 

*er 

1.22403 

1.25922 

9.56575 

0.53961 

R                             R 
Log  -p  of  planet  —  Log  ^  of  Mercury 

0.28263 

0.31612 

9.98616 

0.04301 

Log  reciprocal  of  mass  of  Mercury 

7.11732 

7.09840 

6.98613 

7.07307 

Mass  of  Mercury 

TlWrTfT 

TTT&YTT 

iniTT* 

II  II1?  4M 

The  three  planets  give  results  quite  accordant,  but  the  one  from  the 
Moon  is  somewhat  larger.  Taking  the  mean  of  the  four  values  we  have  for 
the  mass  of  Mercury  rr 
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ADDITIONAL  NOTE  ON  THE  MASS  OF  MERCURY. 

Since  the  appearance  of  the  Note  on  the  Mass  of  Mercury  (A.  J.  No.  452) 
it  has  occurred  to  me  that  the  cause  of  the  Moon  giving  a  larger  mass  for 
Mercury  than  the  three  other  bodies  treated  is  the  neglect  of  the  augmen- 
tation of  density  through  the  loss  of  interior  heat.  The  smaller  the  dimen- 
sions of  the  body  considered,  the  greater  will  be  this  augmentation,  provided 
other  conditions  remain  the  same.  Now  the  Moon  is  the  smallest  of  the 
four  bodies  treated  in  the  previous  note.  In  the  lack  of  any  information  as 
to  the  original  temperature  and  the  length  of  time  the  cooling  has  been 
going  on,  it  seems  the  best  we  can  do  is  to  suppose  that  the  effect  on  the 
general  density  of  the  body  is  proportional  to  some  power  of  the  radius. 
This  power  can  be  determined  from  the  data  given  in  the  previous  note,  by 
adopting  the  principle  that  that  value  is  to  be  used  which  will  bring  the 
results  from  the  four  bodies  into  closest  agreement.  Thus,  employing  the 

a' 
method  of  least  squares,  we  find  that  the  exponent  3  of  the  ratio  -•  used  in 

the  former  note,  ought  to  be  reduced  to  2.92849.  This  is  not  an  excessive 
correction  to  make  for  the  effect  of  cooling.  Substituting  the  latter  value 
of  the  exponent  for  the  former,  the  values  of  the  mass  of  Mercury,  severally 
from  the  four  bodies  treated,  are 

Vniiis  Earth  Moon  Mars 

TTF  TTir  inns        TTTTiTinr        ToTrjinnr        TTTZTrTnrr 

These  values  are  in  much  better  agreement  than  the  former,  and  the  mean 
gives  for  the  mass  of  Mercury  TV  rA  TTHT- 
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MEMOIR  No.  60. 

On  the  Inequalities  in  the  Lunar  Theory  Strictly  Proportional  to  the 

Solar  Eccentricity. 

UttronoBlcAl  Journal,  Vol.  XX,  pp.  115-184,  IBM.) 

This  article  is  in  continuation  of  that  in  A.  J.  No.  363,  to  which  the 
reader  is  referred  for  the  explanation  of  many  of  the  symbols  here  used. 
I  have  there  elaborated  numerically  the  special  case  of  the  theory  in  which 
we  have  e  =  0,  y  =  0,  e'  =  0,  the  symbols  having  the  signification  Delaunay 
attributes  to  them. 

In  the  further  elaboration  of  the  problem  the  order  of  the  introduction 
of  complexity  into  it  is  not  indifferent.  For  it  is  plain  that  if,  an  the  next 
step,  we  treat  the  case  in  which  ef  is  to  have  a  determinate  value,  but  where 
still  e  =  0,  y  =  0,  we  shall  not  be  troubled  with  considering  the  motions  of 
the  perigee  and  node.  Also  the  subject  will  be  more  easily  handled  if  we 
do  not  attempt  to  take  account  at  once  of  terms  of  all  dimensions  with 
respect  to  «•',  but  in  succession  of  tho^e  of  one,  two,  three,  etc.,  dimensions. 
Probably  it  will  not  be  necessary  to  go  beyond  the  fourth  dimension. 

After  this  is  done  it  will  be  possible  to  consider  a  lunar  theory  in  which 
e  has  a  determinate  value,  but  in  which  still  y  =  0.  The  motion  of  the 
perigee  must  now  be  regarded,  but  that  of  the  node  need  not  yet  be  attended 
to.  In  like  manner,  as  before,  we  divide  the  investigation  so  that  terms 
severally  proportional  to  e,  e1,  tf,  etc.,  may  be  separately  considered. 

Finally,  the  complete  form  of  the  lunar  theory  is  elaborated,  in  which 
y  has  a  determinate  value  and  the  latitude  of  the  moon  is  considered.  Here 
it  is  necessary  to  notice  the  motions  of  both  perigee  and  node.  For  a  like 
reason  as  before  we  divide  the  work  so  that  terms  proportional  to  y,  y*t  y*, 
etc.,  may  be  separately  obtained. 

L 

In  the  former  article  it  was  supposed  that  the  motion  of  the  sun  about 
the  center  of  gravity  of  the  earth  and  moon  was  circular,  and  we  put 
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Here  we  propose  to  take  into  account  the  eccentricity  e'  of  this  orbit, 
neglecting,  however,  all  powers  of  this  quantity  above  the  first.  The 
differential  equations  for  the  moon's  coordinates  are  the  same  as  before, 
but  we  now  assume  that 

r'-  a'  (1  +  K)  —  a'd  cos  V,    /t'  =  E'  +  n't  +  Ze'  sin  I', 

I'  being  the  mean  anomaly  of  the  sun.  Then  the  function  R  of  the 
preceding  article  ought  to  be  augmented  by  a  quantity  Z  which  is  given  by 
the  equation 

Z  =  — 


Employing  here  the  rectangular  coordinates  x,  y,  let  us  suppose  that  R 
and  Z  are  expressed  in  terms  of  them.  In  forming  the  equations  to 
variation  we  employ  the  notation 

&R      „     d'R  &R_* 


and  call  the  augmentations  of  the  coordinates  which  are  strictly  proportional 
to  d  by  the  designations  &c,  by.     These  equations  are  then 


In  this  particular  case  we  no  longer  have  the  Jacobian  integral  in 
finite  terms,  but  we  may  have  it  expressed  by  an  infinite  periodic  series. 
Let  us  put 


Although  M  cannot  be  had  in  finite  terms,  nevertheless,  as  the  right  member 
is  a  known  function  of  t,  this  quantity  is  expressible  by  an  infinite  periodic 
series.  Then  the  equation,  which  here  takes  the  place  of  the  Jacobian 
integral  is 

tfo1  +  <¥         xdy  —  ydx 

Id?'  dr  =  M  +  lf+t> 

In  taking  the  variation  of  this  equation  we  note  that  when  the  arbitrary 
constant  C  is  developed  in  powers  of  e'  only  even  powers  present  themselves; 
consequently  &C=  0.  By  putting 


it  is  plain  the  variation  of  the  last  equation  may  be  given  the  form 

-dSx  .    „<%      dFt       dff  , 
F  j-  -\-  ff  -j*  —  -j-tx—  T—  5y  =  M 
dr  dr        dr  dr     ' 


*The  reader  is  asked  to  discriminate  the  two  uses  of  K. 
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It  is  also  evident  that  the  quantities  F,  Q,  H,  J,  K,  satisfy  the  relations 


= 

In  place  of  the  unknown  &r,  fiy  we  propose  to  adopt  p,  a  such  that 

4x  =  />,    *§r  =  G* 
The  three  equations  to  variation  then  become 


*%+**-* 

of  which  the  last  is  plainly  a  consequence  of  the  first  and  second.     For  the 
sake  of  brevity  employing  the  additional  notation 


and  introducing  a  single  new  variable  w  to  take  the  place  of  p  and  a,  the 
third  equation  to  variation  is  satisfied  by  making 


From  the  first  and  second  of  the  equations  to  variation  we  can  obtain 


Dividing  by  Lr  and  differentiating  we  get 

d  r  1  d(LwT\   .dp     d«  _  d  lN 
Tr  [If  "TTJ  +&  ~  3;  ~  Tr  U' 

But 

dp      d*_  ,  v/  1        1\  ,    ,11    ,    1 

--  *ir--|-I'     + 


Substituting  this  in  the  preceding  equation  and  putting 

-'[J+fH^-  '-^©-•' 

the  linear  differential  equation  of  the  second  order 


is  obtained  for  the  determination  of  w. 

The  value  of  w  resulting  from  the  integration  of  this  equation  would 

have  the  general  form 

w  =  AS  +BT+V, 

A  and  B  being  the  arbitrary  constants.     As  S  and  T  are  periodic  functions 
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involving  the  mean  anomaly  of  the  moon,  and  as  the  solution  we  need  ought 
not  to  have  terms  of  this  sort,  it  is  necessary  here  to  assume  that  A  =  0, 
B  =  0.  Thus  w  =  V,  where  V  contains  only  terms  of  the  same  periods  as 
those  occurring  in  W. 

After  w  has  thus  been  found  we  have 


Here  the  two  arbitrary  constants  must  be  so  taken  that  &c  and  8y  may  have 
no  terms  independent  of  I',  the  mean  anomaly  of  the  sun.  The  variations 
of  the  coordinates  usually  adopted  are  then 

3  (r  )  =  ~~  £  (xSx  +  y5y)  '  3/l  =  ?  (xdy  ~  ySx^ 

II. 

Although  the  preceding  treatment  constitutes  a  solution  of  the  problem 
in  an  analytical  sense,  and  possesses  much  elegance  on  account  of  the  sim- 
plicity of  the  square  of  the  velocity  as  expressed  in  terms  of  the  differentials 
of  the  rectangular  coordinates,  it  presents  difficulties  in  practice  when  the 
quantities  involved  must  be  developed  in  infinite  periodic  series.  The 
quantities  F  and  G,  periodically  vanish,  which  prevents  the  development  of 
their  reciprocals  in  infinite  series.  These  difficulties  can  be  overcome  by 
putting  the  factor  which  makes  the  quantity  vanish  in  evidence  and 
executing  the  integration  in  accordance;  the  infinities  then  disappear.  But 
the  easier  treatment  is  to  have  recourse  to  polar  coordinates. 

We  adopt  as  variables  for  expressing  the  moon's  position  ^  =  log  r, 
and  $.  In  order  to  avoid  the  writing  it  we  suppose  a  =  1,  and  adopt  the  V 
of  the  preceding  article.  Then,  supposing  V  and  Z  in  terms  of  ^  and  <J>, 
the  differential  equations  of  motion  are 


,  «_  .i. 

"         3U         *S*+g* 

and  the  Jacobian  integral 


Let  the  increments  of  4-  and  ^  having  ef  as  a  factor  be  denoted  by  ^  and  &£. 
To  facilitate  the  investigation  we  can  suppose  the  existence  of  two  variables 
p  and  a  such  that 
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It  i.x  vt-rv  plain  that  the  values,  p  =  a  constant,  <r  =  0,  must  satisfy  the 
equations  to  variation  which  result  from  those  of  motion  and  their  integral. 
TluiR,  when  we  obtain  these  equations  expressed  in  terras  of  p  and  a,  in  every 
case  the  factor  multiplying  p  must  vanish;  we  need  not  therefore  go  through 
tlu>  formality  of  deriving  it.  Hence,  in  making  the  transformation  from 
H,  <fy  to  p,  a,  we  can  limit  ourselves  to  the  expressions 

*=£••  •»--£- 

d*  d«      oV 
~ 


In  these  expressions  we  can  eliminate  the  second  and  third  differentials 
of  -^  and  $  by  means  of  the  original  equations  of  motion. 
Subjecting  the  Jacobian  integral  to  variation  we  find 


The  sum  of  these  three  equations  gives  the  variation  of  the  Jacobian 
integral. 

But  we  hav« 


~(_  .r3rrfV''_aFrf^-i    r/o> 

J  -    *  La*  dr        ^~fr\  -  FioV 


Consequently  the  equation  to  earuriton  derived  from  the  Jacobian 
integral  is 


or,  if  we  put 

A  ..  i  ra^^»    gF^-i    . 

J'-TL5Fo?~ST3"rJ+ 
it  will  take  the  form 


It  is  necessary  to  derive  still  another  equation  to  variation  from  the 
original  equations  of  motion.     Then,  if  we  take  the  variation*  of  both  and 

multiply  the  first  by  -  *  and  the  second  by  -    ^,  it  is  plain  from  the  equiv- 

''T  CIT 
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alents  we  have  given  for  -=-£  and  -j-    ,  that  not  only  does  the  term  in  p 


vanish,  but  also  the  term  in  -=J^.     Consequently  the  resulting  equation  will 
be  of  the  form 


We  can  eliminate  -£-  from  this  by  means  of  the  last  equation,  and  thus 

shall  have  a  linear  equation  of  the  second  order  for  the  determination  of  a. 

Proceeding  to  the  derivation  of  this  equation  to  variation,  we  divide 
the  somewhat  complex  mass  of  terms  into  four  parts. 

1.  Make  the  second  derivatives  in  the  equations  alone  to  vary  and  we 
get  the  terms 


But  by  differentiating  the  equations  of  motion  it  results  that 


,    ,  , 

~3T3F'    *B~tP"*      W 


2.  By  making  only  the  first  derivatives  in  the  equations  to  vary  we  get 
the  terms 

(II)  - 

3.  By  making  only  the  common  factor  e**  of  the  two  equations  to  vary 
we  get  the  terms 

(III) 


4.   In  fine,  by  making  only  the  second  members  of  the  equations  to  vary 
we  get  the  terms 


dr*          d<f,*  dr'  J 

By  adding  these  four  divisions  of  terms  we  arrive  at  the  equation 

9>F     **v\W  —  W-i- 


_ 

dr        d<f>  dr 
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No  symmetry  is  apparent  in  the  coefficient  of  a  as  written  in  this 
equation,  but  it  may  be  given  the  following  form: 

PdV  ,  a_P_d$~|dtf  ,    i  r3*F4£  ,  a  3'F  </y''  <ty      d'l'd<t>'~\ 

•3Fd»_3F<ft»-|d$_  ir3'J'd£'_o  3'K  rfv'-d*  ,  3' 
a      ;.  '  ~  a^  .1.  LJT      '  I  a.<i«  j,>       *  a.-.a^.  w.  w.   '  9^ 


Eliminating  ^  from  the  equation  by  means  of  the  value  given  by  the 
equation  to  variation  derived  from  the  Jacobian  integral  we  have 


In  order  to  reduce  this  equation  to  the  simplest  possible  form  we  intro- 
duce a  new  variable  w  such  that 

<r  =  V-*w 

If  we  put  Q  for  the  coefficient  of  a  in  the  equation  before  y    was 
eliminated  we  have  the  equation 


But 

,  pa'F  d^  ^.  9  3'^  d^»_i_3Vd»'-|  ,.  . 

m  *  t&?-3?  H  2  3^-^  +^3?  J  4  * 

,  r3'F  d^  ,  2  3'F  dV^  ,  3'V^'T      »  T3F  dv*  .  3F  <f*  -|  dv> 

*  Lsv'  "a?  H    a^ar**    a*f  d^  J  ~  *  LavrTr  +  a*  av  J  ^7 


d  P  _  1  T3F1  d»^  ,  «  3F  3K  dv'-d^  ,3 


. 


By  the  assistance  of  these  expressions  we  obtain  the  equation 


Consequently,  if  we  put 
V      3K\  d 


, 
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the  equation  determining  w  is 


Attending  to  the  integration  of  this  we  put 

v  =  Zb,  cos  (I'  +  tV)  ,    W=  £W<cos(l'  +  IT),    0  =  r0,  oostV 

These  summations  are  extended  from  i  =  —  <»  to  i  =  +  oo  ,  and,  in  the 
last  equation  we  hare  ©_{  =  &t.  Thus,  for  the  determination  of  the  un- 
known coefficients  b4,  we  have  the  group  of  linear  equations  represented 

generally  by 

-(;  +  m)'b,+  r.0,V,  =  JP, 

For  the  degree  of  approximation  we  wish  to  attain  it  is  necessary  to  go 
from  b_10  to  b10;  thus  we  have  21  equations  with  21  unknowns.  These  we 
solve  by  steps  of  approximation.  First  we  limit  ourselves  to  the  5  unknowns 
from  b_s  to  b2  and  the  5  equations  which  specially  determine  them;  after- 
wards, with  these  values,  it  is  easy  to  obtain  values  of  the  remaining 
unknowns  to  the  corresponding  degree  of  approximation.  With  these  values 
the  final  terms  of  the  5  equations  may  be  corrected  and  the  operation  of 
solution  repeated.  About  three  repetitions  of  this  procedure  suffice  to  obtain 
the  desired  degree  of  precision. 

III. 

In  reducing  the  preceding  results  to  numbers  we  employ  the  values  of 
the  constants  given  in  the  former  article.  We  there  gave  the  values  of  -I 
and  $  for  every  15°  in  the  semi-circumference  of  the  argument  r.  The 
expression  for  i  V  being 

W  =  C+  (1  +  m)'£  +  Jm'£  +  «,  J[t  cos  ty  +  *] 

i* 
+  °i  jj>  [$  COB  3<£  +  t  c°s  <f>] 

+  «.  £  [ft  C08  4*  +  A  COB 

COS  5<>  +  COS  3     +         COS 


for  facilitating  the  computation  of  special  values  of  this  function  and  its 
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several  partial  derivatives  with  respect  to  r,  r1,  and 
tablet*  of  the  values  of  its  several  terms  : 


we  give  the  following 


0 

+  917681072       +821762734       +4826876036 

+  1608768676 

+  1 

0021119 

108548880          822377451          4163466964 

1611882254 

+ 

8999688 

.< 

494001823          324080883       +8358010601 

1620399389 

— 

260691 

+  76786888         886888669            95787867 

1631988230 

7449868 

'" 

-833469441          888701365          8686618988 

1643501728 

1 

0344301 

627375749          330385734          4313582530 

1651833545 

72727  17 

.,, 

728239164         330940696         4964068806 

1654697845 

— 

19220 

.   . 

806888886          330264811          4318018308 

1651318930 

+ 

7242855 

120 

—299363477         888508975          3543044460 

1643539780 

1 

03343  56 

+  124577480          326131578            104089718 

1630663830 

74582  34 

150 

658  1381  1  3          323  75998  5       +286  06689  87 

1618794601 

+ 

278570 

165 

887987175          322024506          4157383207 

1810117527 

— 

6981325 

180 

+  984243695       +321389249       +48308337  7» 

+  1806941359 

-1 

0004143 

• 

!•,£««•*  ll«.£c«««f  A-.^eo§a*   As£    i%« 

«£«>o«*f    ,V,  «•£«>• 

**  i 

1  «.£"•* 

o 

It                                 11                                      it                                19 

ii                      11 

i« 

0 

+  6012671     +22133         +12642       +6689 

+  50                +88 

+  24 

15 

6816861     +10718            10927          6711 

+  12                h80 

23 

10 

6287480     -11888        +  6221          6771 

-45                  -   1 

21 

45 

4301314        88749        —    355          6864 

-35                —21 

17 

60 

3069638    —10876             6786          6937 

+  28 

13 

75 

1592021     +12021            11601          6997 

+  51                 -81 

+  7 

90 

+       8844        23404            13374          6018 

0                      0 

0 

105 

-1684142     +12108            11609          6994 

-51                 +21 

-  6 

120 

3051244     -10777             6801          5930 

-29                 +39 

18 

135 

1868881         88708        —    276          6845 

+  35                 +31 

17 

150 

6227846    —11904        +  6195          6760 

+  45                 +   1 

81 

:•  1 

6806818     +10671            10899          5698 

-13                -19 

83 

180 

—6002488     +23073         +12613       +6676 

-50                -38 

-24 

T 

-1.,;**   -v«,£-»f   -I-S-M   -II- 

-1-     -Ml 

III 

-II- 

e 

it                  ii                 ii             a 

II                  II 

ii          ii 

15 

-491895213     -2163655       -158975     -7780 

—  1291     -25 

-6 

-1 

30 

850200768        3038018          308407     -7616 

2243     -13 

9 

1 

46 

979005516     -2107337          438831     +356 

2601     +19 

-6 

2 

60 

846707944     +      770«8          540233        8147 

2263     +32 

0 

3 

75 

487839931         3341240          604974        7994 

1313     -  8 

+  6 

3 

90 

-     1816986        3136017          637304     +     23 

-       3        37 

9 

3 

105 

+  486656317        2247934          604885     -7967 

+  1306      -  8 

+  6 

2 

130 

844141154     +      86843          640071        8156 

2257     +23 

0 

3 

135 

978170193    —8099007          438460     -  387 

3603     +19 

-6 

3 

150 

849926552        3033360          308264     +7590 

3240    —18 

8 

1 

166 

+  491873786     -3163053      -158895     +7769 

+  1389     -24 

-6 

-1 
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0° 

0.0085982784 

15 

7.85904872 

0.0074023642 

30 

8.09402940 

0.0041482420 

45 

8.15117491 

9.9997358223 

60 

8.08185997 

9.9953674425 

75 

7.83146683 

9.9922144191 

90 

6.47127940n 

9.9911130885 

105 

7.86631621n 

9.9923604082 

120 

8.09933173n 

9.9956441626 

135 

8.16298202n 

0.0001168426 

150 

8.10321855n 

0.0046021576 

165 

7.  86698852ft 

0.0078981733 

180 

0.0091075964 

Where  it  is  necessary  the  order  of  the  last  decimal  is  expressed  by  the 
small  figures  at  the  top  of  the  column.  In  order  to  have  the  special  values 
of  the  various  derivatives  of  $  V,  correspondent  to  the  indicated  values  of  T, 
it  is  necessary  only  to  multiply  the  quantities  given  in  the  preceding  tables 
by  certain  positive  or  negative  integers,  in  all  cases  less  than  25  (their  values 
are  perceived  at  a  glance)  and  sum  the  products.  In  this  way  have  been 
formed  the  following  values  of  A],  A2  and  0: 

J,  A,  9 

0°  —2.14482694048  —2.40513462574  1.04507732771 

15  2.14686780544  2.39669231422  1.06008871631 

30  2.15260718883  2.37396306110  1.10132522091 

45  2.16083679576  2.34370656327  1.15820518016 

60  2.16952315004  2.31438960042  1.21573342349 

75  2.17619049365  2.29363641551  1.25821738300 

'90  2.17875271232  2.28650958317  1.27371295299 

105  2.17640682204  2.29472396608  1.25783602518 

120  2.17000528627  2.31645861412  1.21523359268 

135  2.16163959144  2.34656953751  1.15794475494 

150  2.15373426532  2.37739031475  1.10153814948 

165  2.14823941051  2.40044882863  1.06075059500 

180  —2.14628969217  —2.40899827791  1.04592130416 
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From  the  special  values  of  9  is  derived  the  following  periodic  series 
representing  it,  which  may  be  compared  with  that  given  in  the  memoir 
"On  the  Motion  of  the  Lunar  Perigee."*  The  differences  are  due  to  the 

inclusion  here  of  terms  dependent  on  ^  and  ft : 

1.1588404425 

11  88248  cos  r 

-     11408  84846  cos  2r 

30  72745  cos  3r 

76  55834  cos  4r 

42061  COB  5r 

183319  COB  fir 

966  cos  7r 

1085  cos  8r 

4-                      15  COB  9r 


H 


20  cos  10r 


Attending  next  to  the  determination  of  M  we  obtain 


0.00003  87849  sin     r 

0.00002  89353  COB     r 

+      2922  2  1996  sin   2r 

+      3914  43255  cos   2r 

10  80772  sin   3r 

+           16  51032  cos   3r 

•4-           17  81067  sin   4r 

H-           23  79574  COB   4r 

dM 

-|-                 8725  sin    6r 

+                13207  COB    5r 

«F  = 

+               12406  sin   6r 

>/  oo*f  +. 

+                16565  cos    6r 

•'  iin  r 

4-                     70  sin    7r 

+                   106  cos    7r 

+                     91  sin    8r 

+                   122  cos    8r 

+                        Isin    9r 

•4-                        Icos    9r 

• 

+                       1  sin  10r 

+                       IcoslOr 

It  will  be  noticed  that  M  does  not  contain  any  term  having  the  argu 

ment  I1.     After  integration, 

0.00003  22820  ain   r' 

0.00004  13948  cos   r 

+      2019  681  14  sin  2r 

+       1542  75047  COB  2r 

+            6  60460  sin  3r 

+            3  75361  cos  3r 

+            6  04140  sin  4r 

+            4  67478  cos  4r 

lf  =  - 

+                  2670  sin  5r 

V  iin  F  +  • 

+                 1788  cos  5r 

VoosT 

+                2789  sin  6r 

+                  2105  cos  6r 

•+•                    15sin7T 

+                     10cos7r 

+                     15  sin  8r 

+                     Hcos8r 

•Act*  JTctAMMliM,  Vol.  VIII,  p.  84. 
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From  this 

we  deduce  the  following 

SPECIAL  VALUES 

OF  A/ 

r 

0° 

+0.01555  25750  e'  cos  Z' 

15 

1345  00568  e'  cos  I' 

+0 

30 

+         772  63606  e'  cos  V 

45 

4  31439  e'  cos  I' 

60 

775  31651  e'  cos  Z' 

75 

1335  33942  e'  cos  I' 

+ 

90 

1538  19663  d  cos  I' 

— 

105 

1332  2081  le'  cos  I' 

120 

771  96674  d  cos  1' 

135 

4  83494  e'  cos  I' 

150 

+         765  49740  e'  cos  I' 

165 

1331  69118  e'  cos  I' 

— 

180 

+       1539  43534  e'  cos  Z' 

0  e'  sin  Z' 

01019  87512  e' sin  r 
1761  47242  e'  sin  I' 
2025  77999  e'  sin  r 

1746  54941  e'  sin  F 
1003  74843  d  sin  Z' 

2  34984  e'  sin  Z' 
1005  42422  e'  sin  Z' 
1741  00398  e'  sin  Z' 
2013  32650  e' sin/' 

1747  00847  e'  sin  Z' 
1010  22609  e'  sin  Z' 

0  d  sin  Z' 


In  the  next  place  are  obtained  the  following 

SPECIAL  VALUES  OF  W 


0°  +0.0720687725 

15  6373  32334 

30  4088  83403 

45  +         950  87713 

60  2206  67047 

75  4527  76228 

90  5372  55207 

105  4509  37054 

120  2185  72203 

135  +         952  71800 

150  4057  57123 

165  6311 42691 

180  +       7132  62653 


1  d  cos  Z'  0  d  sin  Z' 

lefcosZ'  +0. 04138  52211  3  e' sin  Z' 

1  e'  cos  Z'  7183  16977  7  e'  sin  Z' 

2  e'  cos  Z'  8317  24605  4  e'  sin  Z' 

7  d  cos  Z'  7219  14643  7  e'  sin  Z' 

5  «'  cos  Z'  +      4166  67510  0  d  sin  Z' 

6  d  cos  Z'  16  50666  6  e'  sin  Z' 
1  d  cos  Z'  4183  13967  5  e'  sin  Z' 

8  d  cos  Z'  7196  39977  7  e'  sin  Z' 

7  e'  cos  Z'  8257  34027  0  d  sin  Z' 
0  e1  cos  Z'  7111  96683  0  e'  sin  Z' 

8  e*  cos  Z'  —      4090  85272  9  d  sin  Z' 
6  e'  cos  Z'  0  e'  sin  Z' 


From  these  special  values  we 
in  periodic  series : 

+0.00925  20209  4  e' cos  Z' 
+  15  41991  7  e'  cos  (Z'- 

+       7279  31393  7  e' cos  (Z'- 
+          24  29723  0  e' cos  (Z'- 
30  68123  3  e'cos  (Y  — 
W=  \-  17058  8  tf  cos  (Z'- 

+  67579  Oe'  cos  (Z'  — 

+  404  le' cos  (Z'~ 

386  6  e' cos  (Z'  — 
3  9  e'  cos  (¥  — 
+  62e'cos(Z'  — 


derive  the  following  development  of  W 


T)  +0. 00002  48859  0  e'  cos  (Z'+  T) 

2r)  1008  74636  6  e'  cos  (Z'  +  2r) 

3r)  4  93926  3  e'  cos  (Z'  +  3r) 

4r)  +  4  08240  3  e'  cos  (Z'  +  4r) 

5r)  +  2614  9  e'  cos  (Z'  +  5T) 

6r)  9142  5  e'cos  (Z'+  6T) 

7r)  —  682e'cos(Z'+  7T) 

8T)  +  510e'cos(Z'+  8T) 

9r)  +  6e'cos(Z'+  9T) 

10r)  —  1  3  e'  cos  (F  +  10r) 
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By  the  integration  of  the  differential 
we  hare  the  following  expression  : 


w  = 


f  +° 

+ 

4MT450U9S«'oMr 

8  39399  90'  cos  (f—     r) 

—  0 

— 

•:-:•••  I---.'.;.',.-  i  F     -    2r) 

+ 

— 

3  38873  30'  cot  (F—   3r) 

+ 

+ 

13  88463  3  S  cos  (f--    In 

— 

+ 

3513  10*  cos  (F—   5r) 

— 

— 

7615  3  tf  cos  (F—   6r) 

+ 

— 

33  40*  cos  (r—   7r) 

+ 

+ 

6580'cos(r—   8r) 

— 

+ 

30'cos(/'  —    9r) 

— 

— 

4Vcos(r  —  10r) 

+ 

equation   which  determines  w 


00252  38205  50' cos  (r  +  r) 

30565254  10'co8(/'  +  %-'O 

2  30508  2  0"  cos  (P  +  3r) 

136791  6  e'oM(e+  4r) 

1215  00' cos  (f  +  fir) 

779  60' cos  (/"  +  6T) 

1100'cos(r  +  7r) 

6  6  f  cos  (F  +  8r) 

I«'co8(r  +  9r) 


From  this  are  derived  the  following 

SPKCIAL  VALUES  or 


<)•  — 0.02 157  68418  7  •'COB  r 

18  1807  47900  1  «'  cos  T 

84  4  903410*' COB  r 

45  +         486  01318  6«' cm  r 

60  184 103223  7  «' COB  f 

75  2862  853 15  8  «' cos  f 

N  3280  5680-1  9  «' COB  r 

105  2990  75178  6  «'  COB  f 

120  2088  92223  8  *  COB  f 

135  +         838  08675  4  «'  cos  /' 

150  41 194126  30' cos  r 

IIB  1323  18927  0  0' COB  r 

1-...  _       1685  69829  2  J  cos  f 


—4) 


0  J  sin  f 

01527  35055  8  tf  sin  f 
2640  55345  2  0'  sin  f 
3028  6444 130' sin  r 
2568  06398  4  0'  sin  r 
1365  6 1467  10*  sin  r 
260  41159  9  tf  sin  f 
1865  71010  90' sin  r 
300919711  le'sin/' 
3380  87043  2  0'  sin  I' 
2884  08 159  30' sin  r 
1651  34320  0  0'  sin  I' 

0  0'  sin  I' 


From  the  data  previously  obtained  we  get  the  following 


SPECIAL  VALUES  OP 


-. 

Or 


0' 

15 

30 

45 

60 

75 

90 

105 

120 

135 

150 

165 

180 


-4-0. 06091 01912  9  «' COB  r 
5158  78573  3  0'  COB  f 

+  2573  26074  0  0*  cos  f 
1055  7429 180' cos  r 
4812  57284  5  S  cos  f 
7677  79 144  4  0*  cos  f 
8832  37 137  30' cos  r 
7955  32897  20' cos  r 
5350  01353  20' COB  f 
1817  73486  60' cos/' 

+  1638  36514  7  S  cos  f 
4115  17345  9  «' cos  r 

+       5010  36052  90' CM  r 


00'sinr 

+0.04244  94386  6  tf  sin  T 

7395  94234  9  J  sin  f 

8582  53 152  60' sin/' 

7388  50262  6  4  sin  f 

+      4038  47342  0  0*  sin  F 

577  90963  9  tf  sin  F 

6141  45591  3e'  sin  F 

8345  26567  4  tf  sin  F 

9329  38253  0  0*  sin  F 

7900  93575  20'  sin  F 

—      4497  95751  8  0*  sin  F 

0/sinr 
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Applying  to   these   values  the  operation  of  mechanical  quadratures 
we  get 

f n  m  RQB  77Q«7  n  1 

—0.00552  99581  4 sin  T 

+       8957  77624  9  sin  2r 

+          24  305260  sin  3r 

126  13921  9  sin  4T 

59785  4  sin  5T 

4-             181944  3  sin  Gr 

+                  1055  8  sin  7r 

1988  2  sin  8r 

15  2  sin  9T 
4-                     22  2  sin  10T 


'—  0 

.01538773670 

+ 
+ 

539  56432  0  cos      T 
7190  05560  1  cos   2r 
962951  cos    ••••- 

dp_ 

dr 

- 

102  05093  8  cos    4r 
20314  4  cos    5r 
147482  3  cos   6r 

-  e'  cos  Z'  +  - 

-|- 

524  7  cos    7r 

— 

1616  2  cos    8r 

— 

80  COS     9r 

4- 

17  6  cos  10r 

sin  V 


By  integration  there  results 

—0.19032702071 

+         512  72406  0  cos  T 

4631  78417  9  cos  2r 

8  11629  9  cos  3r 

+           32  06357  3  cos  4r 

f>  =  -j  +               12025  9  cos  ST  j-  e'  sin  Z'  +  - 

30660  8  cos  6r 

151  7  cos  7r 

4-                   250  6  cos  8r 

4-                       1  7  COB  9r 
—                      2  2  cos  10T 


+0. 00498  11112  6  sin  T 

+       3782  26520  7  sin  2r 

-j-                53971  5  sin  3r 

26  160811  sin  4r 

4257  3  sin  5r 

4-                24993  5  sin  6r 

+                     76  7  sin  7r 

204  6  sin  8r 

9  sin  9r 

4-  1  8  sin  10r 


>•  e'  cos  Z' 


Hence  are  derived  the  following 


SPECIAL  VALUES  OF  p. 


0°  — 0.23 128  000281  e'sin  Z' 

15  22538  36845  4  e7  sin  Z' 

30  20920  39137  4  e'  sin  Z' 

45  18696  55948  6  e'  sin  Z' 

60  16468  61193  5  e'  sin  Z' 

75  14866  86931  2  e'  sin  Z' 

90  14368  54518  3  e!  sin  Z' 

105  15143  98827  2  e7  sin  Z' 

120  16997  68730  1  e'  sin  Z' 

135  19432  96679  0  e'  sin  Z' 

150  21808  24983  0  e'  sin  Z' 

165  23517  46011  4  e' sin  Z' 

180  —0 . 24137  45332  1  e'  sin  Z' 


4-0.0199798674 
3502  45719 
4134  64423 
3729  60631 
2394  78619 

4-  497  52806 
1433  29429 
2866  77746 
3429  38634 
3003  30996 

—       1739  46295 


0  e'  cos  Z' 

4  e'  cos  V 
9  e'  cos  Z' 
7  e'  cos  Z' 

5  e7  cos  I' 
4  e'  cos  Z' 

2  e'  cos  Z' 

4  e'  cos  Z' 
9  e'  cos  Z' 

3  e'  cos  Z' 

5  e'  cos  Z' 

6  e'  cos  Z' 
0  e'  cos  Z' 
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Having  now  the  special  values  of  p  and  w  we  get  the  special  values  of 
AA  and  A  fa  j  by  the  formulas 


... 
' 


Thus  far  we  have  kept  tf  indeterminate,  but  now  it  in  judged  advisable 
to  attribute  to  it  the  value  0.01677106,  which  is  the  same  as  that  used  by 
Delaunay.  Moreover,  the  coefficients  of  AA  are  transformed  into  arc. 

SPECIAL  VALUES. 

*       ..  „        ''' 

0°  —816.05984  4  «n  f  Owe/'  +36  75568*5  cot  T  Osini' 

15  792.69006  7  sin  T  +  70.75146  7  COB  V      30  48711  6  COB  f  +28  71933  1  sin  /' 

30  729.51228  3  sin  /'       122.68357  8  COB  /'  +13  55645  2  cos  /'      49  03195  6  sin  /' 

45  644.88729  3  sin  T       142.70351  7  cos  F  —  9  14362  9  COB  /'      55  29927  7  sin  /' 

60  562.56978  3  sin  J'       126.87367  1  COB  f      31  46083  3  coe  1'      46  14576  9  sin  F 

76  504.82460  4  sin  r        80.69018  6  coe  f      47  76870  9  cos  T  +24  33929  0  sin  /' 

90  486.97775  1  sin  F  +  16.89635  2  cos  /'      54  33233  6  cos  /'  -  -  4  38397  9  sin  /' 

105  614.25781  6  sin  /'  —  47.94719  4  cos  I'      49  81041  3  coe  V      32  82054  8  sin  I' 

120  680.81136  9  sin  r        97.26512  1  cos  /'      35  45410  3  coe  1'      63  77915  8  sin  F 

135  670.71818  9  sin  r       118.24174  1  cos  F  —14  92205  9  coe  V      61  56411  8  sin  /' 

160  761.  18733  6  sin  r      105.17933  6  cos  f  +  6  331760  coe  I'      53  48420  2  sin  F 

165  828.04911  1  sin  V  —  61.61056  4  cos  r      22  30531  6  cos  I'  —31  03229  5  sin  F 

180  —852.67727  6  sio  r                       OcoeJ'  +28  23767  1  cos  F                     OsinJ' 

By  the  application  of  mechanical  quadratures  we  get  the  following 
aeries.  Delaunay's  values  of  the  coefficients  are  added  for  the  sake  of 
comparison  in  the  case  of  the  longitude;  in  the  case  of  the  radius,  Delaunay 
having  stopped  with  terms  of  the  fifth  order,  it  seems  hardly  worth  while 
to  make  comparison.  They  have  been  obtained  by  making  in  his  expressions 

e  =  0,  y  =  0,  and  by  substituting  for  his  value  of  -,  the  value  which  corres- 

ponds to  the  constant  8".8  of  solar  parallax  ;  and  the  terms  which  involve 
the  simple  power  of  this  factor  have  been  multiplied  by  1  —  2ft  in  order  to 
take  into  account  the  moon's  mass;  but  no  inductive  terms  have  been  added. 
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Del.  Coeff. 

+  7"cOS(Z'  —  ST) 

+  lcOS(r  —  7r) 

+          699  cos  (Z' —  61-) 
-4-  74  cos  (/'  —  5r) 

+  65281  cos  (*'  — 4r) 
+  3124  cos  (/'  — 3r) 
+50  92412  cos  (P  — 2r) 
—  11723  cos  (I'--  T) 
W  =-!  —659. 23785  sin  I'  J.—  659.2305  5  ['•)=-! —H  47540  cos  I' 

+    4  28970  cos  (P  +    T) 
-  7  51559  cos  (/'  +  ST) 
+        5400  cos  (P  +  3r) 
9530  cos  (V  +  4r) 
+  53  cos  (P  +  5r) 

102  cos  (P  +  6T) 
Ocos  (/'  +  7r) 

1  COS  (V  +  8r) 


If  no  errors  have  been  committed  in  these  computations,  and  pains 
have  been  taken  to  detect  and  eliminate  them,  the  coefficients  set  down 
should  correspond  to  the  values  of  the  elements  employed  with  an  un- 
certainty of  not  more  than  a  unit  in  the  last  decimal. 


'—    0.  00009  sin  (l'  —  8r)  ' 

—     0.  00002  sin  (V  —  TV) 

M 

0.01054  sin  (P  —  6T) 

0.0038 

0.00144  sin  (Z'  —  5T) 

0.0014 

1.25517  sin  (/'  —  4r) 

1.1916 

0.09012  sin  (I1  —  3r) 

0.1160 

-152.  08250  sin  (f  —  8r) 

-152.1127 

+     0.59511  sin  (P--    T) 
—659.  23785  sin  i' 
+  17.  69186  sin  (I'  +    T) 

+     0.5718 
,—  659.2305    »(-)—• 
+  17.5918       Vr/ 

-  21.  60085  sin  (Z'  +  2r) 

-  21.6338 

+     0.  11250  sin  (Z'  +  3r) 

+     0.1045 

0.18003  sin  (P  +  4r) 

0.1809 

+     0.  00082  sin  (P  +  5r) 

+     0.0006 

0.00152  sin  (r  +  6r) 

+     0.0004 

+     0.00001  sin  (J'  +  TV) 

0.00001  sin  (P  +  Sr) 
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MKMOIK   No.  66. 

On  the  Extension  of  Delaunay's  Method  in  the  Lunar  Theory  to  the 
General  Problem  of  Planetary  Motion. 

(TrMMctlooi  of  the  American  Mathematical  SocUtjr,  Vol.  I,  pp.  »05-'J4'J,  1000.) 

PART  I.—  EXPOSITION  or  THE  TIIBORT. 

The  method  of  integrating  the  differential  equations  of  motion,  adopted 
by  Delaunay  for  the  elaboration  of  his  lunar  theory,  as  it  is  explained  by 
him,  demands  its  division  into  several  case*,  and  is  established  through  very 
tedious  transformations.  These  disadvantages  disappear  when  the  greatest 
generality  is  given  to  the  procedure.  Hence,  an  explanation  of  the  method, 
as  it  would  be  applied  to  the  motion  of  a  planetary  system  like  the  solar, 
will,  doubtless,  be  welcome  to  astronomers. 

I. 

Let  T  denote  the  living  force  of  the  system,  ft  the  potential  function, 
and,  with  Poincar£,  put 

F  =  Q  —  T. 

The  k  variables,  necessary  for  completely  defining  the  position  of  the  system, 
may  be  denoted  by  qlt  qtt  .  .  .,  qk.    Use  accents  to  denote  complete  differen- 
tiation with  respect  to  the  time  of  the  latter,  and  we  have 
T=  function  (qt,  j,,  .  .  .,  qt,  q',  q\,  .  .  .,  qt). 

The  partial  derivatives  of  this  function  with  respect  to  the  k  variables  ^, 
are  to  be  used  as  variables  instead  of  the  latter,  and  we  put 


'  =  Qg',  «  -  »•  «  .....  *>• 

By  means  of  these  k  equations  the  tft  can  be  eliminated  from  T,  and  thus 
will  result: 

T  =  function  (?,,  q,,  .  .  .,  qt,  pt,  pt,  .  .  .,  />.). 

Then  the  system  of  differential  equations  for  determining  the  variables/), 
and  qt  is: 

.     dF    <fq,_      dF 
=  ~'  «-!.•,.  ...«. 
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Let  us  suppose  that  £1  is  separated  into  the  two  parts  H0  and  flj,  and 
that,  when  we  neglect  flj  in  F,  the  equations  (1)  can  be  completely  inte- 
grated, and  their  integrals  expressed  in  terms  of  two  sets  of  k  quantities 

each,  symbolized  thus: 

Llt  Z/2,  .  . .,  Lk, 

*•!>       ^2>       •    •    •>      "•*) 

of  which  the  first  set  are  constants,  and  the  second  set  linear  functions  of  the 
time  of  the  form  nf  +  ct,  7i(  being  a  function  of  the  Lit  and  c(  an  arbitrary 
constant.  Nothing  forbids  our  taking  the  Lt  such  that  they  may  be  the 
elements  severally  conjugate  to  the  %{. 

Now,  desiring  to  integrate  the  equations  (1)  when  F  has  its  complete 
value,  we  may  adopt  the  L{  and  the  ^  as  the  dependent  variables  to  be 
employed.  The  differential  equations  of  the  problem  are  then : 

(z\  dL{_dF    dlt_  _dF  _ 

&--&?   dt~        3^' 

Here  the  function  F  has  been  made  to  involve  the  Lt  and  /14  by  eliminating 
the  old  variables  p<  and  q(  from  it  by  means  of  their  values  given  by  the 
integrals  derived  on  the  supposition  that  £1  =  £10.  As 

F  =  a  constant 

is  an  integral  of  the  problem,  and  fl0—  77=  a  constant,  when  £lj  is  neglected, 
it  is  quite  evident  that  when  we  substitute  in  fl0 — T'for  p(  and  qt  their  values 
in  terms  of  the  L(  and  /I,,  the  /l(  completely  disappear  and  H0  —  T  becomes  a 
function  of  the  Lt  only.  Thus,  in  the  second  form  for  F,  the  variables  \ 
enter  into  it  solely  through  the  portion  fll. 

II. 

In  order  to  exemplify  we  will  adduce  the  solar  system  composed  of  the 
Sun  and  the  eight  major  planets.  We  will  suppose  that  the  masses  of  the 
Sun,  Mercury,  Venus,  .  .  .,  Neptune  are  denoted  by  m0,  mlt  mz,  .  .  .,  mB) 
and  will  put 

J«<  =  '»o  +  »»i  +  ™,  +  •  •  •  +  ™<>   "i  =  ^  «  =  0,  1,  .  .  .,  8). 

Let  the  type  of  representation  of  the  rectangular  coordinates  of  the  planets 
relative  to  the  Sun  be  as  follows: 

Mercury  a;,, 
Venus      x,  +  «,*,, 
Earth       xt  +  xtx,  +  «,«,. 



Neptune  z8  +  x,a;7  +  . . .  +  *,«,• 
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The  differential  equations  these  variables  satisfy  are: 

.  ***,     da 


(3) 


£b 

ft,_da. 


«  .  1.1,  .  . .,  8). 


Here  A  denotes  the  sum  of  the  products  of  every  two  masses  of  the  system 
•  ii\  i-l.-il  by  their  distance,  a  relation  we  will  write  thus: 


Suppose  that  the  portion  to  be  separated  from  SI  is 


r,  standing  for  */  a-J  +  yf  +  tj.   Then,  if  ft,,  is  substituted  for  ft  in  equations 
(3),  and  the  members  are  divided  by  /*<_,*,,  we  get 


,   "•  «• 

~       Mt 


It  will  be  seen  that  each  group  of  these  equations,  corresponding  to  the  same 
value  of  i,  is  independent  of  all  the  rest,  and  that  it  differs  from  the  group 
of  equations  of  relative  motion  of  two  bodies  only  in  that  the  constant 
•n0/*«/Pt-i  takes  the  place  of  mt+  m{. 

Let  a,  be  the  semi-axis  major,  ei  the  eccentricity,  <j>,  the  inclination, 
/,  the  mean  anomaly,  gt  the  angular  distance  of  the  perihelion  from  the 
node,  and  ht  the  longitude  of  the  node.  Put 


(7) 


(1  - 1,  t, . . ., »). 


.  .fiT,  =  0,  cot*. 

Then,  when  the  elements  become  variable  by  reason  of  the  addition  of  flt 
to  ft,,  they  will  satisfy  the  differential  equations: 

dL,_dR,    dl,__ 


(8) 


dR. 
do: 


_ 

~n  -air- 


a/,' 

dR. 

do, 

dR, 


(•-!,»....,  8). 
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where  Rt  will  be,  in  terras  of  fllf  mentioned  above, 

m  --*— 
(9)  7?          "/«,_, 

v      '  /T .    — —      _  ^~    > 


(«  =  1,  2,  .  .  .,  8). 


Desiring  to  have  the  same  perturbative  function,  whatever  may  be  the 
integer  i,  we  multiply  the  values  (7)  of  Lit  Gi}  Ht,  as  also  the  value  (9)  of 
Bt  by  the  constant  fit-ixt,  which  does  not  alter  the  form  of  equations  (8). 
We  now  have : 


0.  =  L, 

Hi  —  0, 


_  .„       „  ***-' 

(io)  {„    ,  ,_— :  (i=i,3,...,8). 

as  also : 

(11) 

If  the  planetary  coordinates  in  the  last  equation  are  replaced  by  the  elements 
(10)  and  the  li}  (jit  ht,  the  differential  equations  of  the  system  are: 


(12) 


dLt  _ 

~== 


dlt 
(it 


_ 

dL,' 


dF    dgi=_ 
~  d,'    dt 


(i  =  1,  3, 


8). 


dHt 


=   __ 
dh,  '   dt  '        dHt' 

In  the  second  term  of  the  right  member  of  (11)  the  quantities  1/A03, 
. .  .,  I/AOS,  can  be  developed  in  infinite  series,  the  first  terms  of  which  are 
l/rs,  l/ra,  . .  .,  l/r8,  and  thus  are  cancelled  by  the  term  l/rt.     Then  the 
two  latter  terms  of  (.11)  are  of  the  second  order  with  reference  to  planetary 

masses. 

III. 

In  order  to  make  the  application  of  Delaunay's  method  it  appears 
necessary  that  F  should  be  developed  in  a  series,  finite  or  infinite  and 
periodic  with  respect  to  the  variables  lit  git  hl}  which  have  been  named  the 
angular  variables.  In  astronomical  problems  the  series  is  generally  infinite. 
For  legitimate  employment  this  series  must  remain  convergent  throughout 
the  whole  duration  of  motion,  while  t  is  passing  from — « to  +  oo .  It 
becomes  then  pertinent  to  ask  what  conditions  must  be  fulfilled  in  order 
that  this  series  may  be  convergent.  It  is  well  known  that  the  reciprocal  of 
the  distance  between  two  planets  can  be  developed  in  a  convergent  infinite 
series,  periodic  with  respect  to  the  mean  anomalies  of  the  planets,  provided 
that  the  orbits,  as  they  stand  in  space,  have  no  point  in  common,  or  when 
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the  reciprocal  of  the  distance  never  becomes  infinite.  The  condition  of  con- 
vergence in  the  present  case  is  precisely  similar  to  this.  Here,  however, 
not  only  the  mean  anomalies  /,  are  left  indeterminate  in  the  series,  but  also 
the  remaining  angular  variables  $r,  and  //,  which  define  the  position  of  the 
perihelia  and  nodes.  Hence,  in  the  present  case,  there  must  not  only  be  no 
actual  intersection  of  the  orbits,  but  none  when  the  perihelia  and  nodes  are 
shifted  in  every  possible  way,  the  linear  variables,  or  the  mean  distances, 
eccentricities  and  inclinations  retaining  their  actual  values.  In  the  Delaunay 
development  of  the  reciprocal  of  the  distance  between  two  planets,  it  is 
necessary  and  it  suffices  for  convergence  that  the  perihelion  radius  of  one 
of  the  planets  should  always  exceed  the  aphelion  radius  of  the  other. 

We  may  consider  this  subject  under  a  more  general  aspect.     Let  F 
have  the  periodic  development 

where  *,...**  are  the  angular  variables,  they  positive  or  negative  integers, 
and  A  is  &  function  of  the  linear  variables  L  only.  That  this  infinite  series 
may  be  convergent,  F  must  not  only  actually  never  become  infinite,  but 
never  even  potentially  so.  It  is  necessary  here  to  explain  what  we  mean 
by  the  qualifying  epithet  "potentially."  If,  while  the  linear  variables  L 
are  supposed  to  maintain  their  actual  values,  and,  consequently,  the 
coefficients  A  their  actual  values,  we  allow  to  all  the  angular  variables  \ 
the  complete  swing  of  movement  from  0  to  2n,  F  remains  always  finite,  we 
say  it  never  jwttntially  becomes  infinite.  In  order  that  F  may  not  actually 
become  infinite  it  is  necessary  and  sufficient  that  the  velocities  of  and  the 
distances  between  the  points  of  the  system  should  remain  finite.  In  order 
that  Fm&y  not  potentially  become  infinite,  it  is  necessary  and  sufficient  that 
the  values  of  the  linear  variables  .£,,  Z,,  . . .,  Lk  should  remain  within  a 
certain  domain.  The  definition  of  this  domain  is  very  complex  after  a 
Delaunay  transformation  has  been  operated,  but  is  quite  simple  in  terms  of 
the  original  Keplerian  linear  variables  Lt,  L,,  . . .,  Lk. 

We  may  illustrate  this  subject  by  bringing  forward  the  case  of  the  solar 
system  as  it  has  been  described  in  §  II.  Employing  the  linear  elements  at 
and  e{  of  equation  (10)  or  of  equations  (7),  the  inequalities  which  define 
this  domain  are : 

«,0-«,)-(l-«,)a1(l-r-O>o! 
«,  (1  -  «,)  -  (1  -  «,)  «,  (1  +  «.)>  0, 

o,  (1  —  O  —  (1  —  «,)  «,  (!  +  «,)>  0, 
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or,  if  we  prefer  to  use  the  elements  Lt  and  Gi  of  equation  (10),  the  in- 
equalities are : 


(15) 


-  V  £8-  08  >  a  X,  [Z,  +  V  Z?^0T], 


It  is  remarkable  that  the  inclinations  of  the  orbits  play  no  part  in  these 
inequalities. 

IV. 

As,  in  general,  it  is  not  necessary  to  distinguish  between  the  three  kinds 
?<>  fft,  ^i  °f  angular  variables,  nor  between  the  three  kinds  Ll}  Git  Ht,  of 
linear  variables,  for  simplicity  of  notation  we  shall  suppose  that  the  angular 
variables  are  denoted  by  llt  1%,  .  .  .,  lk,  and  their  corresponding  conjugate 
linear  variables  by  Llt  L2,  .  .  .,  Lk. 

Selecting  a  particular  linear  combination  6  of  the  angular  variables 
so  that 


the  j  being  positive  or  negative  integers  prime  to  each  other,  Delaunay's 
method,  somewhat  generalized,  consists  in  making  such  a  transformation  of 
variables  as  would  constitute  a  complete  solution  of  the  problem  if  F,  in  its 
periodic  development,  contained  as  arguments  only  integral  multiples  of  0. 
That  is,  in  this  special  case,  the  new  linear  variables  would  turn  out  con- 
stants, and  the  new  angular  variables  would  be  of  the  form  n(t+c),  n  and  c 
being  likewise  constants.  It  is  clear  that  when  we  make  such  a  trans- 
formation in  F,  the  terms  in  the  former  periodic  development  involving  the 
cosines  of  the  finite  multiples  of  0  will  disappear,  but  the  absolute  term  will 
receive  a  modification.  A  little  consideration  will  make  it  evident  that  the 
derivation  of  such  a  transformation  is  dependent  on  quadratures. 

The  discussion  of  this  derivation  is  greatly  facilitated  by  making  a  linear 
transformation  of  variables,  in  the  cases  of  both  angular  and  linear  variables. 
In  this  it  is  evident  that  we  can  take  6  as  one  of  the  angular  variables;  then 
let  0  be  its  conjugate  linear  variable.  Thus,  we  may  have  the  following  as 
the  variables  involved  in  the  problem  : 

Linear  variables,     @,  A!  ,  A2  ,  .  .  .  ,  At_!  ; 
Angular  variables,   6,    ^  ,    X,  ,  .  .  .,    ^_,  . 
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And  the  canonical  system  of  differential  equations  will  be: 


17ft 


(16) 


d« 

at 


n, 


--dF, 

dF 
-3:17 


df 


Let  us  now  consider  the  mean  value  of  the  function  F  relatively  to  the 
angular  variables  ?., ,  A,,  . . .,  *»_,.  Then,  since  F  as  a  periodic  function 
involves  only  cosines  of  arguments,  if  [F]  denote  the  mentioned  mean  value, 
we  shall  have 

(17) 

where  the  first  factor  of  the  right  member  denotes  an  operation  repeated 
k  —  1  times,  once  in  reference  to  each  of  the  variables  X,,,  ft,,  ...,  Jlt_,. 
As  F  remains  finite  whatever  values  6,  A,,,  /U,  ..  .,  Jlt_,  may  assume,  it 
follows  that  [F]  is  finite  whatever  may  be  the  value  of  0.  Thus  [F]  is 
developable  as  a  periodic  function  of  6  involving  only  cosines;  and  we 
may  write: 

(18)  [F]=—B—AiCQse—AtcoB  20—  A,  cos  3d—..., 

where  B,  Alt  Atl  A,,  ...  are  functions  of  the  linear  variables  0,  A|,  At , 

Let  us  now  suppose  that,  in  equations  (16),  [F]  is  substituted  for  F. 
They  then  become  : 

fJu  SIT  L*~\  i ., 

*  _   C^  *    j  w" 

dJ  3»   '      dt 


(19) 


it 


-«?• 


~3T 


d[F] 
3-W 


A,,  Aif  . . .,  A*_]  are  therefore  constant*,  and  the  two  equations  of  the  first 
line  contain  no  other  variables  than  6  and  6,  and  thus  form  a  distinct  system 
by  themselves  and  determine  these  two  variables;  after  which,  by  sub- 
stitution of  values,  the  remaining  differential  equations  for  Jl,,  X,,  .. . 
determine  these  variables  through  quadratures. 
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V. 

As  [F~\  involves  only  two  variables  0  and  0,  the  two  equations  which 
begin  (19)  have  the  integral,  C  being  an  arbitrary  constant, 

(20)  [F]  +  C  =  0. 


This  integral  constitutes  a  relation  between  the  two  variables  0  and  6;  and, 
if  the  latter  are  regarded  as  coordinates  defining  the  position  of  a  point  in  a 
plane,  (20)  is  the  equation  of  a  plane  curve.  For  this  graphical  exhibition 
of  the  connection  between  the  two  variables,  we  might  adopt  that  in  which 
they  are  the  polar  coordinates  of  a  point,  0  being  the  radius  and  6  the  angle. 
But,  in  some  cases  0  may  pass  through  zero.  This  difficulty  may  be 
obviated  by  adding  to  it  a  sufficiently  large  positive  constant  and  thus  it  be 
rendered  uniformly  positive.  This  can  be  done  provided  it  does  not  go  to 
negative  infinity.  However,  all  circumstances  considered,  it  will  probably 
be  a  better  course  to  adopt  a  representation  in  rectangular  coordinates, 
6  being  the  abscissa  and  ©  the  ordinate. 

If  we  derive  from  (20)  an  expression  for  6  in  terms  of  0  and  substitute 
it  in  the  first  equation  of  (19)  and  take  the  reciprocal  of  both  members  we 
shall  have  the  time  in  terms  of  0  by  a  quadrature,  and,  by  the  inversion  of 
this,  0  as  a  function  of  t.  On  the  other  hand,  if  we  derive  from  (20)  an  ex- 
pression for  0  in  terms  of  6,  and  substitute  it  in  the  second  equation  of  (19) 
we  shall  have  the  time  in  terms  of  0  by  a  quadrature,  and,  by  the  inversion 
of  this,  6  as  a  function  of  t. 

We  proceed  to  note  some  of  the  properties  of  the  curve  whose  equation 
is  (20).  In  the  first  place  it  must  be  stated  that  if  the  differential  equations 
of  (19),  which  determine  the  variables  0  and  G,  compel  the  first  of  these  to 
take  on  values  rendering  the  right  member  of  (18)  a  divergent  series,  we 
agree  to  set  aside  such  cases  as  nugatory.  Singularities  of  a  certain  kind 
are  therefore  excluded.  The  curve  cannot  have  a  point  d'arret,  for,  at  this 
point,  we  should  have  simultaneously  d@/dt  =  0  and  dO/dt  =  0;  and  in  con- 
sequence all  succeeding  derivatives  of  these  variables  would  vnnish.  Thus, 
at  this  point  0  and  6  would  be  invariable,  which  is  impossible.  It  cannot 
have  a  multiple  point,  since,  for  given  values  of  0  and  6,  there  is  but  one 
value  of  each  of  the  quantities  dQ/dt  and  dO/dl.  If  the  curve  pass  through 
a  point,  it  must  proceed  thence  until  it  returns  to  that  point  or  goes  on  to 
infinity.  In  the  latter  case,  taking  a  polar  representation  for  the  moment, 
it  may  either  have  two  infinite  branches,  or  may  make  an  infinite  number 
of  turns  about  the  pole,  or,  in  other  words,  be  a  spiral.  But,  since  equation 
(20)  involves  only  cosines  of  6  without  sines  of  the  same,  the  curve  must 
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needs  be  symmetrically  situated  with  respect  to  the  azia  from  which  0  in 
measured.  Hence,  the  last  supposition  must  be  rejected ;  that  is,  it  cannot 
be  a  spiral,  nor  can  it  have  more  than  one  distinct  turn  about  the  pole. 

The  curves  graphically  representing  (20)  may  be  divided  into  three 
classes.  Here,  Tor  convenience,  we  adopt  a  rectangular  representation. 
Ixit  us  suppose  that  an  infinite  number  of  values  between  the  limits  0  and  n 

substituted  for  0  in  (20);  the  result  will  be  an  infinite  number  of 
'••(nations  for  determining  the  corresponding  values  of  0.  Let  one  of  these 
be  satisfied  by  a  real  value  of  0.  Then  it  may  happen  that  all  the  remaining 
.  itions  are  satisfied  by  real  values  of  this  variable  continuous  among 
themselves  and  with  the  value  first  mentioned.  The  variable  6  can  then 
move  from  — »  to  +  «  and  there  will  always  be  a  corresponding  real  value 
for  0.  The  first  equation  of  (19)  shows  that  0  will  be  at  a  maximum  or 
minimum  when  9  =  in,  i  being  a  positive  or  negative  integer.  As,  in  the 
equation 

dt) 

y  —  J,  nn  9  +  2  A,  sin  20  +  3 A.  sin  3*  +  . . ., 

the  quantity  -4,  is,  in  general,  larger  than  At,  Alt  . . ,,  it  follows  that  0 
will  have  no  other  maximum  or  minimum  values  than  those  just  mentioned. 
In  addition,  if  a  maximum  value  occurs  for  9  =  2t*n,  then  will  a  minimum 
value  occur  for  d  =  (2i+  l)n,  and  vice  versa.  If,  in  (20)  we  put,  in  suc- 
cession 6=0,  9=n,  we  shall  have  the  two  equations: 

<C-B=       A,  +  At  +  A,  +  .... 
\C-B=  -  A,  +  A,-  At  +  .... 

And  if  0  be  regarded  as  the  unknown  to  be  determined  by  them,  it  is  plain 
that  the  maximum  value  of  0  will  be  a  root  of  one  of  them  and  the  minimum 
value  a  root  of  the  other.  Again  0  cannot  be  constant  unless  all  the 
coefficients  A  vanish.  It  is  quite  evident  that,  in  this  case,  the  values  of 
0  and  9  can  be  represented  by  the  infinite  periodic  series : 

f»-      *.      +*,  «>•[».(< +  c)]  +  »,co«2[*.(< +*)]  +  ..., 
\  t  -  tt(t  +  «)  +  *,  tin  [».(<  +  c)]  +  *,  tin  2[».(<  +  c)]  +  .••• 

These  two  equations  are  to  be  regarded  as  the  integrals  of  the  first  and  second 
differential  equations  of  the  group  (19);  c  is  one  of  the  arbitrary  constant* 
introduced  by  the  integration,  the  other  may  be  supposed  to  be  either  the 
Tof  (20)  or  the  00  of  the  first  of  (23).  But  while  C  and  c  are  conjugate  to 
each  other,  this  is  not  necessarily  the  case  with  the  element*  00  and  00(f  +  <•). 
The  remaining  coefficients  of  (23),  0,,  0,,  ...,  00,  0,,  0,,  ...,  are  functions  of 
C  or  00.  On  account  of  the  form  of  the  curve  which  represents  (20)  in  this 
case  the  latter  may  be  called  the  sinusoid  case. 

Voi>  IV. -IS. 
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We  come  now  to  consider  the  second  case  of  the  representation  of  (20) 
by  a  curve.  Here,  if  we  give  to  6  its  range  of  values  between  0  and  it,  we 
shall  find  that  the  equations  determining  the  corresponding  values  of  0 
have  two  real  roots  for  an  arc  of  values  for  Q  which  either  begins  at  0  or 
ends  at  it;  and,  in  the  first  case  the  arc  terminates,  or,  in  the  second  case, 
begins,  at  the  same  intermediate  point.  At  this  point  the  two  real  roots 
become  equal,  and,  for  the  remainder  of  the  semi-circumference,  they  are 
imaginary.  Consequently,  at  this  point,  0  attains  either  a  maximum  or 
minimum  value.  Because  the  equation  contains  only  cosines  of  multiples 
of  6,  in  the  one  case,  the  right  line  0  =  0,  and,  in  the  other,  the  right  line 
6  =  it,  divides  the  area  embraced  by  the  curve  symmetrically.  The 
maximum  and  minimum  values  of  0  are  given  by  the  roots  of  that  one  of 
the  two  equations  of  (22)  which  has  two  real  roots.  In  this  case,  6  cannot 
be  represented  by  series  like  the  second  of  (23),  but,  in  general,  we  may 
give  the  integrals  of  the  problem  the  form : 
(24)  J0coB0  =  P0  4-  P, ««[«.(<  +  c)]  +  Pt  co82[/U<  +«)]  +  ..., 

where  6Q,  P0,  Plt  Pz,  . . .,  Qlf  Q2,  . . .,  are  constant  coefficients  and  functions 
of  the  C  of  (20),  while  c,  as  before,  is  the  other  arbitrary  constant.  It  will 
be  perceived  that,  in  the  former  case,  the  integral  equations  (23)  can  be 
given  the  form  (24)  if  one  chooses;  and  Delaunay  has  always  adopted  it 
where  the  eccentricity  e  would  appear  as  a  divisor  in  the  first  form.  At  the 
two  points,  at  which  0  has  attained  its  maximum  or  minimum  value,  we 
have  dO/dt  =  0,  or 

dB  ,  dA,  .         .  dA, 


When  dB/d®  and  dA^/d®  are  quantities  of  the  same  order  of  magnitude, 
the  second  case  is  likely  to  occur.  As  the  curve,  which  here  represents  the 
connection  of  the  variables  0  and  6,  is  a  closed  one,  this  case  may  be  called 
the  ovaloid  case.  This  kind  of  motion  in  the  variables  is,  however,  generally 
termed  a  libration.  Observation  has  not  yet  shown  that  it  occurs  in  the 
system  of  the  eight  major  planets  of  the  solar  system,  although  it  is  possible 
it  may  exist  for  very  large  values  of  the  integers  y,.  However,  should  this 
prove  true,  the  influence  of  this  circumstance  on  the  motion  of  the  system 
would  be  quite  insignificant. 

The  third  case  in  the  graphical  representation  of  (20)  occurs  when,  in 
a  certain  range  of  values  for  6,  bisected  by  the  value  6  =  0  or  by  the  value 
0  =  7i,  we  find  a  real  value  for  0,  but  this  value  tends  towards  positive  or 
negative  infinity  as  the  limits  are  approached.  Here  there  is  one  maximum 
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and  no  minimum  for  0  or  one  minimum  and  no  maximum.  Aa  in  the 
previous  ca*en,  these  values  occur  when  0  =  0  or  0=  n.  As  long  aa  the 
instantaneous  orbits  of  the  planets  composing  the  system  are  elliptic  in  their 
nature  this  case  cannot  present  itself.  And  0  cannot  go  beyond  a  certain 
limit  without  some  of  the  elements  becoming  imaginary.  In  order,  there- 
Tore,  to  prevent  the  occurrence  of  functions  of  complex  variables,  a  modified 
system  has  to  be  adopted.  But  an  illustration  of  this  case  can  very  easily 
be  constructed.  In  order  to  escape  the  difficulty  of  divergence  when  H| 
exceeds  a  certain  limit,  let  us  suppose  that  [/']  is  finite  and  does  not  run 
into  an  infinite  series,  and  that  all  the  quantities  At  beyond  Al  vanish. 
Then  the  equation  (20),  being  solved  with  reference  to  cos  6,  gives 


Let  00  be  the  value  of  0  when  0=0;  in  order  to  have  the  present  case  we 
ought  to  have 


a  being  less  than  unity.     We  may  suppose  that  0  is  involved  linearly  in 
B  and  Alt  so  that  a,  b,  e,  d  being  constant*, 

/(0)  -  a  +  b»,    F(0)  -c  +  d«. 
Then 

a  —  e  b 

*-•  '  -- 


All  the  conditions  will  be  fulfilled  if  we  put 


whence  00  =  1  and  a  =  f.  0  is  thus  continuous  while  0  is  contained 
between  the  two  values  given  by  the  equation  cos  0  =  |.  At  the  limits  0 
becomes  infinite.  In  a  system  of  polar  coordinates,  if  0  is  the  radius  and  0 
the  angle,  the  equation  of  the  curve  graphically  exhibiting  the  connection 
of  the  variables  0  and  0  is  : 

3  +  40    ,  -8  -f-  2co«» 

=  5-+T3'°r*          4-Soo.  »• 

It  is  thus  a  quartic  curve  whose  equation  in  rectangular  coordinates  is: 

[2x  -  4(*»  +  /)]•  =  (3  -  faM*  +  f)  , 
whose  course  resembles  that  of  a  hyperbola.     The  formula  for  the  time  is: 

r  d»  f        d» 

"V   V(3  +  50)'-(3+4*)«~      J   V  (0-i)'  -(i)1' 

If  this  be  integrated  between  the  limits  0=1  and  0  =  0  it  will  give  the 
time  required  to  describe  the  curve  from  the  point  0  =  0  to  the  point 
having  the  radius  0. 
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VI. 


Let  us  now  suppose  that  by  the  integration  of  the  system  of  differential 
equations  (19),  it  is  proposed  to  remove  from  F  the  periodic  terms  having 
the  argument  6,  that  is,  those  contained  in  [.F].  We  confine  ourselves  to 
the  first  case  as  that  will  usually  be  the  one  which  presents  itself.  The 
integrals  of  (19)  will  evidently  have  the  form: 


(26) 


=  #„  +  0,  cos 
=  a  constant, 


(rf  +  c)]  +  9,  cos 
i,  =  a  constant,    ..., 
=  00(t  +  c)  +  ol  sin  [00(*  +  c)]  +  et  sin 
=  (;,)  +  *!•>  (t  +  c)  +  *J»  sin  [«.  («  +  c)]  + 
=  ft)  +  4°'  (<  +  c)  +  J?1  sin  [».(<  +  c)]  + 


+  e)]  +  .  .  .  , 
Ak_l  —  a  constant, 


sin  8  [«„(<  +  e)]  +  ..., 
sin  8  [«,(<  +  c)]  +  ..-, 


^ 


sn 


sn 


e)] 


where  c, 


,  (J^),  .  .  .,  (^*_j),  A!,  A2,  .  .  .,  A»_i,  and  one  other  involved  in 
j,  .  .  .,  00,  M0)»  ^i^j  •  •  •;  complete  the  number  of  2&  arbitrary  constants. 
If  then  we  take  formulas  of  transformation  as  follows,  replacing 


00,  0 


e      by 

*0    + 

0,006  e  +  0,  cos  20  +  ..., 

'1,      by 

A» 

o        by 

0  +  t 

',  sin  0  -f  0,  sin  20  +  ..., 

'.       by 

*,+ 

AI"  sin0  +  ^"sin  20  +  ..., 

.V,    by 

^»-i  H 

h  V&  sin  0  +  /li!!,  sin  20  +  . 

the  terms  of  F  involving  6  as  the  argument  will  disappear  from  it,  their 
mean  values  going  over  into  the  non-periodic  term  —  B. 

We  shall  now  have  a  new  set  of  angular  variables  6,  ^,  ^,  .  .  .,  a,t_! 
and  it  will  be  pertinent  to  inquire  what  are  the  linear  variables  conjugate 
to  them,  so  that  we  may  still  have  differential  equations  of  the  canonical 
form.  Taking  the  two  equations  of  (27)  which  define  0  and  6  in  terms  of 
the  new  variables,  let  us  suppose  that  the  latter  are  00  and  6'  (an  accent  is 
applied  to  the  latter  for  the  sake  of  discrimination).  Then  we  have 


(28) 


0  =  #0  +  #,  cos  tf  +  9,  cos  20'  +  .. ., 
0  =  t/  +  0l  sin  tf  +  0,  sin  20'  +  . . ., 
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Then,  by  the  substitution  of  these  values  in  the  two  differential  equations  of 
(16)  which  determine  0  and  0,  we  get 

dt  d»t  .dtd*      _  dF  d».  _  dF 
d*.  dt  +  df  dt  '       <K  d*      d*    QH  • 


By  multiplying  these  equations  by  the  proper  factors,  and  putting  A  for  the 
functional  determinant  or  Jacobian  : 

rfN      @tt  O^      O9 

<»>  4  -  d».  d*  ' 

we  have 

<sn  ,^t  =  dF   j 

•  &   Jl    —  d«" 

(If          O"  *"  Vrr 

But 

j-fi  +  |^ioo«(»'  +  |i»cot2>'  +  ...~|ri  +  tt<x»f  +  *o,oot 
(32)  L       3".  3<*.  JL 

+  I*,  sin  »*  +  20,  tin  2**  4- . . .  |  jl^1  ain  f  +  ?*•  ein  Zf  +  .. .  | . 

According  to  the  theorem  of  Poisson,  A  is  independent  of  t,  or  what  in  this 
case  amounts  to  the  same  thing,  of  ff.  Hence,  in  computing  its  value,  we 
have  regard  only  to  the  absolute  term.  Thus 


Then,  if  we  adopt  a  new  variable  0'  in  place  of  00  such  that 
(34)  W  =/J<<0.  =  ».  +  J  [«,«,  +  ««,«,  +  3*,0,  +  ...], 

equations  (31)  will  be  transformed  into: 


dtf     dF    d«f  _ 

•ar^a*"  dt  =  ~  &&• 

which  have  the  canonical  form.  As  to  the  remaining  linear  variables  A,, 
A,,  ...,  A»_j,  which  are  identical  with  the  former  variables  denoted  by  the 
same  symbols,  it  is  evident  that  they  remain  the  conjugates  of  the  new 
variables  X,,  X,,  .  .  .,  ?.t_j. 

VII. 

As  it  is  somewhat  difficult  to  discover  the  linear  transformation  of 
variables  required  to  pass  from  the  set 

*»  ^"  ^«»  •••• 

#      i      L. 

*»    *ii    *t»    •••» 
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suppose  we  adhere  to  the  use  of  the  first  set.   Then  we  have  the  differential 

equations 

(36) 


(3?) 

Then 

(38) 


3T 
dL,  _ 

~ 


de 
dt~ 

dl,_      d[F] 
W~-'^-- 


(i  =  1,  2,  . . .,  t). 


L,  = 


+j\9<, 


where  the  (ZJ  are  arbitrary  constants.  By  means  of  these  equations  the 
linear  variables  Z(  may  be  eliminated  from  the  right  members  of  all  the 
differential  equations  (36)  and  (37),  and  thus  be  replaced  by  the  single 
variable  0.  Thus  the  mentioned  right  members  become  functions  only  of 
the  two  variables  0  and  0;  and,  after  ©  and  6  are  found  in  terms  of  t  from 
the  integration  of  (36),  the  L(  will  be  found  from  (38),  and  the  l<  from  a 
quadrature  operated  on  the  second  equations  of  (37). 

Then  we  can  suppose  that  the  integrals  of  (36)  and  (37)  are  written  thus: 
"  8   =9  COB  [8,(t  +  c)]  +  0,  cos  2  [oa(t  +  c)]  +  .  .  .  , 
A  =  (Lt)  +jlel  cos  [e0(t  +  C)]  +  )\e,  cos  2  [*„(<  +  c)]  +  .  .  .  , 


(39) 


Lt  =  (Lt)  +jkei  cos 
e    =  ff^t  +  c)  +  0,  sin 


+  c)  +;,»,  cos  2K 
+  c)]  +  0,  sin 


=  0o(t  +  c)  +  e\  8>n  [*oC  +  c)]  +  et  8in  2  KC  +  c)  +  . . . , 
=  tt)  +  /PC/  +  c)  +  «"  sin  [».(/  4-  c)]  +  I?  sin  2  [».  (*  +  c)] 


c) 


sin 


+  c)]  +  #«>  sin  2  [*.(*  +  c)]  +  ..., 
where  the  (Zj),  (Zg),  .  .  .,  (Zt),  (IJ,  (^),  ...,  (4)  are  arbitrary  constants. 
The  latter  set  are  not  independent  as  they  must  satisfy  the  relation  : 

/.(*.)  +y.(W  +  ...+j.(O  =  0. 

As  there  is  the  additional  arbitrary  constant  c,  the  number  of  independent 
constants  is  2k  as  it  should  be.  The  coefficients  00,  l(f\  f}\  Pf1,  ...,  which 
may  be  regarded  as  functions  of  the  (Z(),  satisfy  the  relations: 


•  •*•••• 

The  formulas  of  transformation  are  then: 

r  Replace  LI  by  Z,  +  jt  BI  cos  tf  +  ji  8t  cos  2  9  +  . . . , 

•  ••••••• 

replace    Lk  by  Lt  +  jt  9,  cos  0,  +  jt  9,  cos  2  (9  + . . . , 
replace    /,   by  f,  4-  if'!1  sin  0  4-  /'}'  sin  2  0  4-  . . . , 

replace    lt  by  ^  4-  /*"  sin  S  4-  J*'  sin  2  0  4-  .... 


(40) 


EXTENSION  OP  DELAUNAY'8  METHOD  183 

We  have  now  to  find  what  linear  variables  are  conjugate  to  the  new 
angular  variables  /,,  /,,  .  ..,  /».  They  are  discovered  immediately  from  n 
comparison  of  (34)  and  (38).  As,  from  (34),  it  appears  that  (->„  the  arbitrary 
constant,  which  may  be  conceived  as  annexed  to  the  aeries  for  6,  is  not  the 
element  conjugate  to  the  angular  element  09(t  +c),  but  that  the  expression 

*[»,*,  +  »*,*,  +  8  »,»,  +  ...] 

must  be  added  to  it  to  produce  the  required  conjugate,  it  is  plain  from  (38) 
that,  after  the  transformation,  the  new  L,  is  no  longer  the  exact  conjugate 
of  /.,  but  that  we  have  for  that  element  the  value 


VIII. 

In  making  one  of  Delaunay's  transformations  it  is  not  absolutely 
necessary  that  we  should  employ  the  linear  variables  Z(,  which  are  the 
conjugates  of  the  angular  variables  /,,  in  the  development  of  the  various 
series  needed  ;  we  may  use  any  others  connected  with  the  former  by  known 
relations.  Then  equation  (41)  will  inform  us,  at  any  stage  of  the  trans- 
formations, what  function  the  conjugates  of  the  angular  variables  are  of  the 
used  linear  variables.  Thus,  in  making  his  developments  in  the  lunar 
theory,  Delaunay  has  not  used  the  elements  he  calls  L,  G,  II,  but  has 
substituted  for  them  others  which  he  names  a,  e,  y. 

Let  us  suppose  that  the  new  set  of  linear  elements  we  determine  to  use 
are  denoted  by  the  symbols  elt  «,,  ...,  «».  Then,  in  order  to  form  the 
equivalents  for  the  dljdt,  it  will  be  necessary  to  know  the  values  of  the 
partial  derivatives  de(fdLj  in  terms  of  the  c^  The  number  of  these  deriv- 
atives is  If,  and  we  shall  have  as  many  equations  for  determining  them. 
Having  the  L.  in  terms  of  the  et,  the  general  form  of  these  equations 

will  be: 

_  Q      , 


according  as  t  and/  are  different  or  are  the  same.  These  equations  divide 
themselves  into  k  groups  each  containing  k  equations;  each  group  serving 
to  determine  the  k  partial  derivatives  of  the  ei  with  reference  to  one  of  the 
Z.,  which  we  denote  by  L,.  The  functional  determinant  of  each  group  of 
equations  is  the  same,  being  the  Jacobian  of  the  variables  /,,,  L.,  ..  .,  Lk 
with  reference  to  the  variables  «,,  e,,  ...,  «».  Calling  this  determinant  A, 
we  shall  have 
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We  shall  much  abbreviate  the  calculation  of  these  partial  derivatives 
by  agreeing  to  compute  def/dLj  not  directly  but  by  a  correction  to  be  added 
to  the  value  it  had  before  the  transformation  was  made  This  correction 
will  be  denoted  by  D(det}dLj).  Now  the  transformation  being  that  made 
to  remove  from  F  all  the  periodic  terms  having  the  argument 


suppose  that,  in  this  transformation,  we  put 
(44)  JT=i[0i©i  +  20302  +  30303 

and  also 

(45;  -  *. 


where  (9e,/3Lm)  denotes  the  value  of  the  partial  derivative  before  the  trans- 
formation; then  we  shall  have  the  group  of  linear  equations  : 


(40) 


Put  now 


,  3L,  n/  3«, 


<1c    n  /   do,    \     .  ,     9//t  n  I   d(t   \  •     rr 

a  D  i  ^~  *   i  .(-  , , ,  -|-  ~ — ^/^   _~  *•     =  jt  K-. 

!,         \OLmJ  O&k       \O-L>mJ 


(47)  P'=J>-7£7\+j> 

3  (    -') 

Then,  evidently, 

(48)  y_*..u**- 


Thus  the  correction  for  each  partial  derivative,  caused  by  a  given  trans- 
formation, is  reduced  to  the  product  of  three  factors,  one  of  which  is  a  func- 
tion oft,  another  a  function  of  m,  and  the  third  independent  of  either.  The 
elements  e(,  before  the  performance  of  any  transformation,  may  be  what  we 
choose.  Delaunay  chose  his  a,  e,  y  so  that  they  were  connected  with  L,  G, 
H,  the  conjugates  of  the  angular  variables  I,  g,  h,  by  the  relations: 
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PART  II. 

APPLICATION  OF  DELAUNAY'S  METHOD  TO  THE  MINOR  PLANET  OF  THE 

HECUBA  TYPE. 

IX. 

Delaunay's  lunar  theory  affords  a  plentiful  assortment  of  the  trans- 
formations just  discussed,  but  their  application  in  a  case  of  planetary  motion 
gives  rise  to  more  complex  expressions.  In  the  lunar  theory  it  is  possible 
to  expaud  all  coefficients  in  power  series  of  all  the  parameters  iuvolved; 
1'iit .  in  a  planetary  theory  where  a,  the  ratio  of  the  mean  distances,  is  a  con- 
siderable fraction,  it  is  necessary  to  introduce  the  functions  of  a  usually 
denoted  by  the  symbol  />','',  M  also  their  derivatives  with  respect  to  a.  It 
may  therefore  be  profitable  to  give  as  simple  an  illustration  as  possible  of 
these  transformations  where  4',1'  must  be  used. 

Let  Jupiter  be  supposed  to  describe  a  circular  orbit  about  the  Sun, 
while  a  small  planet,  without  mass,  describes  an  orbit  in  the  same  plane. 
Let  the  radius  of  Jupiter's  orbit  be  taken  as  the  linear  unit;  denote  its 
longitude  by  e'  +  n't,  and  the  masses  severally  of  the  Sun  and  Jupiter  by 
m0  and  m'.  Let  a,  e,  /,  and  g  be  the  mean  distance,  eccentricity,  mean 
anomaly,  and  longitude  of  the  perihelion  of  the  small  planet,  and  r  and  v 
its  radius  and  true  anomaly.  Put 

The  function  we  have  denoted  by  F  will  have  the  expression : 
(49)  F=  **  +  »T+  m'  {[1  —  8r  CM  (v  +  r)  +  r*]-*  — rco«(»  +  r)\, 

where  r  and  v  are  to  be  eliminated  through  the  equations: 

r  cotv  =  a  (cotu  —  •),     r  tin  v  =  a*/l~—~f  sin  «,     «  —  «sin«  =  f. 

The  position  of  the  small  planet  will  be  known  when  we  know  L,  T,  /,  ) . 
The  differential  equations  for  determining  the  latter  are : 

dL_dF       dl  _       dF 

~zt      ~ft  i  i       1 1  '        ^  i  ' 

ini\\ 

'  dF  _  dF        dr  __dF 

X. 

In  order  to  give  an  illustration  of  the  transformations  named  by 
Delaunay  operation*,  let  us  select  from  the  periodic  development  of  F, 
which,  from  (49),  plainly  has  the  form  lA^f  cos  (tf-f  i'y),  all  the  terms 
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having  the  argument  Q=l-{-2iy.  These  will  be  terms  of  long  period  in  case 
the  small  planet  has  a  mean  motion  nearly  double  that  of  Jupiter,  which 
case  has  been  extensively  discussed  by  astronomers,  such  a  minor  planet 
being  called  of  the  Hecuba  type.  Taking  6  as  one  of  the  angular  elements, 
we  see  that  we  can  adopt  y  as  the  other,  and  thus  shall  have  1  =  6  —  2y. 
In  order  to  obtain  [jP]  from  F  we  have  the  equation  : 


remembering  that  r  and  v  are  now  the  same  functions  of  6  —  2y  they  were 
before  of  I.  The  last  term  of  F  in  (49)  is  here  omitted  as  it  contributes 
nothing  to  [/*].  Put 

(52)  [1  —  2r  cos  (v  +  f)  +  r1]-*  =  }£""  f  B("  cos  (v  +  ?•)  +  Sw  cos  2  (v  +  r)  +  •  •  •  , 

where  B(i)  is  the  same  function  of  r  that  J1^  is  of  a.  In  order  that  this  series 
may  be  convergent  it  is  necessary  that  a  (1  +  e)  <  1.  Let  us  put 

(53)  Aw  =  -  C'  .B<">  cos  i  (2v  -l)dl. 

*  t/« 

Then  we  have 


(54)        [F]  =  f*  +  n'  V  m,a (!  —  «*)  +  t»'  [M(t|  +  4'1'  cos  0  4-  -4W  cos  20  -f  . . .] . 

The  investigation  will  be  facilitated  if  we  now  make  a  slight  change 
in  the  dependent  variables  employed  so  that  they  have  the  following 
equivalents : 

Vwy»,  r  = 

0  =  I  +  %g  —  2s'  —  Zn't,       f  = 

Then  the  differential  equations  determining  the  formulas  of  transformation 
are : 

'  d9      3  F/7!        do 


dr  dr         3TZ1 

W~  '     ~3i  "        a/' 

Of  these  equations  the  integral  of  the  third,  T  =  a  constant,  furnishes  the 
relation  : 


(57)  a  =  a  [2  -  Vl^?]-'  =  a  [1  -  e'  +  }  e4  -  i  f  +  A  e8  -  . . .], 

a  being  a  constant.  By  means  of  this  relation  the  variable  a  may  be 
eliminated  from  [F]  which  thus  will  contain  but  two  variables,  e  and  6. 
The  equations  (66)  have  the  canonical  form,  but  we  prefer  to  discard  the 
variable  F  and  to  use  e  in  its  stead.  Supposing  then  that  [F]  is  made  a 
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function  of  the  variables  «  and  6,  the  differential  equations  for  the  latter  are: 

•  1 

3I  =  - 


where  the  fn«M«>r 


d»  _         i 

a?-     »m.«. 


a« 


These  equations  form  a  group  to  be  integrated  by  themselves.  After  this 
integration  is  accomplished,  y  is  derived  through  a  quadrature  of  the 
equation  : 

*•_  _3[^J 

a          a/ 

In  this  equation  [F]  is  a  function  of  0  and  P,  but  we  have  preferred  to 
write  it  as  a  function  of  a  and  e;  thus: 


But 


37- 


Consequently 


Remembering  that,  with  our  adopted  linear  unit,  a'  =  1,  n'  =  Vm0  +  tn', 
we  have: 


Rut,  adopting,  as  before,  y  for  the  longitude  of  the  perihelion,  this  is  more 

simply: 

\    dn  1  I-       7IJ7 


•"••• 


where 


3—  VI  -^' 


,„•  i     /•• 

•=       I 
'"• "  Jt 


,  —  Ir  oo«  (»  —  r)  +•  »* 
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XI. 

In  an  application  like  the  present,  where  the  periodic  developments  of 
the  various  quantities  are  always  tardily  convergent,  it  is  nearly  impossible 
to  give  literal  expressions  for  the  coefficients.  And,  even  if  we  consent  to 
give  to  each  coefficient  its  numerical  value  at  once,  the  work  of  multiplying 
such  periodic  series  together  is  very  embarrassing,  and  the  process  easily 
leads  to  the  commission  of  errors.  Hence  we  adopt  the  method  of  sub- 
stituting for  each  quantity  involved  the  special  values  of  it  at  equal  intervals 
in  the  motion  of  the  independent  variable  through  the  semicircumference. 
With  this  method  of  treatment  it  is  necessary  to  separate  the  cases  of  non- 
libration  and  libration. 

It  is  always  an  advantage  in  computation  to  have  the  numbers  dealt 
with  independent  of  any  linear  and  temporal  units.  To  this  end  let  us 
substitute  for  the  independent  variable  t,  the  variable  r  =  e'  +  n't  or  the 
longitude  of  Jupiter;  also  we  put 

W=  E-^3       v  =  — 
ma  ma' 

The  coefficients  of  the  periodic  development  of  TFare  then  absolute  numbers. 
The  equations  which,  with  (57),  we  shall  use  for  the  elaboration  of  the 
problem,  are  the  three  following  : 

W=  a  constant, 


(60) 


_    ,  — ^- 

~~V(1         a 


dR 


de 


2-  VI-1 
[2-Vr^' 


2_  Vl-e" 


W  has  the  expression: 


(61) 


+ 


+  ...J 


This  equation  contains  as  variables  only  e  and  6;  hence,  since  e  should 
never  be  negative,  the  dependence  of  the  two  variables  on  each  other  may 
be  shown  graphically  by  taking  e  as  the  radius  and  6  as  the  angle  in  a 
system  of  polar  coordinates.  If  we  are  given  a  pair  of  simultaneous  values 
of  e  and  6,  it  is  obvious  that  by  their  aid  we  can  determine  the  constant 
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value  of  W.  Desiring  to  ascertain  At  what  points  on  the  axis  the  curve 
passes  we  make  in  (61)  in  succession  0  =  0°  and  0  =  180°  and  we  get  two 
equations  of  the  forms: 


f/>= 

\  D  -  -  «>  +  MS 


where  I)  may  be  regarded  as  the  arbitrary  constant  and  the  M  are  constants, 
being  functions  of  a  and  v.  These  equations  are  transcendental  in  e  and  are 
such  that  the  positive  roots  of  the  one  are  equivalent  to  the  negative  roots 
of  the  other.  If  each  has  a  positive  real  root  continuous  with  the  value  of  e 
which  was  used  for  the  determination  of  the  constant  value  of  W,  the 
variable  6  generally  moves  through  the  whole  range  of  real  values.  But, 
if  the  first  equation  has  two  positive  real  root*  and  the  second  none,  0  will 
librate  about  the  value  6  =  0°.  But,  if  the  second  has  two  positive  real  roots 
and  the  first  none,  6  will  librate  about  6  =  180°.  It  will  be  seen  that  when 
D  =  0  we  have  the  limit  separating  non-libration  from  libration. 

XII. 

Case  L  —  Non-lib  ration.—  Here,  as  6  goes  through  the  semicircumference, 
it  can  be  employed  as  the  independent  variable.  Then,  in  the  first  equation 
of  (60),  we  assign  to  0,  in  succession,  a  series  of  equidistant  values  covering 
the  semicircumference.  (Those  used  in  our  illustrative  examples  are  13  in 
number,  viz.,  9  =  0°,  0=16°,  9  =  30°,  ...,  6  =  180°.)  This  procedure 
furnishes  us  with  a  like  number  of  equations  for  determining  the  corre- 
sponding values  of  e.  Solving  these  by  the  tentative  process  we  have  these 
values  of  e,  and  can  apply  to  them  the  procedure  of  mechanical  quadratures. 
Thus  is  obtained  a  general  expression  for  e  as  a  periodic  function  of  0 
involving  only  cosines. 

As  the  next  step  these  special  values  of  e  can  be  substituted  in  the  right 
member  of  the  second  equation  of  (60).  To  the  special  values  thus  obtained 
for  dr/Jd  can  be  applied  mechanical  quadratures,  and  the  resulting  periodic 
series,  involving  only  cosines  of  integral  multiples  of  0,  can  be  integrated 
with  respect  to  this  variable.  This  integral  may  be  put  in  the  form: 

(63)  00(<  +«)  =  9  +0,  sin  6  +ft  sin  20  +pt  sin  30  +  ---- 

Knowing  00  we  are  now  in  possession  of  the  period  of  the  inequalities  we  are 
endeavoring  to  derive.  The  left  member  of  this  equation  we  shall  designate 
as  the  time-argument,  and,  for  brevity,  denote  it  as  £.  In  the  next  place 
we  assign  to  £  a  series  of  equidistant  values  going  from  0°  to  180°,  and,  by 
a  tentative  process  applied  to  (63),  arrive  at  the  corresponding  values  of  0 
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These  corresponding  values  of  6  can  be  substituted  for  6  in  the  expression 
of  e  as  a  periodic  function  of  0,  and  thus  we  shall  have  the  values  of  e  which 
correspond  to  the  equidistant  values  of  £.  We  can  now  readily  derive  the 
similar  values  of  the  two  quantities  e  cos  6  and  e  sin  0.  To  these  we  apply 
mechanical  quadratures  and  thus  obtain  the  periodic  developments  of  these 
quantities  in  terms  of  £. 

As  the  last  step  in  this  work  we  can,  through  the  last  equation  of  (60), 
express  dg/dr  as  a  function  of  e  and  6,  and,  by  the  substitution  of  the  special 
values  of  the  latter  variables,  obtain  the  special  values  of  dg/dt  which 
correspond  to  the  equidistant  values  of  £.  To  these  apply  mechanical 
quadratures  and  the  periodic  series  for  dg/dr  is  obtained.  This  being 
integrated  we  have  the  series  for  g,  and  the  solution  of  the  problem  is 
completed. 

XIII. 

Case  II.  —  Libration.  —  Here  we  are  shut  off  from  the  use  of  6  as  an 
independent  variable  on  account  of  its  not  going  through  the  semicircum- 
ference.  But  this  difficulty  is  surmounted  by  substituting  for  it  another 
variable  which  does  move  continuously  from  —  o°  to  +  oo  .  In  order  to 
ascertain,  in  the  case  of  libration,  the  limiting  values  of  &  we  have  to  solve 
the  simultaneous  equations: 

W  =  a  constant,       ^F  =  0  , 

oc 

the  unknowns  being  e  and  6.  That  is  to  say,  a  value  of  6  must  be  found 
which  will  make  the  first  equation  have  two  equal  roots  for  e.  This  can  be 
done  by  a  tentative  process.  If  we  assume  6  too  large,  generally,  we  shall 
not  be  able  to  discover  real  values  for  e  from  the  first  equation;  but,  if  6  is 
taken  too  small,  we  get  two  values  real  but  unequal  for  e.  These  two  con- 
ditions must  be  brought  as  close  as  possible  until  we  discover  the  point  of 
passage  from  one  to  the  other.  In  our  illustrative  example  we  escape  the 
necessity  of  this  tentative  process  by  assuming  as  one  of  the  two  fundamental 
elements  of  the  example  not  the  D  of  (62)  but  the  amount  of  libration. 

The  amount  of  libration  being  thus  either  assumed  or  determined,  let 
x  denote  the  limiting  value  of  sin  0;  we  then  can  put 
(64)  sin  0  =  x  sin  i^J 

and  the  motion  of  ^  can  be  regarded  as  extending  continuously  from  —  oo  to 
+  oo  .  Adopting  the  variable  4  for  replacing  0,  the  second  equation  of  (60) 
takes  the  form  : 

e  x  cos  if          1 


de 
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where  the  newly  introduced  radical  must  receive  the  sign  of  cos  0.  We  can 
now  make  ^  play  the  same  role  as  0  did  in  Case  I,  and  there  is  need  of  no 
further  explanations. 

XIV. 

We  attend  now  to  the  integration  of  equations  (60).  The  operation  of 
Dttaunay'g  lunar  theory  which  u  numbered  23*  has  great  affinity  with  that 
here  detailed,  and  the  tiro  may  be  compared.  He,  it  is  true,  has  six  variables 
to  our  four;  but,  in  comparing,  his  y  should  be  made  to  vanish  and  his  h 
then  becomes  indeterminate. 

The  periodic  development  of  the  reciprocal  of  the  distance  between 
two  planets  as  a  function  of  the  time  has  been  given  by  Leverrier  to  terms 
of  the  seventh  order  inclusive,  and  those  of  the  eighth  order  have  afterwards 
been  added  by  M.  Bouquet. f  We  avail  ourselves  of  this  development  and 
adopt  the  mode  of  Leverrier  for  noting  the  coefficients  except  in  the  portion 
which  is  a  function  of  e  alone.  We  put  A(<}  =  (l/ityafeFb^fda1,  /=  0  in 
the  portion  factored  by  cos  00,  j  =  2  in  the  portion  factored  by  cos  0,  j  =  4 
in  the  portion  factored  by  cos  20  and  so  on;  only  the  numerical  factors  are 
written  since  the  A  can  easily  be  filled  in  as  they  always  commence  with 
A^,  and  the  lower  index  always  increases  by  a  unit  in  each  step  to  the  right. 
With  Leverrier  we  put  g  for  {e.  This  then  is  the  development  of  a'/A, 
preserving  only  the  terms  involving  the  integral  multiples  of  0  as  arguments: 

5.6.7 r  A,t\  .    j<«,-i  _• 


(66) 

8312  600212  280  1228 


+  0-286-  16  +  140  -I-  66  z'  cot  20 


J  z'  \ 


T 


84177    884789    12123    6249  189 

4"      *T5  ---  HT+~T~          "I" 


•JKmolrti  de  1'AeadtmU  det  Science*,  Vol.  XX VIII,  p.  491. 
f  ABM!M  d«  l'Ob»*rf »tolr«  d*  P«rl»,  Toll.  I,  XIX. 
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,     P6259444     592976     234338    44756     10036     1432 
+  |_-1g—  +  —  g—  +-JJ-     -jg-    -3-    -3- 

+  400  +  196  +  28]*8  jcos4# 


(66) 


35 

3695460  803616  150828 


-+80  +  2156  +  720  +  116  +  8  /  [cos GO 


.  _46064791  70738549  1880921  193921  4844  469 

nron          ^0          60         24        3   "  2 


f  552146674    213998824     2018552     926516  ^  41380  _,_  7192 
+  t       315  315  9  15        ~D~       3 


+  304  +  25  +  1  1  /"    cosSff 


From  this  expression  we  must  eliminate  the  variable  a  by  means  of  its 
value  in  terms  of  e  given  by  (57).     We  put 


j»  =  [2-  VI  -«']-'-!• 
Let  Leverrier's  coefficient  of  cos  yd  be  denoted  thus: 


where  c,  is  a  function  of  e.   Denoting  the  similar  coefficient,  after  the  variable 
a  has  been  eliminated  through  (57),  by  2/<J.(,2°,  we  evidently  have 


pje,  +  \ 


By  means  of  this  formula  we  obtain  the  following  expression,  in  which  a, 
the  argument  of  the  various  quantities  A(^,  is  the  constant  a  of  (57): 


+  [0-4-160—  600-224+  720  +  240-  245  +  35]/ 
(67)      +  {  -[4  +  l]/  +  [l4  +  ^+2-3]?«+[-|-lg-5-^+65  +  32-lo]/ 

f  +  190-35],'}   cos, 
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8318  740688  96088  19119 

•~4T'  ~4T~  ~~9~  nr 

+  3680  +  8184-496-980  +  66J  /'  I  <x»  84 


.  1180W4  ,  680004 
~^ 


^  «1  j>  *.  T  WW444  . 
Jr    L     ** 

r'  }  00.4* 


•    w  •  v  •    ,    irwmw    i    *  •  •rw    »    ^r^f  A  1  ft  ^  1     I  v*  J*  I    ®^**'^"*****    i    ^«OV»Ool 


144 


3.-, 
_6J6^_1649888_4_73688_  19088_1704  +  UQ  +  ^  gl    .V     w 


./     46064791  ^  70738849  ^  1880981  ^  191863    4844    469    M     .  1    ,  „„.  „ 

8S20       ne      -so—  ~5i  —  r^-f-     1/^< 

.  J668146674^  818998884  8018568  986616  41880  7198  -^  -.  ,, 
f\—  1SI6-    -315—    "ft—   16  --  8~   T        Hl 


In  forming  the  value  of  dg/dr  we  need  to  know  the  derivative  of  the 
foregoing  expression  with  respect  to  a.     By  noting  the  equation: 


and  changing  our  mode  of  noting  the  coefficients  so  that  the  number  first 
given  is  the  coefficient  of  A^  instead  of  A1^,  we  have  : 


da 


J  =»+[—!  +0  +  3]/  +  [0-16-61  -24  +  15]  7*  +  [0  +  96  +  444  +  400—  260 

-840  +  70]  ?•+  [-4-388-2880-3296  +  2480  +  5760-36-  1680  +  316]  ^ 


(68) 


Vou.  IV.  -11 
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+  4261  +  104-1285-120+  105 


~|  /  +  r_ 


1528703  2396121  1890243  21543  ,  11975 

T 575 


40  40  2  2 


+  3021—  21-168~]  x1  1  COB  30 


|_oo 

704-2404-42 
'" 


(68)  +  HfO0.  -20624  -  5404  +  448  +  2521  /  1 

6  _i      ) 


45—         TT~         ~~5~        ~T5~~ 

cos  4* 


,  ,  64705  ,4325  ....     ft,  ,R"1    5,T36203321,  19222825 

----       -      -  -6 


I 


144      72 
1194659  ,  293609  ,  44855 


["5 


-633—  455—  56~|  /  |cos5fl 


866 
52023  4-  +  16143  +  4792  +  965  +  120  +  7 

+  F  _  711i8952_73219472_6070728_2276512    103960 
35  35  6  5 

+  2296  +  768  +  72~j  x"  IcoaQff 

(      587299425^93309601^4721157^230615  ,  55475  ,  1g9fJ  ,  1C1  .  0  t    ,  „     7fl 
~\          5040      +      360      +—  ^-+—6-  +-g-  +  1539  +  161  +  8  1  ^00870 

,    f      766145498  ,  569296288  ,  12872308  ,  4533664  ,  242860  ,  ,  R9na 
+  \      -3T5-       -515-       -IB"       -15—  +~T- 

+  2303  +  208  +  9  |  /  cos  80. 

It  is  desirable  to  have  the  means  of  verifying  these  truncated  develop- 
ments of  a'/A  derived  from  the  work  of  Leverrier  and  M.  Bouquet.  In  fact, 
by  the  application  of  the  first  of  two  following  theorems,  an  error  has  been 
found  in  M.  Bouquet's  expression  for  (225);  in  the  coefficient  of  7T8,  —  h 
should  be  substituted  for  h.  The  two  theorems  are  the  following: 

The  coefficient  of  cos  jQ  in  the  periodic  development  of  a1/  A  is  the  same  as 
that  of  8*  in  the  expansion  of  the  expression 


in  a  power  series  with  reference  to  8. 
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1  ••.', 


The  t-vejficicnt  o/cotjO  in  the  tame  development  after  a  hat  been  replaced 
by  a  [2  —  \^1  —  «*]*  if  the  tame  at  that  oft1  in  the  expansion  of  the  expression 


in  (i  potcer  tenet  with  reference  to  t. 

In  these  expressions  u  stands  for  e/(l  -f  i/l  —  «*). 

XV. 

The  two  linear  elements  which  determine  all  the  coefficients  in  the 
periodic  developments  involved  in  this  problem  may  be  taken  to  be  the 
constant  a  of  (57)  and  the  constant  D  of  (62).  It  is  proposed  to  elaborate 
two  examples  illustrating  the  subject  in  hand,  one  exhibiting  non-libration, 
the  other  libration.  In  both  we  will  assign  to  a  such  a  value  as  makes 
log  a  =  9.8.  This  value  makes  the  period  of  revolution  of  the  small  planet 
nearly  or  exactly  half  that  of  Jupiter.  Whether  we  are  to  have  a  case  of 
non-libration  or  libration  will  then  depend  on  the  value  assigned  to  the 
second  constant  D. 

In  the  first  place  then  we  compute  the  values  of  such  of  the  quantities 
Af  as  are  needed  in  this  investigation,  correspondent  to  log  a  =  9.8,  by 
procedures  which  it  is  unnecessary  to  detail.  The  results  are  contained  in 
the  following  table: 

VALUBS  OP  LOO  Af  FOB  LOO  a  =  9.8. 


t 

1  =  0 

i  =  l 

1  =  2 

1=3 

1  =  4 

0 

0.354  4041  774 

9.846  4797  897 

9436  0116  666 

9.9891230 

0.111  3716 

s 

9.6643962993 

9.96683671 

0.002  7463  6 

0.0077862 

0.121  2342 

4 

9.035  0709  047 

9.69498971 

944260306 

0.098  8192 

0.164  1666 

6 

8.666  0616  206 

9474  1611  5 

9.842  7442  0 

0.0996969 

0431  MM 

8 

8.096864986 

9.031  7132  6 

9.624  7440  8 

0.0066664 

•1086776 

10 

7.661  0634  6 

8.67703269 

946743862 

9.8492660 

0.178  8047 

U 

7413  2941  8 

8414  4461  7 

9.08468372 

9.649  6418 

0.0628948 

14 

6.781  1496 

7.946  3186  8 

8.784  1408  8 

9.419  6593 

9.9062677 

16 

64631644 

7.674  0873 

8.470  4861 

9.167  1668 

9.7168220 

/ 

i  =  6 

1  =  « 

1  =  7 

1  =  8 

1  =  9 

0 

0.2612666 

0.4086603 

0.676  748 

0.76337 

0.937  0 

s 

0.2574882 

0.412  7086 

0479698 

0.766  67 

0.9386 

4 

05782372 

0.4260622 

0.688970 

0.76242 

0.9439 

6 

04294253 

0.453  2441 

0.606143 

0.77466 

0.9668 

8 

-    :     * 

0.5033036 

0.637049 

0.79430 

04771 

10 

..    .s  •.:,: 

04626313 

0.684266 

042667 

1.0045 

IS 

04604400 

0470  3163 

0.729206 

047086 

1.0290 

14 

0471  Mi 

04466897 

0.760  671 

040938 

1.0446 

16 

0.146  Ml 

;- 

0.721969 

0.93678 

L0467 
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Substituting  these  values  in  (67)  we  get 

^-=        1.1307697497+     0.04010033e2-       0.7367846e4  +  1.17661e"  +  0.6155e8 

+  [—1.19571949  +      3.1113902  e2—     2.669146  e4  —  1.90033e"]e  cos  0 

+      [1.70905245  —      9. 8883917  e2  +    30.18579     e4  —  62.2057e"]e2  cos  20 

+  [—3.00445698  +    27.190861     e2— 117.01214     e4]escos30 

(69)  _j_      [5.7966694  -    71.99282       e2  +  369. 2943       e4]e4  cos  40 
+  [—11.800399  +186.12652       e2]e5  cos  50 

+      [24.86635          -475.7506        e2]e«  cos  60 

52.40299e7  cos  70 
+      118.0918  e8  cos  80. 

We  adopt  the  mass  of  Jupiter  so  that  v  =  1/1047.355.  Then,  in  the 
expression  (61)  of  W,  the  portion  which  is  independent  of  the  interaction 
of  Jupiter  and  the  small  planet,  developed  in  powers  of  e2,  becomes: 

1.5871539467862 
-0.00226075432     e2 
+  0.5949001358        e4 
+  0.09877323  e6 

+  0.1362371  e8 

+  0.068048  e10. 

If  we  omit  from  the  expansion  of  W  its  constant  term,  and  call  D  the 
constant  of  the  thus  modified  W,  as  in  (62),  we  have,  as  an  integral  of  our 
problem, 

D  =    — 0.0022224670962  +  0.5941966641e4  +  0.09989664  e6  +  0.1368248e8 

+  [—0.00114165636  +  0.002970712162  —  0.002548463e4  —  0.00181441e«]e  cos  0 
+  [0.00163177954  -  0.0094412989e2  +  0.02882097  e4— 0.0593931ee]e2  cos  20 
+  [—0.0028686138  +  0.025961456  e2  —  0.11172156  e^e"  cos  30 

(70)  +      [0.0055345794       -0.06873774    e2  +  0.3525971     e4]e4  cos  40 
+  [—0.01126686          +  0.1777110e2]  e6  cos  50 

+      [0.02374204  -  0.4542400e2]  e«  cos  60 

—       0.050033707  cos  70 
+       0.1127524e8cos80. 

By  making  0  =  0°  in  the  preceding  equation,  we  get,  as  the  corre- 
spondent of  the  first  equation  of  (62),  the  following: 
-  0.00114  16563  6  e  —  0.00059  06875  5  e3 
+  0.00010  20983  5  e8  +  0.59028  99445  e4 
+  0.01214  61357  e"  +  0.08372  1913  e6 
+  0.01414  140  e7  +  0.08854  10  e8 


(71) 


=  D. 


It  will  be  seen  by  comparison  of  the  coefficients  of  this  equation  that, 
unless  e  is  very  small,  it  will  not  do  to  regard  the  equation  as  approximately 
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a  quadratic  in  e;  for  «=0.1  the  term  in  «*  is  ten  times  more  important  than 
the  term  in  e'.  The  supposition  that  the  mean  motion  of  the  small  planet 
ia  nearly  double  that  of  Jupiter  makes  the  coefficient  of  e*  nearly  vanish. 
In  fact  &  very  small  change  in  the  adopted  value  of  a  would  make  this 
coefficient  0. 

What  sort  of  a  curve  we  shall  have  exhibiting  graphically  the  connection 
between  t  and  6  will  depend  on  the  value  assigned  to  D,  To  bring  this  out 
in  a  clear  manner  we  compute  the  values  of  the  left  member  of  the  preceding 
equation  for  each  0.01  in  the  value  of  e  between  the  limits  ±.  0.3,  and  thus 
have  the  following  table: 

*DtD*DiD 
—0.30  +0.0061  OS16  — O.U  +0.0004  5648  +0.01  —0.0000 1148  +0.16  +0.0001  9224 


0.19 

44  Ml 

0.14 

37473 

0.02              HM 

0.17 

IMH 

0.18 

392024 

0.13 

30676 

0.03                 3430 

0.18 

40096 

047 

141625 

O.U 

25066 

0.04                 4509 

0.19 

53896 

Ml 

M6473 

0.11 

30477 

0.06                 5485 

0.20 

70298 

0.15 

166178 

0.10 

16715 

0.06                 6294 

0.21 

89590 

044 

220366 

0.09 

1S659 

0.07                 6857 

042 

112071 

043 

188676 

0.08 

11166 

0.08                 7082 

UI 

138067 

042 

160764 

0.07 

9115 

0.09                 6861 

044 

167912 

041 

it  on 

0.06 

7400 

0.10                 6073 

045 

201960 

ui 

U4MT 

0.06 

5928 

0.11                 4582 

0.26 

240580 

0.19 

96612 

0.04 

MH 

0.12  —0.0000  2236 

0.27 

284159 

0.18 

80599 

0.03 

MM 

0.13  +0.00001129 

048 

33  3102 

0.17 

0.02 

MI 

0.14                 5695 

0.29 

387834 

—0.16  +0.0005  6411  —0.01  +0.0000 1136  +0.15  +0.0001 1667  +0.30  +0.0044  8802 

As  e  ought  always  to  be  positive,  in  the  first  half  of  this  table  we  may 
change  the  sign  of  e,  provided  we  suppose  that  the  corresponding  value  of  D 
is  regarded  as  appertaining  to  the  special  value  180°  for  0,  while,  in  the 
remainder  of  the  table,  this  value  corresponds  to  6  =  0°. 

From  the  course  of  the  values  of  D  in  the  table  we  see  there  is  one 
minimum  =  —0.00007082,  which  occurs  for  «  =  0.08  about;  consequently, 
if  D  is  chosen  greater  than  this  the  equation  (71)  will  have  two  real  roots 
for  e.  If  D  is  positive  one  of  these  root*  will  be  negative;  changing  the  sign 
of  the  latter  it  will  belong  to  the  value  6  =  180°;  the  positive  root  will 
belong  to  0  =  0°.  Thus,  in  this  case,  the  motion  of  6  is  generally  through 
the  whole  semicircumference,  and  hence  is  continuous  from  —  to  to  +  OB. 
But,  if  D  is  negative,  both  roota  will  be  positive,  and  thus  belong  to  0  =  0°. 
In  this  case,  therefore,  0  departs  from  0°  and  comes  back  to  it  without 
having  reached  180°.  This  is  called  a  libration;  we  see  that  Z>  =  0  marks 
the  dividing  point  between  continuous  and  libratory  motion  for  0.  The 
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latter  case  also  has  the  largest  swing  in  the  values  of  e,  viz,  from  e  =  0  to 
about  e  =  0.1 27.  Generally,  the  larger  D  is,  the  smaller  will  be  the  variation 
in  e.  Thus,  if  D  =  +  0.0045,  e  will  vary  from  0.29  to  0.30.  If  there  is 
libration  e  cannot  exceed  0.127.  These  remarks,  however,  must  be  under- 
stood as  applying  only  to  the  values  holding  for  6=0°  and  6=  180°. 
Larger  values  for  e  may  obtain  for  values  of  6  lying  between  0°  and  180°. 


XVI. 

For  our  illustrative  example,  in  the  case  of  a  continuous  motion  for  6, 
we  assign  to  D  the  value  -f  0.0001  in  (70).  All  the  coefficients  of  the 
various  periodic  series  will  now  have  determinate  numerical  values.  The 
preceding  table  shows  that,  for  this  assumption,  the  eccentricity  will  have, 
when  0  =  0°,  the  approximate  value  e  =  0.1475,  and,  when  6=  180°,  the 
approximate  value  e=  0.0745.  In  this  case  these  are  the  limiting  values, 
as  e  continuously  diminishes  while  6  is  passing  from  0°  to  180°. 

Attending  now  to  the  elaboration  of  our  selected  example,  in  (70)  we 
give  to  6,  in  succession,  the  values  15°,  30°,  45°,  60°,  75°,  90°  and  get  as  the 
right  member  of  (70),  [the  value  6=  0°  has  already  been  considered  in  (71)], 

e 

15° 

30 

45 


60 
75 
90 


—0.00110  27554e 
98  87034 
80  72730 
57  08282 

—0.00029  54824 
0 


—0.00080  93046e» 
140  65774 
222  24671 
303  83568 
363  56296 

—0.00385  42466 


+0.00084  10726" 
257  2712 
412  9027 
435  3970 

+0.00279  7293 
0 


+0.58878  755e* 
58670  872 
58866  208 
59615  002 
60514  036 

+0.60917  254 


15° 

+0.01297  98e" 

+0.09048  lef 

—0.02180  7e' 

+0.20531e» 

30 

+0.00755  03 

+0.12493  4 

—0.11214  3 

+0.32869 

45 

—0.01219  27 

+0.16863  4 

—0.08332  4 

—0.10302 

60 

—0.03286  91 

+0.14359  7 

+0.17465  3 

—0.52039 

76 

—0.02990  01 

+0.04056  8 

+0.29851  4 

+0.30818 

90 

0 

—0.02140  4 

0 

+1.11581 

The  coefficients  in  the  second  quadrant  for  6  are  the  same  as  in  the  first, 
but  in  reverse  order,  except,  that  for  the  odd  powers  of  e  the  sign  must  be 
reversed. 

Making  the  right  members  of  these  13  equations  equal  to  -f  0.0001, 
we  solve  them  with  reference  to  e  as  the  unknown,  and  substitute,  in 
succession,  the  values  thus  obtained  and  the  corresponding  value  of  6 
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in  the  right  member  of  the  second  equation  oi  (60).  The  results  obtained 
are  the  following: 

«  I  dr/df 

0*  0.14746  8872  18.321384 

15  0.14702  7366  18.443969 

80  0.14569  2650  18.827993 

45  0.14335  8947  19.521595 

60  0.13982  8670  20.600475 

75  0.13480  9503  22.197678 

90  0.12791 2165  24.508178 

105  0.118690066  27.615097 

120  0.10709  4867  30.992715 

135  0.09444  8152  32.866681 

150  0.08360  2031  31.947061 

165  0.07679  7488  29.983003 

180  0.07454  7767  29.112462 

The  mean  of  the  numbers  in  the  third  column,  attributing  half  weight  to  the 
first  and  last,  is  25.101781;  and  this  is  the  number  of  revolutions  of  Jupiter 
in  the  period  of  the  inequalities  we  are  investigating.  If  the  sidereal  revo- 
lution of  Jupiter  is  put  at  11.861980  Julian  years,  the  latter  period  is 
297.75681  such  years. 

From  the  special  values  given  in  this  table  we  can  derive  the  two 
periodic  series  representing  them.  Integrating  the  latter,  and,  for  brevity, 
putting  £  for  00(<  +  c),  we  get  the  following  expressions: 

0.11918891 
+  0.03553  171  coe     6 

—  0.00857010006   20 
+  0.00123  337  cos  39 
+  0.00027721006  40 

—  0.00029767006   69 
+  0.00012  029  coe   60 

—  0.00001828006   16 

—  0.00000  783  coe   80 
+  0.00000780006   99 
-0.00000374008100 
+  0.00000  037  cos  110 
+  0.00000  033  coe  120 

The  first  of  these  is  simply  a  transformation  of  the  equation  TF"=  D  by 
which  e  is  expressed  in  terms  of  6.  From  the  second,  by  attributing  to  £ 
in  succession  the  13  values  0°,  15°,  30°,  ...,  180°,  using  a  tentative  process, 
we  can  get  the  corresponding  values  of  6.  Thence  by  substitution  in  former 


—  60173T40  sin 

0 

— 

1643 

.74  sin 

20 

+ 

4612 

.77  em 

30 

— 

2132 

.15  ein 

40 

+ 

544 

.20  ein 

50 

+ 

6 

.13  sin 

60 

— 

87 

.  51  ein 

70 

+ 

52 

.96  sin 

80 

— 

16 

.90  ein 

90 

— 

0 

.02  sin 

100 

+ 

3 

.89  sin 

110 

— 

1 

.98  Bin  120 

200 


COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL 


results,  the  corresponding 
dt/dd  can  be  obtained, 
the  argument : 


values  of  the  four  quantities  e,  e  cos  6,  e  sin  6  and 
The  results  follow,  the  first  column  containing 


C 

0° 

15 

30 

45 

60 

75 

90 

105 

120 

135 

150 

165 

180 


o°  o'  oroo  o, 

20  27  58.05  0 

40  25  23.50  0 

59  23  15.52  0 

76  57  25.45  0 

92  51  50.00  0 

107    3  42.77  0 

119  48  15.87  0 

131  35  27.90  0 

143     3  46.20  0 

154  48  43.11  0 

167     9  46.91  0 

180     0     0.00  0 


e 

ocostf 

e  sin  0 

drjdd 

.14746 

237 

+0 

.14746 

237 

0 

.00000 

000 

18. 

321384 

.  14664 

872 

0 

.13739 

211 

+o 

.05127 

624 

18. 

551258 

.14418 

648 

0 

.10976 

569 

0 

.09349 

457 

19. 

274084 

.13999 

969 

0 

.07129 

163 

0 

.  12048 

825 

20. 

547277 

.13402 

600 

+0 

.03024 

713 

0 

.13056 

830 

22. 

453723 

.12634 

244 

—  0 

.00631 

251 

0 

.12618 

464 

25. 

044275 

.11722 

678 

0 

.03439 

485 

0 

.11206 

745 

28. 

087856 

.10725 

784 

0 

.05331 

151 

0 

.09307 

055 

30. 

953203 

.09727 

656 

0 

.06457 

314 

0 

.07275 

327 

32. 

686384 

.08820 

764 

0 

.07050 

393 

•  o 

.05300 

740 

32. 

666482 

.08092 

658 

0 

.07323 

176 

0 

.03444 

156 

31. 

300251 

.07619 

338 

0 

.07428 

902 

+o 

.01692 

847 

29. 

759410 

.07454777 

—  0 

.07454 

777 

0 

.00000 

000 

29. 

112462 

From  the  numbers  in  the  fourth  and  fifth  columns  are  derived  the  series: 


e  cos  0  = 


+  0.00071 
+  0.10563 
+  0.03542 
+  0.00539 
+  0.00031 

—  0.00002 

—  0.00000 
+  0.00000 
+  0.00000 
+  0.00000 

—  0.00000 

—  0.00000 
+  0.00000 
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221  cos 
782  coe 
467  cos 
839  cos 
420  cos 
130  cos 
245  cos 
111  cos 
026  cos 
044  cos  10£ 
032  cos 11 
030  cos  12£ 


9: 


e  sin  0  =  • 


+  0.11737 
+  0.03373 
+  0.00528 
+  0.00035 
-0.00001 

—  0.00000 

—  0.00000 

—  0.00000 
+  0.00000 
+  0.00000 

—  0.00000 


£ 

2£ 


247  sin 
708  sin 
997  sin  3£ 
675  sin  4£ 
633  sin  5£ 
316  sin  6£ 
095  sin  7£ 
062  sin  8£ 
041  sin  9f 
018  sin  10£ 
004  sin  11£ 


These  forms  for  the  integrals  of  our  problem  are  to  be  preferred  since 
they  can  also  be  used  for  the  case  of  libration. 


XVII. 

To  complete  the  solution  the  periodic  series  giving  the  position  of  the 
perihelion    must   be   derived.      Using  logarithms    instead    of   the   actual 
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coefficients,  the  fin*t  term  of  the  right  member  of  the  third  equation  of  (60) 
has  the  expression: 


VO-M-  '3-  ~        l J  '  n.l86034K-[8.00771X  + 

+  (  -  [7.901603*]  +  [8.284709>«  +  [7.66866X  -  [8.905 !]<•  }  <  cos  0 
+  j       [8.3084076]  -  [9.068286]*'  +  [9.65239]*'  -  [9.7559]0*  ( •*  on  V 
+  {  -  [8.707367]    +  [9.66685]  «•  -  [0.2896]  •' }  f  cos  3tf 
+  {       [9.104403]    -  [0.20086]  f  +  [0.9097]  «•  j  ««  cos  40 
+  {  -  [9.60120]      +  [0.7008]    t\*  cos 60 
+  \       [9.89773]      +[1.1811]    *  \Scot60 

[0.2839]  «' COB  70 
+         [0.6902]  •'cos  80. 

The  remaining  terms  of  this  expression  for  dg/dr  can  readily  be  derived 
from  the  values  of  e  and  dr/dd  correspondent  to  the  argument  £  which 
have  just  been  given.  Calling  these  the  second  part  of  dg/dr,  we  have 
the  following  results: 

Second  Part 
—0.00579  1193 

0.005729341 

0.005543667 

0.00509  7143 

0.004204082 

0.002705347 
—0.000242584 
+0.003263944 

0.007737116 

0.012840064 

0.01789  1412 

0.021786499 
+0.023280093 

The  quantities  in  the  last  column  furnish  the  periodic  series  for  dg/dr. 
The  absolute  term  shows  that  the  mean  motion  of  the  perihelion  of  the 
minor  planet  is  0.00490  0079  times  the  mean  motion  of  Jupiter.  The 
integration  of  this  series  gives  the  expression  for  y.  These  two  expressions 
follow;  (g)  is  the  arbitrary  constant  added  to  complete  the  integral,  and,  in 
the  second  term,  the  unit  of  Ms  a  Julian  year. 

•+ 0.00490  0079 

—  0.014416898  COB  C 
+  0.004446030  coe  2C 

—  0.000804772  cos  3C 
+  0.000176760  COB  4C 

—  0.000067470  COB  5C 
+  0.000031972  cos  6C 

—  0.000002614  COB  7{ 
+  0.000000139  cos  8C 

—  0.000003981  cos   9C 


16 

30 

45 

60 

75 

90 

I-'. 

120 

135 

160 

165 

180 


Pint  Fart 
+0.000049796 
0.000059648 
0.000121787 
0.000237477 
0.00039  1638 
0.000595969 
0.000843915 
0.001099821 
0.001319503 
0.001465221 
0.001535401 
0.001562180 
+0.001569151 


dg/dr 

—0.00574  1397 
0.005669493 
0.005421880 
0.004859666 
0.003812444 

—0.002109378 

+0.000601331 
0.004363765 
0.009056619 
0.014305285 
0.019426813 
0.023348679 

+0.024849244 


—  0.000001706  cos  IOC 
+  0.000000414  oos  11C 
+  0.000000648  COB12C 


(g)  +  53573662  i 

—  74645.14  sin     ( 
+  11609.92  sin 

—  1388.93  sin 
+      228.80  sin 

—  69.87  tin 
+       27.59  sin 

1.93  sin 
+         0.09  sin 
2.27  sin 
0.88  sin  IOC 
+         0.19  sin  11C 
+         0.28  sin  12C 


3{ 
4( 
5{ 
6{ 
7( 
8C 
9{ 
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It  is  of  interest  to  know  the  mean  motion  of  the  small  planet  which  is 
not  obvious  at  the  beginning  of  the  solution.  We  have  the  equation : 

d(l  +  g)  _de      dg     „ 

J J J r  *• 

or  or        ar 

Substituting  in  the  right  member  the  mean  motions  of  6  and  g,  its  value  is 
found  to  be  2.03493  7731;  then,  if  for  Jupiter  we  have  p' =  299."!  2838,  for 
the  small  planet  p  =  608."70762. 

XVIII. 

Illustration  in  the  Case  of  Libration. — In  the  example  we  have  chosen 
to  illustrate  the  theory,  libration,  when  it  exists,  is  always  about  the  value 
6  =  0°.  In  addition  to  the  value  log  a  =  9.8  let  us  assume  that  the  D  of 
(70)  is  to  be  so  chosen  that  the  half-swing  of  6  may  be  50°.  Making,  there- 
fore, 0  =  50°  in  (70),  we  get  the  first  of  the  following  equations  in  e,  and 
the  second  by  taking  the  derivative  of  the  first  with  respect  to  e: 


—  0.0007338426e 

—  0.00250  58226  e2 
+  0.004393829    es 
+  0.58063532      e4 

-0.02026791  e6 
+  0.1713553  e° 
-0.0144668  e7 

—  0.324947         e8 


—  0.0007338426 

—  0.00501 16452  e 
+  0.013181487    e* 
+  2.36254128      e8 

-0.10133955 
+  1.0281318 
-0.1012676 

—  2.599576 


.  =  0. 


Both  of  these  equations  should  be  satisfied  when  0  is  at  the  limit  of  its 
swing,  viz.,  when  6  =  ±  60°.  The  root  of  the  second  equation  which  is 
applicable  to  our  purpose  is  e  =  0.07606  124,  and  this  value  substituted  in 
the  first  gives  Z>  =  —  0.000048  63102,  which  is  the  value  of  D  which  brings 
about  a  libration  of  50°. 


From   the   equation 
corresponding  values: 


sin  0  =  sin  50°  sin  4-   we   obtain    the   following 


0° 

0° 

0' 

OC'OO 

15 

11 

26 

8.27 

30 

22 

31 

15.64 

45 

32 

47 

51.90 

60 

44 

33 

38.75 

75 

47 

43 

35.34 

90 

50 

0 

0.00 

By  means  of  these  values  we  determine  the  form  of  (70)  corresponding  to 
the  seven  values  of  •$/.     The  coefficients  are  given  in  the  following  table 


EXTENSION  OF  DELAUNArS  METHOD 

(the  small  figures  at  the  top  of  the  columns  denote  the  order  of  the  final 
decimal): 

*  •  *•«•<•  «•«•««•• 

0*  —  114MM4*  —  69068T  +  10  SIP  +69028994*  +121481'  +  8871  r  +  1414-  +  8864' 

It  11189923  718877  64217  68*26012  1284  01  87129  —    «40  16961 

20  1064B926  1M9471  1<4  921  B8761  742  118851  102627  6636  20249 

46  9696627  1648266  291687  68666082  +48722  124246  12260  20000 

60  86  42472  202  7029  286  616  68769  012  —  671  26  16174  8  11286  +  4721 

71  7679686  2277622  429468  68966922  166222  171241  —4928  -22702 

90  —7228426  —2606822  +429282  +69062622  —202679  +171266  +1447  —22496 

The  expressions  in  this  table  constitute  the  left  members  of  7  equations 
of  the  8th  degree;  thej  must  be  equated  to  the  same  quantity  D  = 
-  0.00004  863102.  The  two  smallest  real  roots  of  each  should  be  derived 
(they  are  those  suited  to  our  purpose).  The  connection  of  these  roots  with 
the  variable  ^  is  settled  in  following  way:  the  larger  of  the  two  roots  is 
made  to  correspond  to  the  value  of  ^  standing  as  the  argument  in  the  table, 
while  the  smaller  is  assigned  to  the  value  180°  —  ^;  the  two  roots  being 
equal  for  ^  =  90°,  the  common  value  is  assigned  to  that  value  of  4>-  This 
arrangement  is  made  in  order  that  4  and  t  may  augment  together.  These 
values  of  e  together  with  the  corresponding  values  of  0  are,  in  succession, 
substituted  in  (65);  thus  we  have  the  values  of  dr/d-^  corresponding  to 
equidistant  values  of  ^.  These  results  are  contained  in  the  following  table: 


0°  0.10846187  37.23986 

IB  0.10765795  37.70988 

30  0.10518818  39.14539 

45  0.10088191  41.67020 

60  0.09452189  44.76280 

76  0.08605349  47.65996 

90  0.07606124  4800164 

105  0.06601  592  44.40759 

120  0.05744767  38.68686 

136  0.05102653  33.34281 

150  0.04671683  29.47279 

165  0.04426767  27.22320 

180  0.04347566  26.49213 

It  should  be  noted  that,  in  the  computation  of  the  third  column,  for 
90°,  the  factor  cos  ^/(dW/df)  takes  on  the  indeterminate  form  0/0; 


204 


COLLECTED  MATHEMATICAL  WORKS  OF  G.  W.  HILL 


employing  the  usual  method  of  treating  vanishing  fractions,  this  factor 
equals  —  1  / [(3s  W/de*)  (de/d^)].  If  here  we  should  use  the  equation W=  D 
to  determine  de/d^,  the  result  would  again  be  indeterminate.  But  this 
difficulty  is  avoided  by  employing  the  value  of  e  as  a  periodic  function  of  4- 
given  by  the  quantities  of  the  second  column.  Thus  if 


6       «„  +  a,  COS  <1>  +  a,  COS  2<J>  +  a,  COS  3^  +  . .  .  , 


then 


de 


=  —  a,  sin  <!>  —  2a,  sin  20  —  3as  sin  30  —  . . . , 


and,  for  the  special  value  ^  =  90°,  this  becomes: 


For  this  special  value  of  4/  it  is  found  that 


e          =  +  0.00288  92836  ,  =  -  0.03939  373  . 


The  mean  of  the  numbers  in  the  last  column  of  the  table,  allowing 
half  weight  to  the  first  and  last,  is  38.65409,  which  is  the  number  of  revo- 
lutions of  Jupiter  contained  in  the  period  of  libration;  thus  this  period  is 
458.5144  Julian  years.  From  the  special  values  of  e  and  dr/d^  given  in 
the  table  we  derive  the  periodic  series  representing  them.  The  latter  can 
be  integrated,  and,  as  before,  we  put  £  for  00  (t  +  c).  Thus  we  get  the 
following  expressions: 


e  = 


0.07598399 

+  0.0338  8957  cos 

-0.0000  4144  cos 

-0.00152988008 

+  0.0000  3031  cos 

+  0.0001  5016  cos 

—  0.0000  0467  cos 

-0.0000  1929  cos 

+  0.0000  0062  cos 

+  0.0000  0281  cos 

-0.0000  0012  cos 

-0.0000  0026  cos 

+  0.0000  0008  cos 


(=<!' 


+  29862?37  sin 
—  20922.  46  sin 
416.  31  sin 
1650.  00  sin 
13.  01  sin 
193.  31  sin 
0.37  sin 
27.  39  sin 
0.01  sin 
4.  65  sin 
0.02  sin 
0.81  sin 


+ 
+ 


+ 
+ 


+ 
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The  first  of  these  is  simply  a  transformation  of  the  equation  W=D,  by 
which  e  is  expressed  in  terms  of  the  auxiliary  variable  4<- 

Attributing  to  £,  in  succession,  the  13  values  0°,  15°,  30°,  . ..,  180°, 
by  a  tentative  process  we  can  get  the  corresponding  values  of  ^,  as  also 
by  substitution  those  of  e,  e  cos  9  and  «  sin  6.    These  results  follow: 


c 

1 

• 

•  COi 

I 

•  tin  * 

0* 

Oe 

0' 

or  oo 

0 

.10846187 

+o 

.1084 

6187 

0 

.00000000 

15 

15 

30 

0. 

64 

0 

.10680283 

0 

.1045 

4084 

+0 

.02186455 

30 

30 

35 

58. 

93 

0 

.IMS  4969 

0 

.0941 

5541 

0 

.03987176 

45 

44 

58 

46. 

75 

0 

.09569588 

0 

.0804 

MM 

0 

.0518  1767 

60 

58 

28 

33. 

58 

0 

.0879  7453 

0 

.06662875 

0 

.05744671 

75 

71 

8 

20. 

78 

0 

.0797  1930 

0 

.0549 

1390 

0 

.05778952 

90 

83 

15 

23. 

39 

0 

.07144655 

0 

.0463 

7246 

0 

.05435260 

105 

95. 

20 

46. 

24 

0 

.06362489 

0 

.0411 

4864 

0 

.04852749 

DM 

108 

7 

15. 

59 

0 

.05669409 

0 

.0388 

6515 

0 

.04127614 

135 

I."' 

25 

27. 

98 

0 

.06107994 

0 

.0389 

6451 

0 

.03302919 

150 

139 

5 

9. 

66 

0 

.04685171 

0 

.0401 

2863 

0 

.02350559 

165 

158 

31 

3. 

57 

0 

.04432198 

0 

.04254216 

+0 

.01243393 

180 

180 

0 

0. 

00 

0 

.0434  7566 

+0 

.0434 

7566 

0 

.00000000 

From  the  data  of  the  fourth  and  fifth  columns  result  the  periodic  series: 


+  0.06042349 
+  0.03093374006     { 
+  0.01 47  2940  cos    2{ 
+  0.0015  8319  cm    3£ 
+  0.0007  3464  COB   4{ 

—  0.0000  1013  coe    5£ 
+  0.0000  6769  COB   6( 

—  0.0000  1229  COB   7{ 
+  0.0000  1611  COB   8C 

—  0.0000  0669  COB   9( 
+  0.0000  0106  cos  IOC 
+  0.0000  0528  COB  11C 

—  0.0000  0363  cos  12{ 


ttiut  = 


+  0.0571  84 16  sin  C 
+  0.0093 854 lain  2£ 
+  0.0030  1596  sin  3( 
+  0.0000  5256 Bin  4{ 
+  0.0001  9928  sin  5{ 

—  0.0000 1597  sin   6{ 
+  0.0000  1768 sin    7{ 

—  0.0000  0390 Bin   8{ 
+  0.0000  0771  sin   9{ 

—  0.0000  0714  Bin  10{ 
+  0.0000 0492  Bin  11{ 


XIX. 

In  computing,  for  this  caae,  the  values  of  dg/drr  by  the  third  equation 
of  (60)  we  make  a  like  division  into  two  parts  as  in  the  former  case.    Sub- 
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stituting  the  values  of  e  and  6  which  correspond  to  the  values  0°,  15°,  30C 
...,  180°  of  £  we  get  the  following  special  values: 

C  First  Part  Second  Part 

0°  +0.00019583  -0.05008981 

15  20  725  4843  252 

30  24  656  4385  892 

45  30  013  3722  995 

60  36  434  2938  834 

75  42  685  2098  623 

90  47  979  1247  567 

105  51817  -0.00410869 

120  54013  +0.00397237 

135  54  781  1211 642 

150  54  497  1991 948 

165  53  746  2629  903 

180  +  0 . 00053  360  +  0 . 02891  583 

From  the  quantities  in  the  last  column  we  obtain  the  periodic  series  for  dg/dr, 
and  thence  by  integration  the  expression  for  g;  these  results  follow: 

'(g)— 12707844* 
-  29758678  sin 

+     3186. 4 sin  2 

—     5334. 9  sin  3 

+      1016.0 sin  4 

464.7sin  £ 

+        113.0 sin  6 


dg/dr 

—  0.04989398 

4822  527 
4361  236 
3692  982 
2902  400 
2055  938 
1199  588 

—  0.00359052 
+  0.00451250 

1266  423 

2046  445 

2683  649 

+  0.02944943 


dr 


—  0.01163174 
-0.0373  2443  cos     £ 
+  0.0007  9929  cos    2£ 

—  0.0020  0735  cos   3£ 
+  0.0005  0972  cos   4f 

-0.0002  9143  cos  5£ 
+  0.0000  8500  cos  6£ 

-0.0000  4117  cos  7£ 
+  0.0000 1080 cos  8£ 

-0.0000  0438  cos  9£ 
+  0.0000  0251  cos  10£ 

-  0.0000  0293  cos  11£ 
+  0.0000  0214  cos  12£ 


9-' 


46. 9  sin   7£ 

10. 8 sin   8{ 

3. 9 sin   9£ 

2.0sinlO£ 


1.4sinl2f 


The  unit  of  t  in  the  second  expression  is  a  Julian  year. 

By  using  the  same  formula  as  in  the  former  case  we  find  that  the  mean 
p  of  the  small  planet  in  this  case  has  the  value  609". 47474. 

XX. 

In  attempting  to  apply  the  preceding  method  to  the  case  where  D  —  0, 
we  should  find  that  dg/dr  became  infinite  at  the  point  where  6  =  0°  or 
6  =  180°,  and,  when  D  is  quite  small,  we  should  have  to  deal  with  incon- 
veniently large  numbers.  This  difficulty  is  surmounted  by  computing  the 
differentials  of  the  two  quantities  e  cos  g  and  e  sin  g  in  place  of  that  of  g. 
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MEMOIR  No.  67. 
Ptolemy's  Problem. 

(Agronomical  Journal,  Vol.  XXI,  pp.  SS-S5,  1900.) 

ID  the  case  of  the  inferior  planets  Ptolemy  discovered  the  position  of 
the  line  of  apsides  and  the  eccentricity  of  the  eccentric  circle  by  observations 
of  greatest  elongations.  When  two  were  found  of  the  same  magnitude,  but 
situated  on  opposite  sides  of  the  mean  Sun,  the  position  of  the  line  of  apsides 
was  discovered  by  bisecting  the  angle  between  the  mean  positions  of  the  Sun. 
And  the  eccentricity  was  found  by  comparing  the  magnitude  of  the  greatest 
elongations  when  the  mean  Sun  was  at  either  end  of  tlie  line  of  apsides. 

These  devices  are  impracticable  in  the  case  of  the  superior  planets,  and 
Ptolemy  had  recourse  to  observations  made  when  the  true  longitude  of  the 
planet  differed  by  180°  from  the  mean  longitude  of  the  Sun.  Observations 
fulfilling  this  condition  cannot  generally  be  obtained,  but,  by  interpolation 
between  several  observations  in  close  proximity,  the  desired  data  may  be  got. 
At  these  special  times  the  Earth,  planet  and  center  of  the  epicycle  are  in  a 
right  line;  thus,  as  we  do  not  have  to  deal  with  distance,  but  only  with 
orientation,  we  need  not  pay  any  attention  to  the  epicycle.  It  is  understood 
that  the  period  of  the  planet  is  known,  there  are  then  three  unknowns  to  be 
determined,  viz.:  the  position  of  the  line  of  apsides,  the  eccentricity  of  the 
eccentric  circle,  and  the  epoch  of  the  mean  longitude ;  thus  three  observations 
are  necessary. 

What  I  have  ventured  to  call  Ptolemy's  Problem  may  be  stated  in  a 
geometrical  form  as  follows: 

On  a  given  common  base  to  construct  three  triangles  stick  that,  while  their 
vertices  are  equidistant  from  the  middle  point  of  the  base,  the  differences  of  the 
angles  at  each  end  of  the  base  may  be  equivalent  to  given  angles. 

In  the  figure,  let  A}A.  be  the  common  base,  C  its  middle  point,  and 
BI,  Bt,  B,  the  vertices  of  the  three  tri- 
angles. The  angles  B^AlBt,  BtAlBtl 
BlAtBt,  BlAtBl  are  known.  Adopt  A}C 
as  the  linear  unit,  and  let  At  be  the 
point  from  which  the  observations  are 
made,  while  Al  is  the  point  about  which 
the  center  of  the  epicycle  rotates  uni- 
formly. Take  C  for  the  origin  of  a  sys- 
tem of  rectangular  co-ordinates,  CAl  being 
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the  positive  direction  of  the  axis  of  x.  Let  the  general  equations  of  the 
radii  A^E  and  A2B  be  severally 

y  =  tan  n  .  (x  —  1)  ,        y  =  tan  u  .  (x  +  1) 

where  ^  and  v  denote  severally  the  mean  and  true  anomaly  measured,  as 
with  Ptolemy,  from  the  aphelion.  In  order  to  have  the  rectangular  co- 
ordinates of  the  point  S,  we  solve  these  equations,  regarding  x  and  y  as  the 
unknowns,  and  get 

_  tan  fi  +  tan  u  _  sin  (ju  +  u) 
~  tan  it.  —  tan  u  ~~  Bin  (/t  —  t>) 
_  2  tan  /i  tan  u  _  cos  (/*  —  u)  —  coa  (^  +  o) 
y  ~~  tan  /*  —  tan  u  ~  sin  (/i  —  y) 

It  will  be  more  convenient  to  employ  as  the  variables  ^  =  p  +  i;  and 
4/  =  (i  —  v.     Then  as  a  constant  quantity, 

£0'  =  x2  +  t/2  =  8iu'/ 


But,  if  2M""1  is  put  for  Xs  +  if  -\-  1,  this  equation  can  be  given  the  form 

u  —  -  u  cos  /  cos  </>  =  sin  *  (/>. 

This  equation  constitutes  the  relation  between  the  true  and  mean 
anomalies  in  Ptolemy's  theory  of  eccentric  circles.  It  holds  for  each  of  the 
three  observations,  and  we  thus  have  the  data  requisite  for  the  determination 
of  the  three  unknowns  u,  %  and  $.  If  the  latter  symbols  are  used  for  the 
first  observation  we  should  add  to  them  certain  known  arcs  for  the  second 
and  third  observations.  But  it  is  conducive  to  symmetry  to  suppose  that 
the  known  arcs  to  be  added  to  ^  and  ^  in  the  several  observations  in  their 
order  are  at,  az,  a8,  and  again  (31}  ^2,  /?3.  It  will  shorten  the  writing  of 
some  of  the  formulas  if  we  impose  upon  the  (3  the  condition  /21-r-/?2+/&,=:0- 
As  to  the  a,  the  computation  is  shortened  if  we  suppose  one  of  them  vanishes. 
To  abbreviate  we  write  ij/i  for  4-  +  &,  then  the  equations  for  solution  are 

u  —  u  cos  (x  +  <*i)  cos  \l/1  =  sin2  ^ 
u  —  u  cos  (x  +  <*2)  cos  ^2  =  sin2  if/2 
u  —  u  cos  (x  +  as)  cos  ^s  =  sin2  tfia 

By  developing  cos  (#  +  a)  we  have  the  modified  form: 

u  —  cos  a,  cos  ^!  .  u  cos  %  -\-  sin  ot  cos  ^,  .  u  sin  x  =  sin2  ^ 
u  —  cos  a2  cos  ^2  .  u  cos  x  +  sin  °2  cos  ^2  •  u  sin  X  —  s'n2  ^2 
u  —  cos  a3  cos  <f>a  .  u  cos  x  +  sin  a,  cos  ^3  .  u  sin  x  =  sin2  ^8 

Let  these  equations  be  regarded  as  linear,  and  as  determining  the 
unknowns  «,  u  cos  £,  and  u  sin  %.  Employ  A  to  denote  the  determinant 
formed  from  the  coefficients  of  the  equations,  and  S  to  denote  summation 
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with  respect  to  the  cyclical  permutation  of  the  subscripts  1,  2,  3;  thus,  of 
three  terras  only  one  will  be  written,  the  remaining  two  being  derived  from 
this  by  the  mentioned  cyclical  permutation.  Then  the  expression  for  A  is 

A  =  8  .  on  (•,  —  a,)  CM  +t  cot  *, 

and  the  values  of  the  unknowns  u,  u  cos  g,   u  sin  £  &ru  given  by  the 

expressions 

Au  =  8  .  sin  (a,  —  a,)  coe  f,  cos  f,  sin*  ^, 
Au  cos  x  =  8  .  [tin  a,  cos  ^,  —  sin  a,  coe  ^,]  sin*  ^ 
Au  sin  x  =  8  .  [ct»  a,  coe  f  ,  —  coe  a,  coe  f  ,  ]  gin*  f  , 

The  substitution  of  these  values  in  the  identity 

(Au  co*.  x)f  +  (Au  Bin  x)f  =  (Au)« 

gives  an  equation  involving  only  the  unknown  ^,  and  which  serves  to 
determine  this  quantity. 

With  advantage  these  expressions  may  be  transformed  ;  thus,  in  case 

of  the  second, 

Au  coe  *  =  5  .  sin  a,  coe  ^>,  [sin*  ^,  —  sin*  f  ,  ] 

and  by  applying  the  formula 

•in*  x  —  sin*  y  =  sin  (z  —  y)  sin  (i  -|-  y) 

this  becomes,  mindful  of  the  relation  /#i  +  /?,  +  /?,  =  0, 

Au  OMX  =  |  5  .  tin  ^  nn  (0.  —  /S.)  [sin  3*  +  sin  (*  —  2/9,)] 
In  like  manner 

Au  «in  x  =  J  5  .  coe  a,  ain  (/S.  —  /8,  )  [sin  3f  +  sin  (f  —  2/J,  )  ] 
Au  =  i  8  .  rin  (^  —  .,)  [2  sin  (/3,  —  ftt)  sin  (/J,  -  ft) 
+  «»(/»•  —  A)  -f  2  sin  (ft  —  /J,)sin(2f  —  ft) 
-|-  2  sin  (ft  -ft)  sin  (2*-ft)  -co.  (4^  +  ft)] 

If  we  put 


A  t  =  i  S  .  sin  a,  sin  (  ft  —  ft  ) 
4§Sat=±JS.coea1Bin(ft  —  ft)r  2ft 

^4  =  i  S  .  coe  oj  sin  (/>,  —  ^,) 

4,  =  i5.«in(a1  —  «.)  [2co«(ft  —  ft)—  oo63ft] 
4,Za,  =  —  i5.sin(^  —  ^)  [coe  (ft-  ft)  Z  2ft  ±  rft] 
A,Zat  =  —  iS.sin  (a,  —  a,)  Sft 

we  shall  have 


Au  =  4.  +  A.  coe  (2*  +  a,)  +  4T  OM  (4^  +  a.  ) 
From  these  expressions  can  be  derived  the  algebraic  equation  on  which  the 
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solution  of  the  problem  depends.     Let  us  adopt  tan  $  =  x  as  the  unknown. 
Then 

sin  2^  =  2a;(l  +  x2)-1  ,  cos  2^  =  (1  —  z2)  (1  +  a;2)-1 
sin  3<//  =  3a;(l  +  a;2)"*  —  4a;8(l  -|-  a;2)"', 

sin  4f  =  4a;(l  —  x1)  (1  +  ar8)-2  , 

cos  4^  =  (1  —  4a;2  +  2a;4)  (1  +  z2)-2 
For  brevity  put 


then  PcoBX  =  Bl(l  +  x*)+B2x  +  Bax3 

Psmx  =  B4(l  +  x*)+  B.x  +  Bsx> 
P(l  +  x*)*  =  BT  +  Bsx  +  Btx*  +  B10*»  +  Buz« 

where  the  coefficients  B  have  the  following  values: 

B!  =  —  8  .  sin  oj  sin  (ft  —  ft)  sin  ft  cos  ft 

B,  =      5  .  sinai  sin  (ft  —  ft)  (1  +  cos2  ft  ) 

B8  =  —  S  .  sin  ax  sin  (ft  —  )32)  sin2  ft 

£4  =  —  S  .  cos  C4  sin  (/?„  —  ft)  sin  ft  cos  ft 

Bt  =      8  .  cos  ai  sin  (ft  —  ft)  (1  +  cos2  ft  ) 

B,  =  —  5  .  cos  Ol  sin  (ft  —  ft)  sin2  ft 

£T  =    \  8  .  sin  (a,  —  a,)  [cos  (ft  —  ft)  +  cos  ft]  'sin2  ft 

#g  =      8  .  sin  (o2  —  os)  [cos  (ft  —  ft)  cos  ft  +  1]  sin  ft 

B,  =    iS.sin  (aa  —  a,)  [2cos  (ft  —  ft)  +2cosft  —  cosSft] 

JB10  =   J5.  sin  (o2  —  a,)  [2  cos  (ft  —  ft)  cos  ft  —  1]  sin  ft 

B11=    i/Sf.sin(a2  —  a,)  [4coe(ft  —  ft)coeft—  1  —  4  cos2  ft]  cos  ft 

The  equation  in  x  is  then 


and  thus  is  of  the  eighth  degree.     We  do  not  elaborate  it  further,  as  it  is 
less  laborious  to  employ  the  expressions  for  AM,  Au  cos  £  and  AM  sin  #. 

As  an  illustration  take  the  example  given  by  Ptolemy  in  the  case  of 
Mars.  Here,  at  the  three  selected  oppositions  of  Mars  with  the  mean  Sun, 
the  observed  longitudes  of  the  planet  in  their  order  were  81°,  148°  50'  and 
242°  34'.  From  the  known  period  it  is  gathered  that,  exclusive  of  whole 
circumferences,  motion  in  the  mean  longitude  between  the  first  and  second 
observations  was  81°  44',  and  between  the  second  and  third  95°  28'.  Making 
ttl  =  0°  and  adopting  the  condition  ^  +  @z  +  (3a  =  0,  these  data  make 

a.=      0Q  «,  =      149°  34'  a,  =      338°  46' 

ft  =  -  9°  50'  40"        ft,  =  +      4°    3'  20"      &  =  +      5°  47'  20" 

The  substitution  of  these  values  in  the  formulas  gives  (logarithms 
are  in  []), 

Au  cos  x  =  [9.0480661]  sin  (f  +  170°  32'  22C'35)  —  [9.0482551]  sin  3^ 
Ausinx=  [9.3825734]  sin  (^  -       8°    2'  37?59)  +  [9.3860693]  sin  3^ 
Ait  =  —  0.08286966  +  [8.8855859]  cos  (2^  +  95°  49'  15?62) 
+  [8.9513935]  cos  (4^  +    8°  21'  48C'29) 
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By  moving  ^  from  0°  to  180°  we  discover  the  following  six  real 
solutions  of  the  problem: 


1 

S 

s 

•   1   II 

•   1   II 

•  i  a 

0 

1  37  22.78 

2  47  43.58 

71  28  20.82 

X 

132  11  58.15 

283  57  57.55 

294  21  58.28 

log  « 

8.0893041 

8.2967311 

9.9836184 

4 

5 

6 

^ 

85  9  41.39 

85  30  8.91 

96  52  54.68 

X 

77  23  26.50 

284  47  47.15 

117  14  48.82 

logu  9.9958862  0.0008790  9.9886814 

The  two  remaining  roots  of  the  equation  of  the  8th  degree  are  imaginary. 

Although  all  the  six  solutions  satisfy  the  equations,  the  second  is  the 
only  one  which  fulfills  all  the  conditions  of  the  problem.  Those  not  involved 
in  the  equations  are  the  following:  ft  and  v  must  together  lie  between  0° 
and  180°  or  between  180°  and  360°,  and,  in  the  first  case,  p  must  exceed  v, 
and,  in  the  second  case,  v  must  exceed  p.  Every  right  line  drawn  through 
a  point  has  two  orientations  differing  180°;  in  the  equations  this  duplicity 
is  left  undecided,  but,  in  the  problem,  that  orientation  must  be  chosen  which 
is  directed  towards  the  point  of  intersection  on  the  circumference. 

The  values  of  the  mean  and  true  anomalies,  at  the  times  of  the  several 
observations,  given  by  the  second  solution  are : 


318  27  30.57  325  30  26.98 

40  11  30.57  33  20  26.98 

135  39  30.57  127    4  26.98 

Whence  it  follows  that  the  longitude  of  the  apogee  is  115°  29'  33".01;  and, 
from  u  we  deduce  that  the  eccentricity  of  the  orbit  =  -^  =  0.1000026. 


Ptolemy's  values  of  these  quantities  are  115°  30*  and  0.1.  His  procedure 
in  treating  the  problem  virtually  consists  in  the  assumption  that  the  eccen- 
tricity is  so  small  that,  for  a  first  approximation,  we  may  put  unity  for  cos  ^ 
in  the  equation  defining  the  connection  between  the  two  anomalies.  This 
makes  the  values  of  the  unknowns  depend  on  equations  of  the  first  degree. 
The  linearity  of  the  equations  is  maintained  in  the  following  approximations 
by  computing  the  length  of  certain  lines  in  the  geometrical  figure  from  the 
elements  of  the  preceding  approximation.  Ptolemy's  method  is  ingenious 
but  tedious,  at  least  in  the  narration  of  it. 
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MEMOIK  No.  68. 
Normal  Positions  of  Ceres. 

(Astronomical  Journal,  Vol.  XXI,  pp.  51-54,  1900.) 

Having  been  at  some  pains  to  collect  the  observations  of  Ceres  for  the 
century  it  has  now  been  known,  and  having  formed  normals  from  that  part 
of  the  material  which  seemed  suitable  for  the  purpose,  1  have  concluded  to 
publish  the  results  apart  from  any  comparison  with  a  definite  theory.  The 
elaboration  of  the  latter  involves  so  much  work,  that,  although  something 
has  been  done,  I  can  hardly  hope  to  finish  it;  but  the  labor  of  forming  the 
normals  need  not  be  lost. 

Ceres  has  been  observed  at  every  opposition  since  its  discovery ;  but  on 
two  occasions,  which  will  be  noticed  in  the  list  to  be  given,  the  material  is 
so  scanty  and  discordant  that  no  normals  were  formed.  Some  of  the  obser- 
vations in  the  decade  following  the  discovery  of  the  planet  were  unreduced, 
especially  those  made  at  Palermo  and  Milan ;  these  have  been  reduced  as 
well  as  the  data  permit.  But,  for  the  remaining  material,  the  published 
reduction  has  been  accepted  without  the  application  of  any  corrections. 
No  accurate  ephemeris  of  the  planet  was  published  for  the  interval  1801- 
1830;  accordingly,  approximate  tables  were  constructed  giving  the  helio- 
centric position.  The  theory  employed  was  that  in  A.  «/.,  Vol.  XVI, 
pp.  57-62.  But  only  the  ten  largest  equations  were  tabulated,  as  that 
seemed  sufficient  for  the  purpose  of  normal-forming. 

The  following  is  a  description  of  the  material  used  in  each  opposition. 
As  it  was  concluded  to  form  but  one  normal  for  each  of  these  occasions,  the 
aim  has  been  to  limit  the  range  of  observation  to  40  days.  Where  the 
observations  are  found  in  out  of  the  way  places,  the  place  of  publication 
is  given. 

1801. — For  this  normal  we  have  only  the  observations  of  PIAZZI  at  Palermo, 
between  Jan.  1-Feb.  11.  They  have  been  reduced  anew.  The  observation  at  the 
transit  instrument  on  Jan.  18  is  in  error  in  some  incorrigible  way  and  is  rejected. 

1802.— 29  observations  at  Palermo,  Mar.  2- Apr.  19;  9  at  Vienna,  Mar.  3-Mar.  20; 
6  at  Greenwich,  Mar.  6-Apr.  21;  13  at  Paris,  Apr.  7-Apr.  30;  27  at  Seeberg,  Mar.  3- 
Apr.  19. 
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1803. — 7  observations  at  Greenwich,  June  23-July  18 ;  17  it  Paris,  June  25-July 
87;  13  at  Bmktrg,  July  1-July  23;  13  at  Milan,  June  37-July  26;  28  at  Palermo, 
June  17-July  23.  The  Milan  observations  are  in  the  Kffrmendi  Milano. 

1804.— 5  observations  at  Paris,  Sept  13-Oct.  6;  19  at  Seeberg,  Sept  13-Oct  24; 
12  at  Milan,  Sept  19-Oct  17;  15  at  Palermo,  Oct  2-Oct  25. 

1806. — 6  observations  at  Palermo,  Jan.  8-Feb.  8;  4  at  Milan,  Jan.  4-Jan.  12; 
2  at  Ofen,  Jan.  22-Jan.  29. 

1807.— 17  observations  at  Palermo,  May  2-May  24 ;  15  at  Paris,  Apr.  21-May  24 ; 
9  at  Gottingen,  Apr.  26-Maj  7;  5  at  Padua,  Apr.  10-Apr.  24;  15  at  Milan,  Apr.  19- 
May  13. 

1808.— 21  observations  at  Palermo,  Aug.  2-Aug.  25;  1  at  Oottingen,  July  25; 
9  at  Milan,  July  28-Aug.  14. 

1809.— 4  observations  at  Palermo,  Nov.  11-Nov.  18;  4  at  Milan.  Nov.  1-Nov.  6; 

8  at  Paris,  Oct  23-Nov.  9. 

1811.— 4  observations  at  Greenwich,  Mar.  9-Mar.  22;  8  at  Seeberg,  Feb.  17-Feb. 
25;  8  at  Milan,  Feb.  13-Feb.  25;  3  at  Paris,  Feb.  18-Feb.  27. 
1812. — 6  observations  at  Palermo,  June  8-June  19;  7  at  Milan,  June  6-Jnne  13; 

2  at  Greenwich,  June  14-Jnne  15. 

1813.— 3  observations  at  Vienna,  Sept.  18-Sept  20;  7  at  Wilna,  Sept.  2-Sept  10; 
4  at  Copenhagen,  Sept.  8-Sept.  18.  These  observations  are  in  the  Brrl.  Jahrbuck, 
1817,  p.  146. 

1814. — There  has  been  found  but  one  complete  observation  at  Greenwich  on 
Dec.  16,  and  a  R.  A.  at  Konigsberg  on  Dec.  3.  As  the  two  R.  A.'s  disagree,  no 
normal  has  been  formed  for  this  opposition. 

1816. — 4  observations  at  Paris,  Apr.  19-May  1 ;  12  at  Konigsbcrg,  Mar.  26-Apr.  18. 

1817. — As  but  one  observation  was  found,  which  was  made  at  Greenwich  July  19, 
it  was  thought  not  worth  while  to  give  a  normal  for  this  opposition. 

1818. — 5  observations  at  Greenwich,  Oct  7-Oct  16;  8  at  Konigsberg,  Oct  3- 
Oct  20. 

1820.— 2  observations  at  Mannheim,  Jan.  31-Feb.  2;  3  at  Berlin,  Feb.  8-Feb.  14; 

3  at  Munich,  Feb.  5-Feb.  8.    The  first  and  second  sets  are  in  the  Berl.  Jahrbuch  for 
1823  and  1824. 

1821.— 5  observations  at  Greenwich  May  16-May  26;  6  at  Paris,  May  24-June  1; 

9  at  Konigsberg,  May  8-June  3. 

1822.— 3  observations  at  Paris,  Aug.  17-Aug.  29;  6  at  Konigsberg,  Aug.  18- 
Sept  3. 

1823. — 3  observations  at  Greenwich,  Dec.  1-Dec.  9 ;  5  at  Paris,  Nov.  10- Dec.  7. 

1825.— 2  observations  at  Greenwich,  Mar.  11-Mar.  18;  7  at  Paris,  Mar.  17-Mar. 
29;  6  at  Konigsberg,  Mar.  8-Mar.  19;  7  at  Gottingen,  Mar.  9-Apr.  7. 

1826. — 6  observations  at  Greenwich,  June  23-July  1 ;  4  at  Konigsberg,  June  27- 
July  2. 

1827.— 8  observations  at  Konigsberg,  Sept  20-Sept  30. 

1829. — 3  observations  at  Gottingen,  Jan.  22- Feb.  11. 

1830.— 8  observations  at  Greenwich,  Apr.  19-May  3;  7  at  Konigsberg,  Apr.  19- 
May  5;  9  at  Gottingen,  Apr.  24-May  5;  8  at  Abo,  Apr.  17-May  12;  10  at  Vienna, 
Apr.  17-May  12. 
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1831. — 6  observations  at  Greenwich,  July  22-Aug.  7;  3  at  Cambridge,  July  22- 
July  31;  5  at  Vienna,  July  20- Aug.  6. 

1832. — 4  observations  at  Konigsberg,  Oct.  29-Nov.  7;  6  at  Altona,  Oct.  21-Nov. 
16 ;  6  at  Kremsmiinster,  Oct.  16-Nov.  10. 

1834. — 4  observations  at  Greenwich,  Feb.  7-Feb.  21;  6  at  Konigsberg,  Feb.  6- 
Mar.  3;  7  at  Mannheim,  Jan.  31-Feb.  23;  6  at  Cracow,  Feb.  13-Mar.  1;  8  at 
Munich,  Feb.  9-Feb.  20;  11  at  Vienna,  Feb.  9-Mar.  2. 

1835. — 3  observations  at  Greenwich,  May  28-June  15;  10  at  Konigsberg,  June  2- 
June  17;  10  at  Kremsmiinster,  June  2-June  22;  8  at  Vienna,  June  3-June  27. 

1836. — 6  observations  at  Greenwich,  Aug.  17-Sept.  30;  5  at  Vienna,  Sept.  9- 
Sept.  29;  1  at  Helsingfors,  Sept.  7;  3  at  Cracow,  Sept.  5-Sept.  16;  2  at  Krems- 
miinster, Aug.  31-Sept.  1. 

1837. — 4  observations  at  Greenwich,  Nov.  17-Jan.  4;  4  at  Paris,  Dec.  3-Dec.  26; 
1  at  Konigsberg,  Dec.  1;  3  at  Vienna,  Dec.  10-Dec.  30;  1  at  Kremsmiinster,  Dec.  15. 

1839.— 7  observations  at  Greenwich,  Mar.  27-May  2;  8  at  Paris,  Mar.  26- Apr.  26; 
9  at  Konigsberg,  Mar.  26-Apr.  20 ;  6  at  Vienna,  Apr.  5-Apr.  29 ;  4  at  Kremsmiinster, 
Mar.  24-Apr.  23. 

1840. — 3  observations  at  Greenwich,  July  27-Aug.  14;  11  at  Paris,  July  14- Aug. 
14;  3  at  Vienna,  July  21- Aug.  6. 

1841.— 6  observations  at.  Greenwich,  Oct.  12-Nov.  12;  6  at  Paris,  Oct.  11-Oct.  28; 

1  at  Konigsberg,  Oct.  5 ;  8  at  Vienna,  Oct.  18-Nov.  11 ;  7  at  Kremsmiinster,  Oct.  11- 
Nov.  5. 

1843.— 2  observations  at  Greenwich,  Jan.  30-Feb.  6 ;  2  at  Paris,  Jan.  19-Feb.  13 ; 

2  at  Konigsberg,  Jan.  13-Feb.  3 ;  5  at  Kremsmiinster,  Feb.  1-Feb.  15. 

1844. — 7  observations  at  Greenwich,  Apr.  28-June  1 ;  14  at  Paris,  May  1-June  1 ; 
9  at  Konigsberg,  May  15- June  1 ;  9  at  Kremsmunster,  May  3- June  1 ;  11  at  Ham- 
burg, May  7-May  30. 

1845. — 8  observations  at  Greenwich  Aug.  15-Sept.  9;  5  at  Paris,  Aug.  22-Sept.  6; 
9  at  Konigsberg,  Aug.  11-Sept.  5;  8  at  Kremsmiinster,  Aug.  9-Sept.  8. 

1846. — 4  observations  at  Greenwich,  Nov.  3-Dec.  4 ;  2  at  Paris,  Nov.  20-Nov.  26 ; 
5  at  Bonn,  Nov.  10-Dec.  1. 

1848. — 7  observations  at  Greenwich,  Mar.  7- Apr.  14;  8  at  Paris,  Mar.  12- Apr.  14; 
2  at  Konigsberg,  Mar.  13-Mar.  20 ;  9  at  Hamburg,  Mar.  22-Apr.  4. 

1849. — 4  observations  at  Greenwich,  July  13-July  26;  13  at  Paris,  June  18-July 
13;  5  at  Konigsberg,  July  7-July  13;  3  at  Leipzig,  July  11-July  15. 

1850.— 9  observations  at  Greenwich,  Sept.  6-Oct.  5 ;  1  at  Paris,  Sept.  6. 

1852.— 6  observations  at  Greenwich,  Dec.  10-Jan.  23;  7  at  Kremsmiinster,  Jan. 
1-Jan.  24. 

1853. — 10  observations  at  Greenwich,  Apr.  7-May  25 ;  5  at  Paris,  Apr.  17-May  10 ; 
4  at  Konigsberg,  Apr.  22-May  17;  6  at  Kremsmiinster,  Apr.  25-May  24;  1  at  Bonn, 
Apr.  13. 

1854. — 4  observations  at  Greenwich,  July  20-Aug.  29;  11  at  Paris,  Aug.  2-Aug. 
30;  7  at  Kremsmiinster,  July  24- Aug.  14;  3  at  Bonn,  July  25- Aug.  13. 

1855. — 3  observations  at  Greenwich,  Oct.  15-Nov.  10;  5  at  Paris,  Oct.  19-Nov.  11; 
4  at  Kremsmiinster,  Oct.  28-Nov.  13 ;  2  at  Bonn,  Oct.  22-Nov.  2. 
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1857.— «  observations  at  Greenwich,  Feb.  16-Mar.  16;  3  at  ParU,  Feb.  24-Mar.  11 ; 
10  at  Konigsberg,  Feb.  3-Mar.  1;  10  at  Berlin,  Jan.  31-Feb.  27;  13  at  Krems- 
mttnater,  Feb.  14-Mar.  18;  11  at  Bonn,  Feb.  6- Feb.  25. 

1858.— 11  observations  at  Greenwich,  May  18-June  18;  7  at  Paris,  May  19-June 
1 1 :  12  at  KSnigsberg,  May  29-June  18. 

1859.— 10  observations  at  Greenwich,  Aug.  19-Sept  19;  10  at  Paris,  Aug.  19- 
Sept  18;  7  at  Konigsberg,  Aug.  22-Sept.  19. 

I860.— 7  obaenrationa  at  Greenwich,  NOT.  15- Dec.  19;  3  at  Paris,  Nor.  18- 
Dsc.  20;  3  at  Konigsberg,  NOT.  30-Dec.  4;  3  at  Berlin,  NOT.  22-Dec.  6;  2  at  Krems- 
miinster,  Dec.  8-Dec.  21. 

1862.— 13  observations  at  Greenwich,  Mar.  25-May  5;  11  at  Paris,  Mar.  30-May 
5;  3  at  Berlin,  Apr.  2-Apr.  9;  1  at  Vienna,  May  2;  3  at  Copenhagen,  Apr.  15-Apr. 
21 ;  1  at  Konigsberg,  Apr.  9 ;  8  at  Kremsmiinster,  Apr.  2-May  3. 

1863.— 7  observations  at  Greenwich,  July  2-Aug.  7;  13  at  Paris,  July  5- Aug.  3; 

1  at  Leiden,  July  12 ;  2  at  Kremsmunster,  July  19-July  28 ;  1  at  Berlin,  July  3. 
1864. — 11  observations  at  Greenwich  and  Paris,  Oct.  3-Nov.  3;  2  at  Konigs- 
berg, Oct  3-Oct  11;  8  at  Leiden,  Oct  2-Oct  20;  5  at  Cracow,  Oct  16-Oct  23;  1 
at  Washington,  Oct  25-28. 

1866. — 5  observations  at  Greenwich  and  Paris,  Jan.  22-Feb.  23;  10  at  Leiden, 
Jan.  15-Feb.  15;  4  at  Washington,  Jon.  31-Feb.  26. 

1867. — 11  observations  at  Greenwich  and  Paris,  May  7-June  4 ;  6  at  Konigs- 
berg, May  8-May  31 ;  5  at  Bonn,  May  18-May  30 ;  2  at  Leipzig,  June  1-June  2 ; 

2  at  Leiden,  May  17-June  1 ;  2  at  Kremsmiinster,  June  5-June  6. 

1868. — 7  observations  at  Greenwich  and  Paris,  Aug.  25-Sept  8;  5  at  Krems- 
munster, Aug.  26-Sept  4;  4  at  Leiden,  Aug.  8-Aug.  25;  11  at  Warsaw,  Aug.  10- 
Sept  8;  9  (in  Dec.)  at  Padua,  Aug.  15-Sept  5;  3  at  Washington,  Aug.  13-Aug.  29. 

1869. — 6  observations  at  Greenwich  and  Paris,  Nov.  8-Dec.  4 ;  2  at  Berlin,  Nov. 
12-Dec.  1 ;  3  at  Leipzig,  Nov.  12-Nov.  29 ;  4  at  Warsaw,  Nov.  23-Dec.  10. 

1871. — 4  observations  at  Greenwich,  Mar.  21-Apr.  4;  5  at  Krommnunster,  Mar. 
13-Mar.  24;  5  at  Berlin,  Mar.  1-Mar.  24;  3  at  Leiden,  Feb.  28-Mar.  13. 

1872. — 11  observations  at  Greenwich  and  Paris,  June  14-July  12 ;  3  at  Konigs- 
berg, July  6-July  12;  2  at  KremsmUnster,  July  7-Jnly  10;  2  at  Berlin,  June  20- 
Jnne  29 ;  2  at  Leipzig,  June  23-July  8 ;  3  at  Neufchatel,  June  14-June  22. 

1873.— 13  observations  at  Greenwich  and  Paris,  Sept  19-Oct  17;  2  at  Konigs- 
berg, Sept  28-Oct  13;  2  at  Kremsmunster,  Sept  11-Oct.  3;  2  at  Berlin,  Sept  18- 
Sept  21;  1  at  Vienna,  Oct  10;  3  at  Leiden,  Sept  20-Sept  27;  4  at  Madrid,  Sept. 
84-8ept27. 

1875. — 9  observations  at  Greenwich  and  Paris,  Jan.  5-Jan.  28 ;  5  at  Washington, 
Dec.  11-Dec.  23. 

1876.— 16  observations  at  Greenwich  and  Paris,  Apr.  21-May  19;  1  at  Vienna, 
May  14;  6  at  Washington,  Apr.  22-May  13. 

1877.— 7  observations  at  Greenwich  and  Paris,  July  24-Ang.  27. 

1878.— 7  observations  at  Greenwich  and  Paris,  Oct  25-Nov.  19 ;  4  at  Hamburg, 
Nor.  6-NoT.  20. 

1880. — 5  observations  at  Greenwich,  Feb.  1 1-Mar.  15;  4  at  Konigsberg,  Mar.  6- 
Mar.  14;  5  at  Pulkowa,  Feb.  16-Feb.  23;  1  at  Washington,  Mar.  5. 
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1881. — 11  observations  at  Greenwich,  May  30-June  30;  1  at  Hamburg,  June  29; 
3  at  Washington,  June  12-June  24. 

1882. — 8  observations  at  Greenwich,  Sept.  2-.Oct.  4. 

1883. — 10  observations  at  Greenwich,  Nov.  20-Dec.  15;  10  at  Washington,  Nov. 
17-Dec.  17. 

1885. — 14  observations  at  Greenwich,  Mar.  27-Apr.  25;  6  at  Hamburg,  Mar.  28- 
Apr.  28;  3  at  Berlin,  Apr.  24-Apr.  28. 

1886. — 2  observations  at  Greenwich,  July  5- Aug.  2 ;  6  at  Paris,  July  22-Aug.  10. 

1887. — 6  observations  at  Greenwich,  Sept.  29-Oct.  31;  9  at  Paris,  Oct.  14-Nov.  3. 

1889. — 8  observations  at  Greenwich,  Jan.  8-Feb.  15. 

1890. — 9  observations  at  Greenwich,  May  14-June  9 ;  8  at  Paris,  May  21-June  9. 

1891. — 11  observations  at  Paris,  Aug.  24-Sept.  16. 

1892. — 6  observations  at  Greenwich,  Nov.  1-Nov.  30. 

1894.— 10  observations  at  Greenwich,  Feb.  20-Mar.  27;  10  at  Paris,  Mar.  10- 
Mar.  24. 

1895. — 6  observations  at  Greenwich,  June  5-July  9;  9  at  Toulouse,  June  15- 
July  6. 

1896. — 4  observations  at  Greenwich,  Sept.  9-Oct.  23. 

1897. — 9  observations  at  Greenwich,  Nov.  30-Dec.  31. 

The  dates  of  the  normals  are  for  Greenwich  mean  noon,  and  the  given 
values  of  the  coordinates  are  true  not  apparent.  In  the  column  headed 
No.  Obs.  where  there  are  two  numbers,  the  first  belongs  to  the  R.  A.,  and 
the  second  to  the  Decl.;  where  but  one  number  is  given  this  is  common 
to  both.  In  the  preceding  list  the  number  of  observations  given  is  that  of 
R.  A.  (except  in  one  case  where  there  was  none). 

NORMAL  POSITIONS  OF  CERES. 

Date.  True  R.  A.  True  Decl.  No.  Obs. 

h        m       s  o         i         n 

1801  Jan.   21  3    26     31.25  +16     57    21.6  22-21 

1802  Mar.  31  12      2     57.76  +17     59    48.4  84-80 

1803  July     8  18     37      7.29  —28    44    23.2  78-67 

1804  Oct.      1  0    37    34.42  —12     53     56.6  51-49 

1806  Jan.  21  6  41  58.91  +30  34  28.2  12-11 

1807  May     6  14  50  31.06  -  5  18  26.0  61 

1808  Aug.  10  21  15  12.22  —29  25  56.6  31-29 

1809  Nov.     3  2  45  57.21  +  4  54  55.8                    16 

1811  Feb.  24  10  29  53.65  +27  0  41.2                   23 

1812  June  12  17  18  55.70  —23  7  54.0                    15 

1813  Sept.  11  23  36  0.01  —20  0  20.4                   14 
1816  Apr.  12  13  26  22.53  +  7  10  41.5  16-15 
1818  Oct.   13  1  41  7.26  —  4  33  4.8                   13 

1820  Feb.     7  8    28    46.06  +31     56    48.4  8-7 

1821  May  25  15     58    28.54  —14    53      8.3  19 
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NORMAL  POSITIONS  or  CERES.— Continued. 


Tin*  R.  A. 


i m  '•>••  '. 


No.  Ob«. 


b        m           • 

O               1                II 

1888    Ang.  24 

88    86    18.54 

—85     50    88.0 

9-8 

1888    NOT.  84 

3    49    43.11 

+13    48    45.5 

8-6 

1885    Mar.  19 

18      8    38.57 

+18    86     88.2 

88 

UN    June  88 

18    37    13.18 

—87    55    38.5 

10 

1887    Sept  26 

0    36    36.66 

—13     10     13.4 

8 

1889    Jan.  30 

6    84     16.94 

+30    40    39.0 

3 

1830    Hay     1 

14    43    30.55 

—  4      9      0.1 

43 

1831     July  89 

81     18     10.16 

—88    36     19.4 

14-10 

1838     Oct   31 

8    40    56.18 

+4      4      6.4 

16-10 

1834    Feb.  17 

10    81    31.16 

+27    17    46.5 

12-41 

1835    June  10 

17    14      5.88 

—88    35    38.3 

31 

1836    Sept  10 

83     30      5.77 

—19    38    81.2 

17-16 

1837    Dec.  15 

5      1     35.07 

+88     16      8.7 

13 

1839    Apr.  13 

13    18      1.18 

+  8    18    83.7 

34 

1840    Aug.    8 

19    38    43.35 

—31     15    29.4 

15-16 

1841     Oct   86 

1     83     38.81 

—  5    50    54.2 

28-26 

1843     Feb.     5 

8     18     38.83 

+38      8    85.3 

11 

1844    May  17 

15    59      4.89 

—14     10    35.8 

50-48 

1845    Aug.  29 

it     16    34.94 

—86     38     14.5 

30 

1846     NOT.  19 

3    47    36.18 

+13     10      4.4 

11 

1848    Mar.  88 

11     44    36.17 

+19    69    47.3 

26-22 

1849    July     5 

18    88    86.38 

—28     11     45.6 

25-23 

1850    Sept  18 

0    37    56.44 

—13      4    21.3 

10 

1858    Jan.     8 

6     38    47.89 

+29      9     31.1 

13 

1853     May     5 

14    30    44.15 

-  3       1     41.6 

26-25 

1854    Aug.  13 

80    57     56.49 

—30     15    24.5 

25-28 

1855     NOT.    4 

8    30     18.54 

+3      8     17.8 

14-16 

1857     Feb.  88 

10      7    86.90 

+88    87      6.2 

55 

1858    June    6 

17     11     38.29 

—88      2     35.3 

30 

1859    Sept    1 

23    31     59.71 

—20     13     37.5 

27 

1860    Dec.     4 

5      4    30.93 

+21     15      0.0 

18-17 

1868    Apr.  81 

13      5    88.44 

+9      5    86.8 

40-37 

1863    July  16 

19    48    49.83 

—30      4      5.7 

84 

1864    Oct   16 

1     86    83.54 

—  6      8    42.6 

27-28 

1866    Feb.     4 

8     10    44.46 

+38      5     59,1 

19-21 

1867    May  86 

15    45    39.55 

—13    43    88.6 

28 

1868    Aug.  87 

28     18    40.98 

—86     50    38.8 

30-39 

1869    NOT.  83 

3     37      5.90 

+18     35     19.5 

15-16 

1871    Mar.  19 

11    43      0.10 

+80    30    36.0 

17 

1878    June  30 

18    20     11.97 

—87    44    34.7 

23-22 

1873    Sept  30 

0    23      7.31 

—14    34    89.6 

27 

1875    Jan.     5 

6    25      8.51 

+88    40    38.6 

14 
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NORMAL  POSITIONS  OF  CERES. — Concluded. 

Date.  True  R.  A.  True  Decl.  No.  Obs. 


h 

m 

8 

O 

/ 

/; 

1876 

May 

6 

14 

21 

47 

.04 

—  2 

2 

46 

.2 

23 

1877 

Aug. 

17 

20 

48 

16 

.32 

—30 

44 

40 

.7 

7 

1878 

Nov. 

7 

2 

22 

8 

.73 

+  2 

25 

48 

.7 

11-10 

1880 

Feb. 

28 

9 

53 

47 

.79 

+29 

23 

14 

.7 

15 

1881 

June 

16 

16 

54 

4 

.83 

—21 

55 

43 

.7 

15-16 

1882 

Sept. 

23 

23 

7 

52 

.33 

—22 

28 

41 

.0 

8-7 

1883 

Dec. 

4 

4 

58 

28 

.24 

+20 

45 

39 

.7 

20-13 

1885 

Apr. 

14 

13 

3 

26 

.43 

+  9 

53 

57 

.6 

23 

1886 

July 

30 

19 

27 

9 

.79 

—31 

2 

52 

.7 

8 

1887 

Oct. 

22 

1 

16 

15 

.96 

ly 

4 

20 

.9 

15-14 

1889 

Feb. 

4 

8 

0 

40 

.55 

+32 

13 

15 

.1 

8 

1890 

May 

27 

15 

35 

47 

.70 

—12 

51 

32 

.2 

17-18 

1891 

Sept. 

6 

21 

57 

44 

.06 

—27 

52 

42 

.0 

11 

1892 

Nov. 

18 

3 

33 

18 

.75 

+11 

45 

45 

.3 

6 

1894 

Mar. 

15 

11 

33 

59 

.87 

+21 

29 

40 

.2 

20-21 

1895 

June 

22 

18 

20 

58 

.40 

—27 

0 

17 

.7 

15-14 

1896 

Sept. 

26 

0 

20 

25 

.27 

—14 

58 

1 

.5 

4-5 

1897 

Dec. 

19 

6 

29 

58 

.43 

+27 

2 

21 

.4 

9 

SECULAR  PERTURBATIONS  OF  THE  PLANETS  -j  [  <i 


MEMOIR  No.  69. 
Secular  Perturbations  of  the  Planets. 

(American  Journal  of  Mathematics,  Vol.  XXIII,  pp.  SI7-8M,  1001.) 

Gauss  first  clearly  indicated  the  role  elliptic  functions  play  in  this  sub- 
ject.* Halphen  has  since  presented  the  investigation  in  a  very  elegant 
manner.  f  The  modifications  made  by  the  latter  in  the  procedure  of  Gauss 
are  chiefly  the  transference  of  the  origin  of  rectangular  coordinates  to  the 
attracted  planet,  and,  instead  of  the  differential  of  the  eccentric  anomaly, 
the  adoption  of  the  element  of  area  described  by  the  radius  of  the  disturbing 
planet  expressed  in  terms  of  the  differentials  of  the  rectangular  coordinates. 
He  also  appeals  to  the  qualities  of  the  cone  formed  by  the  orbit  of  the 
attracting  planet  as  contour  of  base  and  the  position  of  the  attracted  planet 
as  vertex  ;  this  improvement,  however,  had  been  previously  indicated  by 
Hour.  J  A  remarkable  degree  of  elegance  is  attained  by  these  changes; 
but  it  seems  to  me  that  additional  statements  are  needed  to  show  the 
connection  with  the  astronomical  problem  which  originally  suggested  the 
investigation  ;  for  Halphen,  like  Gauss,  treats  only  the  attraction  of  a  certain 
form  of  ring.  This,  of  course,  is  to  ignore  the  second  integration  which  the 
problem  demands.  Perhaps,  therefore,  I  shall  be  pardoned  if  I  here  attempt 
to  supply  the  mentioned  lack. 

In  the  fashion  of  Halphen  we  take  the  attracted  planet  as  the  origin  of 
rectangular  coordinates,  but  the  orientation  of  the  axes  is,  for  the  present, 
left  indeterminate.  The  coordinates  of  the  attracting  planet  we  denote  by 
x,  y,  t;  and  the  coordinates  of  the  Sun,  which  are  the  negatives  of  those  of 
the  attracted  planet  referred  to  the  Sun,  will  be  ar0,  y0,  v  Let  p  be  the 
distance  of  the  attracting  planet  from  the  origin,  so  that  p1  =  ar  -|-  y1  +  r  ; 
and  let  g  denote  the  planet's  mean  anomaly.  Then  the  secular  perturbations 
of  the  attracted  planet  depend  on  the  three  definite  integrals 


•Gut*,  Werke,  vol.  Ill,  pp.  S31-3S5. 

f  O.  H.  lUlphen.  Traitt  det  fonctlont  UlptlquM  et  de  lean  Application!,  Tom.  II,  pp.  S10-SM. 

I  Journal  de  I'ticole  PoljrUchniqM,  Cabler  XXXVI,  pp.  50-44. 
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But  while  g  is  passing  from  0  to  2rt,  the  area  described  by  the  radius  of  the 
planet  augments  from  0  to  nab,  if  a  and  b  are  severally  the  major  and  minor 
semi-axes.  Thus,  if  cr  denote  this  varying  area,  the  preceding  integrals 
may  be  written 

i    r*at>  x  j       i    /*""*  y  A       i    /lirai  z  j 

—  i    I          -i  «**  >     —  i    I          ^i  w*  >     —  r  I  -i  •»  • 

•nab  Jo        p"  xaojo        p"  xabJ0        p* 

The  tetrahedron,  with  da  as  base  and  the  origin  as  vertex,  has,  for 
volume  one-sixth  of  the  following  expression  : 

6  F=  xa  (ydz  -  zdy)  +  yt  (zdx  -  xdz)  +  z0  (xdy  -  ydx). 

But,  if  h  denote  the  perpendicular  from  the  origin  on  the  plane  of  the  orbit 
of  the  attracting  planet,  we  also  have  3  F=  hda.  Hence 

da  =  g  (ydz  -  zdy)  +  j^(zdx-  xdz)  +  ^  (xdy  -  ydx)  . 

Then,  if  we  derive  the  quantities  Px,  Py,  P.,,  etc.,  from  integrating  the 
expressions 

-  ^x  (ydz-  zdy)         dp  _  }y  (ydz-  zdy) 


^  ^  f 

**      ***) 


t  . 

around  the  whole  orbit,  the  integrals  above,  which  we  will  denote  by  X,  Y,  Z, 
will  be  given  by  the  following  expressions: 

P.*  9*0.  +  *•*.), 


The  nine  quantities  involved  in  these  expressions  and  obtained  through 
integration  are  homogeneous  and  of  the  dimension  zero  with  respect  to  the 
linear  unit.  Moreover,  if,  in  the  cone  formed  by  the  orbit  of  the  attracting 
planet  as  directrix  and  the  origin  as  vertex,  the  plane  of  the  base  is  shifted 
in  any  manner  whatever,  these  nine  quantities  remain  unchanged.  For 
example,  consider  the  expressions 

x  (ydz  —  zdy}        y  (ydz  —  zdy)        z  (ydz  —  zdy} 

-~  '-          ~~  ~~ 


PERTURBATIONS  OF  THE  PLANETS  j     1 

If  we  put 


they  are  transformed  into 

tinoaot'fdl, 
Let  the  equation  of  the  cone  be 

A*  +  By1  +  Ct  +  Dy*  +  Etx  +  Fxy  =  0, 
or 

AUa't  +  Booiri  +  C»wtl  +  D»mioo9l  +  £t*a9tinl 

Since,  from  this  equation,  6  is  obtainable  as  a  function  of  X,  it  is  evident 
that  the  integrals  of  the  preceding  differential  expressions,  extended  to  (he 
whole  course  of  variation  of  X,  depend  solely  on  the  elements  of  the  cone 
and  are  altogether  independent  of  the  plane  section  called  the  base. 
A  simple  addition  of  the  differentials  shows  that 

P.  +  Q,  +  R.  =  o. 
Also  we  have 

d(Q.-R,)  =  **?,    «*(/?.-  P.)  - 


But  the  second  members  of  these  equations,  integrated  along  the  orbit  to 
the  point  of  beginning,  give  zero  as  the  result:  hence 

Q.=  R,,    R.  =  P.,    P.  =  Q.. 

Thus 


-3* 

- 


And,  if  we  put 

*  " 
we  shall  have 


The  orientation  of  the  axes  of  coordinates  which  serve  to  de6ne  the 
variables  x,  y,  z,  z»,  y0,  %  has  been  left  undetermined;  but  now  suppose 
that  the  axes  of  symmetry  of  the  cone  are  employed  for  this  purpose. 
Then  the  equation  of  the  cone  takes  the  form 


0,,  0V,  G,  being  constants  of  which  two  are  of  one  sign  and  the  other  of 
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the  opposite  sign.  Plainly,  if  this  equation  is  satisfied  by  the  set  of  values 
x,  y,  z,  it  is  satisfied  by  any  of  the  eight  sets  =h  x,  ±y,  ±  z.  Consequently, 
each  positive  element  of  the  six  quantities  Q,,  Ry,  Rx,  P,,  Pv,  Qx  is 
accompanied  by  a  corresponding  negative  element.  Thus,  in  this  case, 
these  quantities  vanish.  With  this  selection  of  axes  we,  therefore,  have 

Y  —    x"     P          Y  —    y*     Q          Z  —    *°     R 

-^*>       -v"       ~        " 


The  naming  of  the  coordinates  is,  of  course,  arbitrary,  but,  to  settle  the 
choice,  we  suppose  that  Gx,  Gy,  G,  are  in  the  order  of  algebraic  magnitude/ 
the  first  and  second  being  negative,  while  the  last  is  positive.  The  equation 
of  the  cone  appears  to  involve  three  variables,  but,  as  we  may  divide  the 
left  member  by  the  square  of  any  one  of  them,  it  is,  in  reality,  a  relation 
between  two  variables;  thus,  but  one  variable  can  be  regarded  as  in- 
dependent. The  equation  is  then  satisfied  if  we  make 


x  =  e V  —  Gx  cos  T,  y  =  e»J  —  G,BinT,  z  = 
where  e  is  an  indeterminate  which  disappears  when  the  substitution  is  made 
in  dPx,  dQv>  dRt,  and  T  is  the  new  variable  introduced  by  Gauss  and  may 
be  regarded  as  indicating  the  position  of  the  planet  in  its  orbit;  its  function, 
in  this  respect,  being  precisely  similar  to  those  fulfilled  by  the  mean, 
eccentric  and  true  anomalies,  and  it  may  thus,  with  propriety,  be  designated 
as  a  perspective  anomaly.  When  T  goes  from  0  to  2?i,  the  planet  makes 
a  complete  circuit  of  its  orbit. 

The  substitution  made,  we  have 

ydz  -  zdy  =  -  e1  V  -  G,G.  cos  TdT, 
zdx  -xdz—-  e'V  -Gfff,  sin  TdT, 
xdy  -  ydx  =  e'  V  'G^d  T, 

P1  =      E'  [(?,  —  G,  sin1  T  —  G.  cos1  T] . 

The  quantities  Gx,  Gv,  G,  are  usually  determined  in  such  a  way  that 
GxGvGt  =  azVihz\  also  we  may  introduce  k  the  modulus  of  the  elliptic 
integrals  involved  and  m  such  that 

7  *  ^-*  M    "^    ^* X  /   /I  ~/"V 

V  =  a jf,     m  =  V  &.  —  &.. 

"«        « * 

Then  our  integrals  take  the  forms 

y-  -El2.    C-      cosa  TdT  Y 2l?  fl       titfTdT 

•"•   ™~  ~~^  "~       •     «7^  T~5    I  •  __  *   tn\  a    I  "~^  f          7i  J.1   01  n*   T*  \  K. ' 

J.    —   ft-      olll     J.  Jir 


~_«o_2    f"  dT 

m'nJ0     (1  —  /fc1  sin1  7')f ' 

The  methods  of  evaluating  these  definite  integrals  severally  proposed 
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by  Legendre,  Gauss  and  Jacob!  have  all  about  the  same  degree  of  rapid 
convergence,  but  that  of  the  last  is  to  be  preferred  because  it  expresses  the 
values  explicitly  in  terms  of  a  parameter  q  called  the  nome.  Putting 
k  =  sin  6,  q  can  be  derived  from  the  equation 

+*  +•••• 


_ 
-r+r  +••••) 

The  solution  is  most  readily  accomplished  by  the  method  of  tentation. 
Then,  if  we  adopt  two  functions  of  q,  A'  and  L  such  that 


,_ 

•in 
we  have 

jr--i,£oo«> 

m*  «r  nr 

It  will  be  seen  from  these  expressions  that,  if  JT,  }',  Z  are  regarded  as 
the  components  along  the  axes  of  coordinates  of  a  force  acting  on  the 
attracted  planet,  one  elliptic  integral  suffices  for  determining  the  orientation 
of  the  resultant,  but  that  an  additional  one  is  required  if  the  magnitude  of 
the  latter  is  to  be  found.  It  will  be  an  advantage,  therefore,  if  instead  of 
tabulating  K  and  L  as  functions  of  k,  q  or  0,  we  take  two  other  quantities 
M  and  x,  such  that 


Then  we  shall  have 

J-=-*.in'..^,      F=-*co.'«.y.,      * 

Let  R  denote  the  magnitude  of  the  resultant,  //and  A  severally  the  latitude 
and  longitude  of  the  point  in  the  heavens  towards  which  it  is  directed;  the 
circles  of  reference  being  the  principal  axes  of  the  sphero-conic  traced  in 
the  heavens  by  the  frequently  mentioned  cone.  Also  let  r0  denote  the 
distance  of  the  Sun  from  the  attracted  planet  and  rj9,  /I,  severally  its  latitude 
and  longitude  referred  to  the  same  circles.  Then  our  equations  will  stand 

M 

RootH  tin  A  =  --  5  sin'  «  .  r,  cos  17,  sin  J,, 
H 
if 
RtinH          =  —  ^  oo»*  *.r,  on  %, 

l^ 
R  ooa  H  cot  A  =         ,  .  r,  006  %  cot  J,. 

•  For  tb«  proof  of  th«M  formal**,  reterance  m»jr  b«  mad*  to  Bcrtnnd,  C»Ic»l  InUf  r»J,  LIT.  Ill, 
Ck«p.  VII. 
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If  we  put 

»r         M 

N=  ^r«cos'«' 

we  shall  have 

.   .  ,  rr          cos2  x  tan  n,  cos  A        D          2V cos  L 

tan  A  =  —  Bin*  x  tan  ^0 ,     tan  H  = ffi ,      R  = ,= — «-;  . 

cos  ^0  cos  #  cos  A 

As,  except  in  very  particular  cases,  it  is  not  easy  to  select  at  the  outset 
the  axes  of  symmetry  of  the  cone  for  the  adopted  axes  of  coordinates,  we 
must  find  the  position  of  these  axes  in  reference  to  another  system  which  is 
known.  The  equation  of  the  cone  having  a  very  complicated  expression 
when  the  axes  of  coordinates  are  quite  general,  we  select  a  particular  system 
such  that  the  treatment  may  be  easy  as  possible.  Let  the  axis  of  x  have 
the  orientation  of  the  line  going  from  the  centre  of  the  ellipse  described  by 
the  attracting  planet  to  its  perihelion,  that  of  y  the  orientation  of  the  line 
going  from  the  centre  to  the  point  where  the  eccentric  anomaly  is  90°  and 
that  of  z  the  orientation  of  the  line  going  from  the  centre  to  the  north  pole 
of  the  plane  of  the  orbit.  Let  the  coordinates  of  the  centre  of  the  ellipse  be, 
in  their  order,  A,  B,  C;  we  prefer  these  designations  although,  with  e  as  the 
eccentricity  and  the  previous  notation,  they  have  the  equivalents 

A=x0-ae,        B=y,,        C=z0. 
Then  the  equations  of  the  orbit  of  the  attracting  planet  are 


In  order  to  have  the  equation  of  the  cone  so  frequently  mentioned  it  is  only 
necessary  to    multiply  the  several  terms  of  the  first  equation  by  factors 

z         z2 
selected  from  the  equivalent  quantities  1  =  ~^f  =  -^  >  m  8UC^  a  way  that 

they  may  all  become  homogeneous  and  of  two  dimensions  in  x,  y,  z.     Thus 
the  equation  of  the  cone  may  be  written  in  the  shape 


This  equation  is  not,  in  general,  referred  to  the  axes  of  symmetry,  hence 
we  proceed  to  make  the  linear  transformation  of  variables  which  will  bring 
this  about.  Let  x,  T,  z  denote  the  rectangular  coordinates  referred  to  the 
symmetric  axes  of  the  cone,  and  write  the  formulas  of  transformation  thus : 

X  =  eur    +/?y    +rz   ,       of    +  P    +f    =1,       aa!    +  &9'    +  rr'    =  0 , 

T  -  *'x  +  tfy  +  r'z ,     «"  +  y9"  +  r"  =  l,     «'""  +  £T  +  r'r"  =  o, 

Z  =  a"x  +  ff'y  +  r"z ,        a'"  +  £'"  +  y"»  =  1 ,        a" a    +  fl"f}    +  f"r  =  0  , 
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the  inverse  of  which  are 


y  =  fr  +  ?<i  +  ?'*t     p  +  p  +  r  =  i,     fr  +  /sy 
t  -  rx  +  r'T  +  r"«.     rl-»r^  +  r"'  =  lt     r«  +  rV  +  r"«"-0. 
The  equation  of  the  cone,  after  substition  of  the  new  variables,  should 
take  the  form 


where  Gt,  Gf,  O,  are  constants  and  functions  of  the  quantities  A,  B,  C,  a,  b. 
They  are  the  roots  of  a  certain  cubic  which  may  be  obtained  in  the  follow- 
ing way  :  Let  V=  0  denote  the  first  form  of  the  equation  of  the  cone,  and  set 

*    i*v     y.  ^v      «  .  ,31 

77  '  *  3¥  '       i;      *  ^  '      ST  •   * 


From  these  equations,  which  are  linear  in  z,  y,  tt  eliminate  these  variables; 
the  result  is  a  cubic  in  G  whose  roots  are  the  values  of  G.,  Ov,  O,.  In  the 
special  form  of  V  with  which  we  have  to  deal,  these  equations,  after  a  Blight 
modification,  can  be  thus  stated  : 

z  _  A       t  y      B      t  *        t       A  x      B 


The  elimination  of  z,  y,  z  from  these  equations  gives 

41  Dt  rm 

L.  —  1 

O  +  (f      Q  +  V     77" = 

It  is  known  that  the  roots  of  this  equation  in  G  are  all  real,  two  of  them 
being  negative  and  one  positive.  The  mode  of  assignment  of  these  roots  as 
values  of  Gf,  Gf,  G,  has  already  been  described.  Thus  we  are  enabled  to 
discover  the  values  of  the  latter  without  reference  to  the  nine  coefficients 
a»  fit  Y)  etc-  But  i°  our  further  progress  we  shall  need  to  know  the  latter. 
They  are  readily  found  from  the  first  and  second  equations  of  the  penultimate 
group  combined  with  the  conditions  a1  +/?*  +  y*  =  1,  etc.  In  the  first  we 
make  z  =  o,y  =  |3,  z  =  y  and  set  G.  for  G  ;  again  make  z  =  a',  y  =  £', 
«  =  y>  and  set  G,  for  G  ;  lastly  make  z  =  a",  y  =  0",  «  =  y"  and  set  G.  for 
G.  Thus  we  have  the  equations 

.40.  .BO. 1 


_  A     O.     j       g,      BO 
m       -  - 


1  + 

V  _  (?•       jt         a'       B       0.        ,,         in 

Tf73~i'~Sf'      f  ™ 7r a  .  n r  »     r     " 


1  + 

Vou  IV.-W 
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These  equations  furnish  the  values  of  the  nine  coefficients  of  the  transfor- 
mation. The  signs  of  the  three  y'a  are  iuderterminate  :  one  may  take  them 
as  positive. 

The  cubic  in  G  furnishes  us  with  the  relations 


_  i 
- 


Kegarding  A2,  B2,  C*  as  the  unknowns  in  these  equations,  their  solution 

gives 

4._(g.  +  fl')(g,  +  a')(g.  +  q') 
a'  (a1  -  V) 

_  (0.  +  *')  (g,  +  y)  (g.  +  V) 


')  (g,  +  y)  ( 
b'  (b*  -  a1) 


By  means  of  these  values  we  can  eliminate  A,  B,  C  from  the  foregoing  ex- 
pressions for  the  coefficients  of  transformation,  and  thus  obtain  values 
depending  only  on  the  five  quantities  Ot,  Gv,  Q-t,  a,  b.  "We  have  thus 


-  =          _  .. 

'•-   1 


_ 

-  a1) 


ffV     ((?.  -  (?,)  ((?.  -  G.) 

The  values  of  a19,  /?'*,  /8  and  again  of  a"*,  ft"*,  y"9,  are  obtained  from  the 
preceding  by  simply  making  a  cyclical  permutation  of  the  subscripts 
attached  to  the  G  ;  firstly  from  x,  y,  z  into  y,  z,  x,  secondly  from  x,  y,  z  into 
z,  *,  y.  On  account  of  the  divisor  o1  —  5a,  small  when  the  eccentricity  of  the 
planet's  orbit  is  small,  some  of  these  formulas  labor  under  a  disadvantage. 
In  computing  (he  values  of  the  definite  integrals 


*     C 

ab  J 


1      I     —fCKf,       r      I        T«<r  .        r 

•nab  J   p'          nab  J   p'          nab 

where  x,  y,  z  are  referred  to  the  system  of  axes  determined  by  those  of  the 
ellipse  described  by  the  attracting  planet,  we  may  suppose  that  the  four 
quantities  XQ,  y0,  %,  h  are  simply  constants  and  unaffected  by  the  transfor- 
mation we  have  just  made  to  pass  from  the  system  of  coordinates  x,  y,  z  to 
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that  of  x,  v.  z.  If,  for  the  sake  of  discrimination,  we  designate  the  compo- 
nents along  the  mentioned  axes  as  X',  Y,  Z,  reserving  X,  Y,  Z  for  the 
components  along  the  symmetric  axes,  we  evidently  have 


The  components  of  the  right  members  are  determined  the  moment  we  have 
solved  the  cubic  in  O,  for  which  the  coordinates  A,  B,  C  furnish  the 
requisite  data.  We  have  only  to  make 

zt  =  A  +  at,      jr.  -5,       s-<7,       A-VZ71, 

where  h  is  always  to  be  taken  positively.  Substituting  for  a,  a',  a",  /3,  f¥,  /3" 
their  values  in  terms  of  y,  y1,  y",  if  we  put 


we  shall  have 


By  substituting  in  [7.,  ZT,,  U,t  the  last  values  we  have  given  for  y,  y1,  y", 
and  bearing  in  mind  that 

0.  —  0,  =  m',       Of  —  0.  —  »'«nf»,        0.  —  0,  =  m*  co§'  «, 
the  expressions  for  the  first  mentioned  quantities  become 


Let  it  be  required  to  find  the  component  of  this  attracting  force  directed 
towards  the  centre  of  the  ellipse  described  by  the  attracting  planet.  Putting 
r*  =  A*  -f-  5*  +  C1,  we  ought  to  multiply  the  components  given  above 

ABC 

severally  by  the  factors  —  ,  —  ,  —  ,  and  take  the  sum.     Which,  if  we  do, 

•  IB  UM  original  m«molr  MrioM  error*  «xl»t  la  tb«  two  frovp*  of  •qatUoni  for  t  h«  U. 
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and  have  regard  to  the  relations,  Gx,  Gy,  G,  satisfy  as  being  the  roots  of 
the  cubic  in  G,  and  calling  this  component  A,  we  have 

rA  =  Dx  +  U,  +  U,. 

But  the  component  R0  directed  towards  the  Sun  will  be  more  important. 
Putting  r0  for  the  radius  vector  of  the  attracted  planet,  we  have 

rl  =  (A  +  ae?  +  B1  +  C1. 

Then  the  components  X,  Y,  Z  ought  to  be  multiplied  severally  by - , 

ro 

B      G 

— ,  —  ,  and  thus  is  obtained 

Tn          Tn 

r0J20  =  Z7X  +  U,  +  U.  +  aeX'. 
In  fact,  by  multiplying  X1,  Y',  Z'  severally  by  the  three  systems  of  three 

multipliers 

A  +ae  B  C 

r  '  r          '          7        ' 

B  A  +  ae 

(A  +  ae)  C  BO  V  r\  —  C* 

r^r'.-C1'        r,  V  rl  -  (72 '          r0 

we  shall  arrive  at  a  set  of  components,  of  which  the  first,  already  given,  is 
directed  toward  the  Sun,  and  the  second  is  perpendicular  thereto  and  lying 
in  the  plane  of  the  attracting  planet's  orbit,  while  the  third  is  perpendicular 
to  both  the  preceding.  If  we  call  these  new  components  X",  Y",  Z",  and 
if  the  angle  between  the  planes  of  the  orbits  of  the  two  planets  be  denoted 
by  7,  we  shall  have 

R9  =  X",        80  =  Y"  cos  7  -  Z"  sin  7,        Wt  =  Y"  sin  7  +  Z"  cos  7, 

where  R0  is  the  component  towards  the  Sun,  SQ  the  component  perpendicu- 
lar thereto  and  lying  in  the  plane  of  the  attracted  planet's  orbit,  and  W0  the 
component  perpendicular  to  that  plane.  But,  if  we  make  use  of  a  rectangu- 
lar set  of  elements  instead  of  a  polar,  it  is  more  commodious  to  refer  the 
components  to  the  plane  and  line  of  nodes  of  the  attracted  planet  on  the 
attracting  planet's  orbit.  Let  this  ascending  node  be  distant  an  arc  =  u 
from  the  perihelion  of  the  latter.  Then  the  desired  components  X"',  Y'",  Z"' 
will  be 

Y"'  =  X'  cos  7  sin  a,  +  Y'  cos  7  cos  «•  —  Z'  sin  7, 
Z'"  =  X'  sin  7  sin  «•  +  T  sin  7  cos  a>  +  Z'  cos  7. 

It  is  often  interesting  to  know  the  position  of  the  great  circles  forming 
the  principal  axes  of  the  sphero-conic  in  reference  to  the  great  circle  marked 
out  in  the  heavens  by  the  plane  of  the  attracting  planet's  orbit.  If  we  call 
Q  the  longitude  of  the  ascending  node  of  one  of  the  planes  of  symmetry  of 
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the  cone  on  the  plane  xy,  and  i  the  inclination  (always  between  0*  and 
180°),  and  r  the  angular  distance  of  the  centre  of  the  sphero-conic  from  the 
node  measured  in  the  direction  of  increasing  longitudes,  the  four  following 
equations  can  be  used  for  the  determination  of  these  quantities  : 


where  the  signs  of  the  two  radicals  may  be  taken  positive  or  negative,  thus 
corresponding  to  the  four  intersections  of  the  two  great  circles  with  the  one 
great  circle. 

To  find  the  two  semi-axes  of  the  sphero-conic  as  measured  by  the  arcs 
they  subtend  in  the  heavens,  take  the  equation  of  the  cone 

Y*          T*          X* 

£*$+ar°! 

the  section  of  the  cone  by  the  plane  z  =  */  G.  gives  the  ellipse  whose  equa- 
tion is 

-  *'  -  T>  -  1 

U.     G,~ 

The  semi-axis  of  this  in  the  direction  of  the  axis  of  x  is  */-(!,  and  in  the 
direction  of  the  axis  of  T,  •/  —  Gf.  The  greatest  latitude  rl9  of  the  planet 
moving  on  the  sphero-conic  and  the  greatest  longitude  AQ  will  be  given  by 
the  equations 


The  general  equation  connecting  the  variables  rj  and  A.  will  be  obtained  if, 
in  the  equation  of  the  cone,  we  make 

i  =  P  cot  1  tin  i,        T  -=  ?  lin  ij,        z  =  p  cot  T,  cot  I, 

and  thus  is 

•in*  i  ,  tan'}  .  cot'  i 

-        ~ 


These  variables  >j  and  X  are  expressed  in  terms  of  the  perspective  anomaly 
T  as  follows: 

cot  ij  cot  -I  -  «  V7£     cos  i  on  -I  -  t  V~^77.  ooi  T,     iimj  -  «  V  —  Q,  «n  T. 

We  see  that  when   T=  0,  also  rj  =  0  and  tan  X  =  J-  -  ^';  and  when 


=  ^,  tan»r=-J-    0* ,  andX=0;  when  T=x,  »?=<),  tanX  =  — J- 
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On  the  Solution  of  the   Cubic  in  G  and  the  Argument  to  be  Employed  in 
Tabulating  the  Elliptic  Integrals. 

A  few  words  may  be  added  in  reference  to  the  solution  of  the  cubic  in  G, 

A'     +     B1    +  Cl=l 

Using  r*  for  A2  +  IP  +  Cz,  this  equation  expanded  is 

Gi  —  [r'  -  («'  +  &')]  G'  +  [.a'A'  +  V&-  (a'  +  b')  r1  +  a'F\  G  -  a'b'C'  =  0 . 
It  will  be  noticed  that  in  obtaining  the  values  of  k,  the  modulus  of  the 
elliptic  integrals  involved,  and  of  m,  we  do  not  need  all  the  roots  of  this 
equation,  but  only  their  differences.     Hence,  it  will  be  advantageous  to  put 

G  =  «7  +  i  [r1  —  (a'  +  i')]  , 
a  =  a'  +  i[r'  _(«'  +  &')],      b  =  If  +  J  [r1  -  (a'  +  *•)],      c  =  i  [r»  -(a' +  5')]. 

The  cubic  will  then  take  the  form 

A'     .      B>  07'     _. 

+  i  i  ~  —  *•• 


where  /  will  serve  us  equally  well  as  G  ;  but  here  we  have 

a  +  b  +  c  =  ^'  +  £'  +  (71, 
and  the  developed  equation  in  J  will  be 

J>  +  [&A'  +  b.B*  +  cC"  -  a'  -  b1  -  c1  -  ab  -  be  —  ca]  J-  [bc^1  +  ca-B*  +  abC"-  abc]  =  0 
By  the  elimination  of  c  and  C  and  the  partial  reintroduction  of  a2  and  b2,  the 
shorter  form  is  obtained, 

j»-  [a«  +  ab  +  b1  -aM1  -  VB1]  J+  *(#&—  ab)  +  \>(a'A'  —  ab)  =  0. 

Employing  the  well-known  trigonometric  process  for  the  solution  of  the 
cubic  having  all  its  roots  real,  we  drive  41  (between  the  limits  ±  90°)  from 

n  3[f.  _  V  27  a  (Vff  -  ab)  +  b  (aM«  -  ab) 
2     [a'  +  ab  +  b1  —  a'A'  —  F 


The  roots  of  the  cubic  are  then 

J,  =  -  -^  [a1  +  ab  +  b'  -  aM'  -  y#]*  sin  (60°  + 

J,=  [a*  +  ab  +  b«  -  a'A'  -  J'#]»  sin  0, 


,£  _  [a«  +  ab  +  b'  -  a'A'  —  J^]  »  sin  (60°  -  #)  . 

To  render  these  equations  simpler,  we  will  put 

a  +  b  =  2ncosi',        V  3"(a  —  b)  =  2n  sinv,        oM1  +  S'^1  —  2ab  =  nV  cosf, 

1  -  y^«  =  nV  sin  f  . 
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With  these  modification!  we  have 

dn  »»  =  .*£?  /I  " 


J.  =  -        «*(!  -  M  oo«  e)*  «in  (60a 


The  modulus  of  the  elliptic  integral."  involved,  k,  will  be  given  by  the  equation 


and  the  quantity  we  have  designated  by  m,  by  the  formula 

m'  =  J.  —  J.  =  8»  (I  -  M  oo§  0»  <»•  <»  . 

The  two  elliptic  integrals  Jf  sin*  x,  M  cos*  x  are  functions  of  ^;  conse- 
quently, they  may  be  tabulated  with  the  argument  ^  or  any  function  of  ^ 
as,  for  instance,  with  sin  3^,  that  is,  with  the  absolute  discriminant  of  the 

cubic.     We  have  coe1  0  =  -  —  ^—      -^  ,  and,  if  we  put  x*  for  the  second 

COB  v* 

member  of  this,  we  have 


[ 
1 


The  value  of  the  nome  q  can  be  derived  from  the  infinite  series  (three  terms 
suffice  except  in  very  unusual  cases), 


As  G.,  Gv,  Q.  enter  into  many  of  the  preceding  formulas,  it  may  be 
useful  to  note  that 

Q.  =J.  +  c,  0,  =J,  +  c,  0.  =J.  +  c, 
0.  +  a1  =  /.  +  «,  (?,  +  cf  =  /,  +  »,  0.  +  o«  =  J.  +  a, 
0.  +  i*  =  /.  +  b,  G,  +  i«  =  ./,  +  b,  (?.  +  y  =  /.  +  b. 

Variation  of  the  Elements  of  a  Planet  through  Perturbation. 

The  elements  we  select  for  use  are  defined  thus  :  x.  y,  e,  denoting  the 
rectangular  coordinates  of  a  planet  referred  to  the  Sun  as  origin,  adopt  the 
element*  c.,  e,,  e.,  f.,  /„  /„  such  that 

yd*  —tdy  tdx  —  xd*  _  sdy  — 

'  —    --  -      ' 
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where  we  note  that  p  is  the  sum  of  the  masses  of  the  Sun  and  planet,  and  r 
is  the  radius  vector  of  the  latter.  These  six  elements  are  not  independent 

but  satisfy  the  relation 

«*/*  +  c,f,  f  c.f,  =  0  . 

The  additional  element  needed  to  complete  the  number  six  is  the  element 
everywhere  attached  by  addition  to  the  time.  With  these  constants  the 
two  equations  of  the  path  of  the  planet  in  space  are 

ctx  +  c,y  +  c,z  =  0,        f^r  +  fzx  +  f,y  +  f,z  —  cl  +  c]  +  c\  —  k\ 

To  understand  the  correlation  of  the  different  terms  of  these  equations  it 
must  be  borne  in  mind  that  (i  is  a  constant  of  three  dimensions  in  reference 
to  the  linear  unit.  Consequently,  the  c  are  of  two  dimensions  and  the  /  of 
three  dimensions  in  reference  to  this  unit. 

The    second   equation  belongs    to   a  quadric  surface  not,  in  general, 
referred  to  its  axes  of  symmetry.     Removing  the  radical  from  it,  it  becomes 


(ft  -/*.)  *?  +  (ft  -fl)  y'  +  (ft  -fl)  *  -  2/,/f  xy  -  2f,f,  yz  -  2f.f.  zx 

+  21c'f,y  +  ZVf.z-  V  =  0. 


The  cubic,  which  must  be  solved  in  order  that  this  may  be  referred  to  its 
axes  of  symmetry,  is 

/  -  [a**  -  (/:  +  /;  +  /:>]  t  +  w  -/.*>  (/.'  -/;)  +  (ft  -/;>  (^  -/.•> 
+  ot-fi)  (/»•-/:)-(/:/;  +/;/i  +/:/:)]/-/••  ix-c/:  +/;  +/»]  =  o. 


But,  if  e  denotes  the  eccentricity,  we  have  /J  +/*  +/J  =  ^e2  ;  thus  the 
preceding  equation  reduces  to 


Put  ^  =  (fx,  then 

x8  —  (3  -  e1)  x1  +  (3  —  26s)  x  —  (1  —  e»)  =  0, 
or  (x  —  iy  +  f(x  —  iy-o, 

The  three  roots  are  x  =  1,  x  =  1,  x  =  1  —  e2.  The  second  equation  of  the 
orbit  of  the  planet  is,  therefore,  a  quadric  of  revolution  about  the  major 
axis,  in  the  present  investigation  an  ellipsoid,  as  we  suppose  e*  <  1.  The 
expression  <?z  -f-  cj  +  c2  is  invariant,  as  also  is  /|  +/JJ  +/?,  both  being 
independent  of  the  orientation  of  the  axes  of  coordinates.  The  system  of 
principal  axes  will  be  arrived  at  if  we  suppose  fv  =  0,  ft  =  0,  which  imply 
also  c,  =  0,  as  is  shown  by  the  relation  cxft  +  cy/y  +  cz/z  =  0,  unless  we 
have  /,  =  0,  when,  the  quadric  being  a  sphere,  all  systems  of  axes  are 
principal.  The  equations  of  the  orbit  then  take  the  form 

c,y  +  c,z  =  0,       IJ.T  +  nex  =  *', 
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where  k*  =  cj  +  cj .    The  radical  removed,  the  second  equation  becomes 

V(l  -•*)*•  +  *y  +  iff  +  **V«z  -*•  -  0. 

But,  a  being  the  semi-axis  major,  Jfe*  =  pa  (I  —  «*),  therefore,  the  preceding 
equation  takes  the  form 


or 

The  adoption  of  the  attracted  planet  instead  of  the  centre  of  the  Sun 
as  the  origin  of  coordinates  renders  it  necessary,  while  employing  the 
elements  of  the  planet,  to  substitute  — 10,  —  y0,  —  »o  f°r  x,  y,  z-  Thus, 
with  this  notation,  the  equations  of  the  Sun's  path  in  space  are 

*•*•  +  «.y.  +  e>*»  =  °t     ^  —/•*•  — /»y.  — /•*•  =  **• 

The  values  of  the  differentials  with  respect  to  the  time  of  the  constants 
c  and  /must  now  be  stated.  Denoting  the  mass  of  the  attracting  planet  by 

f 

m',  the  perturbative  function  R  for  secular  perturbations  is  — ,  and  we  have 


_  _ 

ar  -  •  &  -  •  37  -  7- 

dR        dR     at 


dc,      rfy,  dc.  ,  m'  ,      _      , 

llt  |-WW  +  7r('y      f)t 
«fc._d5,<fc.    «»'  .  , 

iu     ^w  +  7(*        ;' 

df._dyfde.      dx,  dc       m'  ,  ,  , 

ar-W  W~W  A  +y(M"W. 

There  is  still  one  element  to  be  added  to  the  preceding  to  complete  the 
number  of  six  independent  constants;  this  is  the  mean  longitude  at  epoch. 
The  well-known  equation  for  its  variation  shows  that  a  portion  is  immedi- 
ately derivable  from  the  motion  of  the  perihelion,  and  another  from  that  of 
the  node;  what  remains  (calling  the  element  I)  is  given  by  the  equation 


where  n  denotes  the  mean  motion  of  the  attracted  planet. 

•For  th«M  formal**  coniult  UpUec,  M«c«nlqne  C*le»t«,  Tom.  I,  LIT.  II,  Art  64. 
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The  system  just  given  is  the  most  general  as  respects  the  orientation 
of  the  axes  of  coordinates.  Let  us  now  specialize  by  taking,  for  the  plane 
of  xif,  the  plane  of  the  orbit  of  the  attracted  planet.  This  makes  cx  =  0, 
cv  =  0,  c,  =  k  and  the  equation  between  the  c  and  the  /  shows  that,  in 
consequence,  we  have/,  =  0.  Then  our  equations  become 


*-- . 


m'  d-       dy«  dc'      dx» 


But,  our  specialization,  applied  to  the  definitions  of  the/,  gives 

Jcdxo-  u^  —  f  kd-^-uX«  —  f 

~*~ai-fl^   '»    fc~3t-fl^   '•• 

These  values  enable  us  to  eliminate  the  differentials  of  ar0,  y0  from  the 
preceding  equations.  By  differentiating  the  equation  between  the  c  and  f 
we  get 

/•§+/•§  +  *§=»•  .  I 

The  substitution  of  preceding  values  in  this  renders  it  an  identity,  hence 
the  equation  for  -^  is  superfluous.  Moreover,  after  use  in  substitution, 

dk 

the  equation  for  -j-  is  no  longer  needed,  since  the  secular  motion  of  the 
ctt 

semi-axes  a  vanishes.  Thus  the  equations  to  be  employed  are  reduced  to 
the  five  following  : 

£-—•*?• 
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If  £  denote  the  longitude  of  the  perihelion  of  the  attracted  planet,  we  have 
/„  =  ue  cos  2 ,  /,  =  pr  sin  ^  ;  also,  if  i  is  the  inclination  and  Q  the  longitude 
of  the  ascending  node,  c,  =  k  sin  i  sin  Q,  ct  =  — k  sin  »  cos  Q;  whence 


lin  i  tin  Q)  _  _ 


d  (rin  i  oo«  Q)          HI* 

--  ar 


The  point  of  departure  for  longitudes  is  still  undetermined  ;  but,  if  this 
is  taken  to  be  the  ascending  node  of  the  attracted  planet's  orbit  on  that  of 
the  attracting  planet,  we  can  employ  the  X1",  Y'",  Z'"  we  have  previously 
defined.  Thus,  using  brackets  with  subscript  0  to  denote  integration  along 
the  orbit  of  the  attracting  planet  we  have  the  equations 


)~l  _    _  m'      ~,,, 
J,       -^*** 


The  integration  round  the  orbit  of  the  disturbed  planet  has  still  to  be 
executed  in  order  to  arrive  at  the  secular  motion  of  the  elements.  For  this 
we  are  confined  to  the  use  of  mechanical  quadratures.  Here  we  may  use 
either  of  the  three  anomalies,  or  any  variable  which  will  show  the  position 
of  the  planet  on  its  orbit,  as  the  independent  variable. 


236  COLLECTED  MATHEMATICAL  WORKS  OP  G.  W.  HILL 


MEMOIR  No.  70. 
On  the  Use  of  the  Sphero-Conic  in  Astronomy." 

(Astronomical  Journal,  vol.  XXII,  pp.  53-56,  1901.) 

If  a  planet  circulating  about  the  Sun  in  an  elliptic  orbit  is  viewed  from 
a  fixed  point  its  apparent  path  as  projected  on  the  celestial  sphere  is  a  curve 
named  a  sphero-conic.  This  curve  is  divided  into  symmetrical  quadrants 
by  two  great  circles  at  right  angles  to  each  other,  and  intersecting  at  a  point 
called  the  center.  The  subject  is  especially  interesting  as  showing  what 
would  be  the  apparent  course  of  any  planet  as  viewed  from  the  Earth  if  the 
latter  were  stopped  at  any  point  of  its  orbit.  The  two  envelopes  of  all  these 
curves,  when  the  Earth  is  made  to  take  all  positions  in  its  orbit,  evidently 
embrace  between  them  the  zodiac  of  the  planet.  A  valuable  application  is 
also  found  in  the  secular  perturbations  of  one  planet  by  another. 

The  paths  of  the  superior  major  planets,  as  seen  from  any  point  of  the 
Earth's  orbit,  do  not  greatly  deviate  from  a  great  circle;  but  those  of 
Mercury  and  Venus  take  a  spindle-shaped  form  which  is  of  great  interest. 
Hence,  we  propose  to  illustrate  the  matter  in  the  case  of  Venus,  as  it  would 
be  viewed  from  the  point  of  the  Earth's  orbit  where  the  eccentric  anomaly 
is  90°.  The  necessary  values  of  the  elements  of  the  problem  are  taken  from 
Prof.  Newcomb's  Tables  of  the  Sun  and  Venus  for  the  epoch  1900.  The 
distance  of  the  Sun  from  the  point  of  view  is  unity  in  this  case,  but  we  may 
always  adopt  this  distance  as  the  linear  unit.  The  solar  eccentricity  being 
0.01675104,  and  the  longitude  of  the  perigee  281°  13'  15".0,  the  Sun's 
longitude  as  seen  from  this  point  is  12°  10'  50".31.  Let  u0  denote  the  angular 
distance  of  the  Sun  from  the  ascending  node  of  its  orbit  on  that  of  Venus, 
a  the  angular  distance  of  this  node  from  the  perihelion  of  Venus,  i  the 
inclination  of  the  orbits,  a  the  semi-axis  major,  and  e  the  eccentricity  of 
Venus.  The  problem  involves  no  more  than  these  five  quantities,  which 
have  the  following  values : 

MO  =  116°  24'  3".58,        •»  =  125°  36'  56".93 ,        i  =  3°  23'  37".07, 
log  a  =  9.85933781 ,        e  =  0.00682069 . 

*  Tbli  article  U  Intended  as  supplementary  to  one  in  the  American  Journal  of  Mathematics, 
ToL  XXIII,  p.  817. 
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If  we  imagine  a  system  of  rectangular  axes  having  its  origin  at  the 
point  of  view,  the  axis  of  x  being  directed  towards  the  perihelion  of  Venus, 
the  axis  of  y  to  a  point  in  the  plane  of  the  orbit  a  quadrant  in  advance  of 
the  perihelion,  and  the  axis  of  z  towards  the  north  pole  of  the  orbit,  the 
coordinates  of  the  Sun  will  have  the  following  expressions: 

j^  =  OCM  •  CM  «,  —  OM  i  f  in  -  tin  «. 

y.  =  Bin  «  CXM  M,  +  ooi  i  OM  «  iin  w, 
*,  =  sin  i  lin  «(. 

By  employing  the  auxiliary  quantities  k,  let,  K,  1C,  determined  from 

the  equations 

£  MM  K  =          ooi  •  ,        V  cot  K'  =  cot  i  cot  »  , 
k  tin  K  =  cos  i  tin  »  ,        V  tin  K'  =          tin*, 

the  expressions  for  z,  and  y0  become 

xt  =  kcM(«t  +  JT),       ,.  =  i'«n  («.  +  £•'). 
In  our  example 

log*  =9.9994966,  log  -f   =9.9997418, 

K  =  125°  39'  48".37,  K'  =  125°  34'  5".60. 

The  formulas  give  these  values  of  the  coordinates  of  the  Sun  : 
i,  =  —  0.4679356  ,          y.  =  —  0.8821  706  ,          «,  =  +  0.053021M  . 

Let  6  =  a\^l  —  «*  denote  the  semi-axis  minor  of  Venus.  The  elements 
of  the  sphero-conic  constituting  the  apparent  orbit  of  Venus  in  the  heavens 
are  found  through  the  solution  of  a  certain  cubic.  Let  A,  B,  C  denote  the 
rectangular  coordinates  of  the  center  of  the  elliptic  orbit  of  Venus  ;  then 

A=rt-<u,        B  =  yt,        <?=«,, 

also  let  r  denote  the  distance  of  this  center  from  the  origin,  so  that 

r*  =  A'  +  ff  +  C". 
Then  the  cubic  will  be  thus  expressed  : 

fl»  +  («•  +  V  —  r«)  (f  —  [V  (r»  —  (f)  +  of  («•  &  +  (Tf\  0  -  tf  V  (f  =  0. 

Accurate  computation  of  the  coefficients  is  facilitated  by  using  the 
equations 


r«  -a'  =  1  -  ft'- 
In  the  present  example  we  have 

6»  +  0.04175306  (f  -  0.2533680  0  -  0.0007695486  =  0. 

The  roots  of  this  cubic  are  always  real;  we  will  name  them  in  the  order 
of  their  algebraic  magnitude,  (?.,  Ot,  G..     The  value  of  Q.  is  nearly  —  a1; 
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in  fact,  neglecting  quantities  of  the  fourth  order  with  respect  to  e  and  t, 
the  expression  for  Gx  is 


In  our  example  this  gives  a  sufficiently  accurate  value,  the  error  probably 
not  exceeding  a  unit  in  the  8th  decimal;  thus  Ox  =  —  0.52320407.  The 
quadratic  containing  the  remaining  roots  is 

6"  -  0.4814501  G  —  0.001470838  =  0. 
Thus, 

G,  =  —  0.00303587  and  G.  =  +  0.48448688. 

The  equation  of  the  cone  having  its  vertex  at  the  origin  and  the  orbit 
of  Venus  as  directrix,  when  referred  to  the  axes  of  symmetry,  has  the  form 

x'      Y«      z'  _  0 
77.  +  *f  +  ?jr- 

the  axis  of  z  being  in  the  body  of  the  cone,  that  of  x  in  the  direction  of 
longitude,  and  that  of  Y  in  the  direction  of  latitude.  Now  let  v\  denote 
latitude  measured  from  the  major-axis  of  the  sphero-conic,  and  2,  longitude 
measured  from  the  minor-axis.  Then,  making 

x  =  p  cos  rj  sin  ^  ,        T  =  p  sin  ij  ,        z  =  p  cos  ij  cos  ^ 

we  obtain,  as  the  equation  connecting  the  variables  YI  and  /I  in  the  sphero- 

conic 

sin*  K.      tan1  1\      cos'  A  _  0 
Gm          G,  G, 

The  greatest  longitude  ^  and  the  greatest  latitude  tj0  of  the  planet 
moving  on  the  sphero-conic  will  be  given  by  the  equations 


The  equation  of  the  sphero-conic  can  be  put  in  the  form 
tan'  5  =  £?43i  sin  (J,  +  J)  sin  (J,  -  i) 

In  the  present  example 

i?0  =  4°  31'  33".75  ,        I,  =  46°  6'  3  '.50  . 

As  it  is  interesting  we  will  derive  the  equation  of  the  stereographic 
projection  of  this  curve.  Taking  the  radius  of  the  projected  sphere  as  unity, 
and  placing  the  pole  of  projection  at  the  center  of  the  sphero-conic,  the 
equations  connecting  the  variables  X  and  q  with  the  projected  coordinates 
x  and  //  are 
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The  inverse  of  these  formulas,  which  may  be  used  for  plotting  the 
projection  of  the  curve,  is 

tin  i  oot  i  riBf 

1  +  OOSJCOM*  ~1  +  oot  ->  cot  ij 

Thus  the  equation  of  the  projected  sphero-conic  is 

i         4*  i         4y«  i    a-*' 


Taking  two  constants  a  and  /3  this  may  be  put  in  the  form 


The  projected  curve  is  therefore  an  octic. 

To  have  the  position  of  the  sphero-conic,  let  Q  be  the  longitude  of  the 
ascending  node  of  the  major-axis  of  that  curve  on  the  orbit  of  the  planet 
measured  from  the  perihelion  of  the  latter,  and  <  the  inclination  (always 
between  0°  and  180°),  and  r  the  angular  distance  of  the  center  of  the 
sphero-conic  from  the  node  measured  in  the  direction  of  increasing  longi- 
tudes ;  the  following  equations  can  be  used  for  the  determination  of  these 
quantities  : 


where  6  and  r  are  taken  in  the  first  quadrant.     In  our  example  we  get 

i  =    8°  IT  14".58  ,        Q  =  151°  iff  30".  62 
»  =  4&°M'41".70,         T=    BO'e^SS".!)? 

That  t  should  so  nearly  be  equal  to  a  quadrant  is  due  to  the  smallness 
of  the  eccentricity  of  Venus. 

In  order  to  have  the  position  of  the  ecliptic  referred  to  the  axes  of  the 
sphero-conic,  let  ^  denote  the  distance  of  the  ascending  node  of  the  ecliptic 
on  the  major-axis  of  the  sphero-conic  from  the  similar  point  of  the  ecliptic 
on  the  orbit  of  Venus,  and  g  the  distance  of  the  same  point  from  the 
ascending  node  of  the  major-axis  on  the  orbit  of  Venus,  and  let  /  denote 
the  inclination  of  the  ecliptic  to  the  mentioned  axis.  Then  these  quantities 
are  determined  by  the  equations  : 

•in  foot  v'1  =       oot  t  tin  t  —  rin  <  CM  i  OM  (Q  —  «•) 
sin  /  sin  f  =  —  sin  t  tin  (Q  —  •) 

•in  /  ooa  x  =  —  sin  i  COB  t  +  cos  t  sin  t  cos  (Q  —  •») 
•in  /  sin  /  =  —  sin  »  sin  (Q  —  •) 

u  =  «.-vS        /  —  r  =  * 
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In  the  present  example  we  get 

7=3°  34'  12".94,        <[>  =  230°  55'  7".07,        x  =  204°  48'  29".24  , 
u  =  245°  28'  56".51  ,        <r  =  114°  48'  31".17  . 

We  can  now  get  the  coordinates  of  the  Sun  as  referred  to  the  axes  of 
the  sphero-conic;  calling  the  longitude  %0  and  the  latitude  r;0,  we  have 
tan  (A0  —  a)  =  cos  /  tan  o  ,        sin  ^0  =  sin  I  sin  u 

where  /Lo  —  o  is  taken  in  the  same  semicircle  as  v.     In  the  example 
i,  =  0°  14'  56".29,        ,„  =  —  3°  14'  52".73 

We  now  make  application  to  the  question  of  the  secular  perturbations 
of  the  Earth  by  Venus.  For  brevity  put  m*  =  G,  —  Gx  .  In  the  example 
log  m  =  0.0016637.  Derive  the  nome  q  from 

q  +  q'  +  qK  +  .  .          _  /     sin  *  6 
l  +  2(jr*  +  f»  +  j" 

or  from  the  equation 

—  *.    •  -+ 


We  obtain  log  q  =  8.6556780.     Next  compute  R  and  L  from  the  equations 


T  _     1  +  V'cosT 
= 


4  cos«  <L  cost  e     [1  +  »W  +  1"  +  -OP 

x 

The  results  in  the  present  example  are 

log  J5T  =  0.3906003  ,        log  L  =  0.1270540 

The  components  of  the  action  of  the  ring  formed  on  the  orbit  of  Venus 
on  the  origin  are 

X=  --  -      -  cos  i)a  sin  >10  -j  sin'  x  cos  i?0  sin  H0 

Y=  --  ~t  —  sin  %  =  --  ,  cos'  x  sin  y0 


Let  fl  denote  the  magnitude  of  the  resultant  of  these  components, 
A  and  H  severally  the  longitude  and  latitude  of  the  point  in  the  heavens 
towards  which  it  is  directed,  the  circles  of  reference  being  the  axes  of  the 
sphero-conic.  We  have  the  equations 

R  cos  H  sin  A  =  2T,        R  sin  H  =  Y,        R  cos  H  cos  A  =  Z 
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The  numerical  results  are 

R  -  1.7444004 ,        A  -  859°  54'  31".10,        H -  +  8°  3'  26".84 

In  order  to  have  the  components  of  the  force  referred  to  the  ecliptic, 
it  is  necessary  to  convert  A  and  H  to  a  longitude  and  latitude  referred  to 
that  plane.  Let  a  and  ft  severally  denote  this  longitude  counted  from  the 
descending  node  of  the  major-axis  of  the  sphero-conic  on  the  ecliptic  and 
the  latitude.  Then  the  equations  are 

•in  t  =  OM/rin/f —  tin  /cot  ff  tin  (A  — *) 
OM  *  rin  a  •=  tin  I  tin  H  +  cot  /  cot  B  tin  (4  —  a) 

COt  i  COt  am,  COt  ff  COt  (A — a) 

Then,  if  ^  denote  the  component  directed  towards  the  Sun,  <$,  the 
component  perpendicular  to  this  and  lying  in  the  plane  of  the  ecliptic,  and 
W9  the  component  directed  to  the  north  pole  of  that  plane,  we  shall  have 
R,  —  R  oot »  OM  (a  —  o),        S,=  RcotS  nn(a  —  u),        Wt=Remt 

The  numerical  results  are 

«-246*0'ir.63,        a  — u-8fi9°31'15".02,        *=  +  6"  IT  41".18, 
R,  -  +  1.7370960,        5.  =  -  0.0145277,         Wt  =  +  0.1609908. 


Ecliptic 


The  diagram  exhibits  the  form  of  the  sphero-conic  in  the  example. 
The  projection  used  is  the  stereographic,  the  pole  being  at  the  center  of  the 
sphero-conic.  The  radius  of  the  sphere  projected  is  five  inches.  The  point 
R  is  that  towards  which  the  resultant  of  the  attraction  of  the  elliptic  ring 
is  directed,  and  the  point  S  shows  the  position  of  the  Sun. 

In  the  application  to  secular  perturbations  almost  the  sole  aim  is  to 
obtain  the  values  of  /^,  <%,  W0;  but  the  preceding  method  involves  the 
computation  of  many  auxiliary  quantities,  hence  it  may  be  well  to  substitute 
the  following,  in  which  A,,  vj9>  A,  H,  a,  t,  are  not  used,  but  the  desired 
values  are  expressed  in  terms  of  the  quantities  which  precede.  We  have 

J?,  -  -j|p  j~c<wf  %  co*'  i,  —  tin1  *  <x*'  %  nnf  -I,  —  oo*' «  rin*  %~J 
VOL.  IV. -16. 
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But  cos  )?„  cos  ^0  =  cos  a  cos  u  —  cos  7  sin  <s  sin  u 

cos  %  sin  ^0  =  sin  a  cos  u  +  cos  /  cos  a  sin  u 
sini?0  =  sin  7  sin  u 

By  substituting  these  values  in  the  preceding  equation,  and  putting 

JVcos  v  =  (1  +  sin*  x)  (1  —  J  sin2  /)  cos  2<r  +  f  cos1  *  sin'  / 
JV  sin  v  =  (1  +  sin1  *)  cos  /  sin  2  <r 

the  expression  for  R0  becomes 

.R,  =  —  J  cos1  a  —  sin1  x  sin1  a  —  A"  sin  u  sin  (u  +  v~) 

There  is  no  need  for  the  direct  elaboration  of  the  values  of  S0  and  W0i 
since,  provided  the  quantities  v  and  /  are  left  evident  in  the  expression  for 
.R0,  they  are  determined  by  the  partial  differential  equations 


Thus  S0  =  -J 

Moreover,  if  we  put 

P  cos  JT  =  [(1  +  sin1  *)  cos  2  <r  —  3  cos1  x]  cos  / 
P  sin  ir  =  (1  +  sin1  x)  sin  2  <r 
we  shall  have 


W0=  J 


In  making  use  of  the  values  of  jR0,  $,  TPJj  as  obtained  for  different 
points  in  the  orbit  of  the  attracted  planet  it  will  be  necessary  to  reduce 
them  to  a  common  linear  unit  ;  when  we  bear  in  mind  that  they  are  of  the 
dimension  —  2  in  reference  to  this  unit,  the  procedure  to  be  followed  will 
be  obvious. 

As  the  example  from  Venus  is  abnormally  simple  in  some  respects  on 
account  of  the  smallness  of  the  eccentricity  of  that  planet,  another  may  be 
given  of  the  orbit  of  Mercury  seen  from  the  same  point.  Here  the  elements 
have  the  values 

MO  =  145°  2'  4".91  ,        «.  =  151°  14'  46".49  ,        t  =  7°  tf  10".37  , 
log  a  =  9.587821  7  ,        e  =  0.20561421  . 

As  before,  these  are  from  Prof.  Newcomb's  Tables,  and  for  the  epoch 
1900.  From  these  elements  the  coordinates  of  the  Sun  are 

z.  =  +  0.4448295  ,        y»  =  -  0.8928855  ,        z,  =  +  0.06986952 
and  the  cubic  in  G  is 

(?  —  0.6421687  G1  —  0.1185352  G  —  0.0001049789  =  0 
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By  the  approximate  formula  0.  = —  0.1489421,  and  thin  needs  only 
the  small  correction  of  7  units  in  the  last  decimal,  so  that  Gm—  —0.1489428. 
The  quadratic  containing  the  remaining  roots  is 

<f  —  0.7911116  G  — 0.0007048269-0 

Whence  0f  _  _  0.0008899814 ,        0.  -  +  0.7920014 

The  dimensions  of  the  sphero-conic,  in  this  case,  are 

^  -  28°  2«'  39".57,        %  -  1°  56'  11".69 
Its  position  in  the  heavens  is  established  by  the  values 

•  =  4°  63'  41".82 ,        Q  -  201°  23'  16".94 ,        r  =  89°  16'  43".63 

It  will  be  seen  that,  in  spite  of  the  great  eccentricity  of  Mercury, 
r  does  not  differ  much  from  a  quadrant. 
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MEMOIR  No.  71. 
Illustrations  of  Periodic  Solutions  in  the  Problem  of  Three  Bodies. 

(Aitronomical  Journal,  ToJ.  XXII,  pp.  93-97,  117-121,  1902.) 

(FIRST  ABTICLE.) 

Whenever  a  system  of  moving  bodies  retakes  after  a  certain  lapse  of 
time  the  same  position  relatively  to  the  bodies  themselves,  the  solution  of 
the  differential  equations  to  which  this  case  corresponds  is  called  a  periodic 
solution.  Periodic  solutions  may  be  broadly  divided  into  two  classes.  The 
first  class  contains  those  cases  in  which  there  has  taken  place  a  rotation  of 
the  whole  system  in  the  interval  between  the  mentioned  positions.  The 
second  those  in  which  no  such  rotation  has  occurred,  but  the  longitudes  of 
the  bodies,  as  well  as  their  distances,  have  returned  to  the  same  values.  In 
the  illustrations  to  be  given  here  we  will  confine  ourselves  to  the  latter 
class. 

For  expressing  the  differential  equations  of  motion  of  two  planets  about 
their  central  body  we  will  employ  variables  similar  to  those  of  Delaunay  in 
the  Lunar  Theory,  but  (with  Poincare)  we  will  denote  the  energy  of  the 
system  by  F.  Then  these  equations  may  be  given  the  form 


dL  dF  dG  dF  dH  dF 

~dT ''  ~~dT '        dt   '  dg  '  ~~dT  '  dh 

dl  dF  dg  _  dF  dh  dF 

~dT ''  ~ ~d~E '  ~dt  ''  ~  dG'  dt  ~  dS 

dL'  _  dF  dG'  =  dF  dH'  =  dF 

dt  ''  "3F '  ~3T '  ~Sgr '  ~3T '  ~d~hr 

dl'  _dF  dff1  dF  dh'  _  dF 

dt    ''  d~F'         dt  dG"  ~dT~ 


In  these  formulae  7  and  V  may  be  regarded  as  similar  in  signification 
to  the  two  mean  anomalies  of  the  planets,  while  g  and  g'  are  the  angular 
distances  of  their  perihelia  from  their  nodes,  and  h  and  h'  are  the  longitudes 
of  the  latter.  For  L,  G,  5,  L',  <?',  H1  we  have  the  following  equivalents  : 

L=M*/~a,       G  =  M  Va  V  1  —  «*,       H  =  M  »ja  V  1  —  <?  cosi 


L  =  M'  Vtf,       G1  =  M'  <i~ff  VT^T5;       H'=  M1 
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where  M  and  M'  are  certain  functions  of  the  manes  and  the  other  letters 
have  the  customary  signification. 
H  being  the  potential  function 

'=T?  +  X«  +  0 

where  again  p  and  y!  are  functions  of  the  masses.  £1  is  developable  in  an 
infinite  periodic  series  of  cosines  whose  general  argument  is  a  linear  func- 
tion of  the  angular  elements,  /,  g,  h,  F,  g1,  h';  that  is,  we  have 

Q  =  £.  COM  (il  +  fy  +  T*  +  i"T  +  »Y  +  M  ) 

where  the  t  are  positive  or  negative  integers,  and  C  involves  only  L,  O,  H, 
1.  .  0>,  H1. 

Now  we  may  imagine  that  by  a  series  of  operations  of  Delaunay  we 
may  remove  from  F  all  the  sensible  terms  whose  arguments  have  a  sensible 
motion.  The  forms  of  F  and  the  differential  equations  are  not  changed  by 
this  procedure.  It  is  evident  that,  at  this  stage  of  the  investigations,  we 
may  suppose  our  work  of  integration  finished,  provided  that  the  conditions, 
to  be  mentioned  shortly,  are  fulfilled.  For  the  sake  of  distinction,  let  us  say 
that  F  has  now  become  FQ,  and  suppose  that  L,  O,  H,  L',  G1,  H'  are  now 
constanta.  Then  the  six  equations 

9^t  =  o        3-5-  9*t- 

w    °«     $-  °>     dkj- 

ought  to  be  satisfied.  Let  us  suppose,  in  addition,  that  the  perihelia  and 
nodes  are  stationary  ;  this  gives  the  four  equations 

ft 


The  two  remaining  equations  may  be  written 

82-—   8S—  ' 

where  n  and  «',  being  constants,  are  the  mean  motions  of  the  planets.  Let 
us  next  suppose  that  n  and  n'  are  in  the  proportion  of  the  integers  k  and  V. 
Then,  as  an  eleventh  equation,  we  may  write 


The  last  supposition  is  evidently  necessary  in  order  that  a  periodic 
solution  may  exist  Although  k  and  V  may  be  taken  at  will,  all  cases  will 
be  arrived  at  by  adopting  numbers  prime  to  each  other.  Thus  we  have 
eleven  equations  to  determine  twelve  arbitrary  constants  ;  thus  one  is  left 
indeterminate.  This  is  as  it  should  be,  since  the  origin  from  which  longi- 
tudes are  measured  may  be  taken  at  will. 
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For  the  group  of  six  equations,  first  given,  we  may  substitute  others 
which  are  simpler,    j  being  a  positive  integer,  it  is  evident  the  form  of  F0  is 
Ft  =  Z.  O  cos  U(Vl  —  W)  +  i'g  +  f"A  +  fy  +  »•»*'] 

When  this  expression  is  partially  differentiated  with  respect  to  any  one 
of  the  elements  I,  g,  h,  V,  g't  h',  we  have  a  series  of  sines.  The  six  equations 
are  then  satisfied  if  we  make 

gt  =  0°  or  180°,        A0  =  0°orl80°,        &'  =  0°  or  180°,        A0'  =  0°  or  180°, 

Vlt  —  &„' =  0°  or  180°. 

These  substitutions  can  be  made  in  F0)  by  which  it  is  reduced  to  a 
function  of  L,  G,  H,  L',  G',  H'.  Using  the  same  symbol  to  denote  the 
function  after  this  change,  the  equations,  which  remain  to  be  satisfied,  are 

i>3F*—]k9F»-0        SF'-n        SF«-o        3JTo-o        dF°-n 
K3L     *3T"  °'      W "     '      dH        '      W~     '      dS'-°- 

As  these  equations  are  five  in  number,  they  leave  one  of  the  six 
elements  L,  G,  H,  L',  G',  H1  undetermined.  Then  we  can  take  either  L  or 
L'  at  will,  and  the  rest  follow.  Hence,  provided  the  equations  last  given 
have  suitable  roots,  the  differential  equations  we  stopped  with  will  be 
satisfied. 

The  previous  reasoning  has  been  conducted  on  the  supposition  that  we 
are  dealing  with  three  bodies ;  but  it  is  plain  that,  however  many  bodies 
there  may  be  in  the  system,  similar  propositions  are  true.  The  whole  gist 
of  the  matter  being  that  the  initial  values  of  the  elements  must  be  so 
adjusted  that  the  secular  perturbations  vanish. 

In  the  preceding  we  have  argued  as  if  the  I,  g,  h,  V,  g',  h'  of  Delaunay 
were  six  independent  angular  elements  in  the  Problem  of  Three  Bodies. 
But,  as  there  are  only  four,  always  two  less  than  three  times  the  number  of 
planets,  it  is  necessary  to  modify  the  reasoning.  Let  us  denote  the  inde- 
pendent angular  elements  by  llt  12}  1%,  lit  of  which  the  last  may  be  the  single 
element  having  a  finite  motion.  Also  let  their  conjugate  linear  elements  be 
severally  Llt  Lz,  L%,  Lt.  Then 

F  =  Z,  G  cos  [f,  lt  + 1,  lt  +  1,1,  +  it  lt] 

From  this,  by  a  series  of  Delaunay  transformations,  will  be  removed  all 
the  terms  involving  Z<.  Then  we  shall  have 

F,  =  S.  C7co8 [t, I,  +  i,l,+  it  y. 

After  this  Z4  will  be  a  constant;  so  that  the  coefficients  C  can  be 
regarded  as  involving  only  the  three  variables  Z/j,  Lt,  La.  Then,  to  bring 
about  a  periodic  solution,  it  is  necessary,  in  the  first  place,  to  make 

I,  =  0°  or  180°,        I,  =  0°  or  180°,        I,  =  0°  or  180°. 
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These  substitutions  made  in  F0  reduce  it  to  a  function  of  the  three 
quantities  L,,  L,,  Z,,  still  regarded  as  variable.  But,  in  the  second  place, 
the  equations 


°'    Sir;-0' 

must  be  satisfied.  Thus,  if  we  suppose  that  the  constant  element  Z,4  is 
selected  at  random,  the  values  of  the  other  linear  elements  become  deter- 
minate ;  and  the  motion  of  the  conjugate  element  /4  is  given  by  the  equation 


It  will  be  noticed  that  the  six  conditions,  just  set  down,  are  precisely 
those  required  to  make  the  function  F0  at  a  standstill  in  reference  to  the 
six  variables  Lt,  A,  L,,  f,,  /„  ^  . 

In  appearance,  eight  different  periodic  solutions  ought  to  belong  to  each 
assigned  value  of  Lt;  but  these  are  often  not  all  distinct.  Also  we  may  be 
restricted  to  a  limited  range  of  values  for  Lt,  if  real  solutions  are  to  be 
obtained. 

Our  illustrations  will  be  selected  from  the  coplanar  case  of  the  Problem 
of  Three  Bodies  ;  and  thus  one  equation  will  drop  out  from  each  of  the  two 
groups  of  three  conditions.  In  this  case,  if  we  extend  somewhat  the  signifi- 
cation of  the  phase  "line  of  apsides,"  a  little  consideration  will  show  that 
the  two  remaining  conditions,  having  reference  to  the  angular  elements,  are 
tantamount  to  the  statement  that,  in  order  for  the  existence  of  a  periodic 
solution,  the  lines  of  apsides  of  the  two  planets  must  coincide,  and  of  sym- 
metrical conjunctions  and  oppositions  there  must  be  two  upon  this  line  in 
each  period  of  the  solution. 

Moreover,  we  shall  suppose  that  Jupiter  is  one  of  the  planets  and  a 
minor  planet  the  other.  The  latter  being  supposed  to  have  an  evanescent 
mass,  the  motion  of  Jupiter  is  Keplerian  with  elements  not  admitting 
adjustment.  Hence  one  more  of  the  second  group  of  three  conditions  will 
fall  out,  and  there  is  no  opportunity  for  the  selection  of  any  linear  element. 
Here  all  that  distinguishes  one  periodic  solution  from  another  is  the  value 

of  the  rational  ratio  -„  - 

If  we  adopt  the  L  and  G  of  Delaunay  for  the  minor  planet,  their  values 
in  this  case  must  satisfy  the  equations 


ar.  .  o         .  M 
°'     -327-  - 
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where  n  is  the  mean  motion  of  the  minor  planet,  deduced  at  once  from  the 

Te 
ratio  -j-  and  the  known  n'  of  Jupiter. 


.F  expanded  in  periodic  series  has  the  form 

F  =  SC  cos  \il  +  i'l'  +jr] 

where  i  is  a  positive  integer,  but  i'  and/  may  be  either  positive  or  negative 
integers,  and  y  denotes  the  angular  distance  of  the  perihelion  of  the  small 
planet  from  that  of  Jupiter.  The  coefficients  C  are  of  the  form 

O=A.e'  +  A^'*1  +  A,et+t  +  .... 

the  A  being  constants.  After  all  the  terms  having  arguments  with  sensible 
motions  have  been  removed  from  F  it  is  plain  we  may  write 


where  Cltj  has  the  same  quality  as  C  before,  and  ?j  denotes  the  argument 
whose  motion  vanishes  to  make  the  periodic  solution.  Then  there  appear 
to  be  four  different  solutions  for  each  selection  of  the  argument  ^  as  follow  : 


Solution  I        r  =  0°,        1,  =  0°,        fc'''+£rc'  =  0,  y  =  o 

olj  oG 


Solution  II      r=  180°,    J,  =  0°,        V         -v  +  jfcw'  =  0  ,  Lw  =  o 

OL  Ctr 


solution  m  r  =  o°,     J,  =  i8o°,   y-'  +  w-.o. 

Oil  O(j 


Solution  IV    r  =  180°,    I,  =  180°,    V         -w  +  t»'  =  0  ,  ~  ;^  =  0 

Oil  OO1 

But  if  we  put 

S  .  GU  (i  andj  both  even)  =  ^>,  ,        ^  .  <7W  (t  eren,  _/  odd)  =  D, 


(i  odd,  j  even)  =  D,  ,  S  .  G^  ,  (i  and  y  both  odd)  =  Dt 

the  third  and  fourth  equations  of  each  Solution  become 


Solution  ii 


OCr 


solution  m   ^9(A-A-A  +  A)  +  /fcM>  =  0)     9(A-A-A 

o//  off 


solution  iv 


When  i  is  even  <7U  involves  only  even  powers  ofe.  But  when  t  is  odd 
CtJ  involves  only  odd  powers  of  the  same.  Hence  Dl  and  D2  contain  only 
even  powers  of  e,  while  Da  and  D^  contain  only  odd  powers  of  the  same. 
Consequently  Solution  IV  is  not  distinct  from  I,  nor  III  from  II.  There  is 
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then  no  need  to  set  /,  =  180°,  M  all  distinct  solutions  may  be  got  from  the 
assumption  Jt  =  0°.  As  there  are  no  arbitrary  constants  which  may  be 
taken  at  random  in  this  matter,  all  that  distinguishes  one  periodic  solution 
from  another  are  the  values  assigned  to  k  and  V,  and  the  two  values  0°  or 
180°  which  may  be  assigned  to  y. 

The  elucidation  of  this  subject  in  the  fashion  of  synthetical  geometry  is 
worthy  of  attention.  In  the  diagram  let  S  denote  the  position  of  the  Sun 
adopted  as  the  origin  of  a  system  of  rectangular  coordinates,  J  the  position 
of  Jupiter,  and  let  SJ  the  radius  of 
Jupiter  be  the  axis  of  x.  Give  the  sys- 
tem of  axes  a  variable  rotation  in  the 
plane  of  Jupiter's  orbit,  so  that  the  axis 
of  x  may  continuously  pass  through  the 
position  of  Jupiter.  Then  this  planet 
will  appear  to  oscillate  on  the  axis  of  z 
between  J,  which  we  take  to  be  the 
position  of  the  planet  at  perihelion,  and 
J'  its  position  at  aphelion.  Suppose 
that,  when  Jupiter  is  at  J,  the  minor 
planet  crosses  orthogonally  the  axis  of  z 
at  the  point  P,  or,  in  other  words,  that 
there  is  then  a  symmetrical  conjunction. 
Now  let  an  odd  number  of  semi-revoiu- 

tions  of  Jupiter  elapse,  Jupiter  will  then  be  at  J1  in  aphelion,  Next,  let  the 
radius  SP  of  the  minor  planet  and  its  velocity  at  the  point  P  relative  to  the 
moving  system  of  axes  be  so  adjusted  that  the  planet  accomplishes  an  odd 
number  of  synodic  semi-revolutions,  and  crosses  orthogonally  the  axis  of  z  at 
a  point  I"  on  the  farther  side  of  S,  or,  in  other  words,  that  there  is  now 
symmetrical  opposition.  Again,  let  the  same  odd  number  of  pemi-revolu- 
tions  of  Jupiter  elapse.  This  planet  is  then  at  J,  or,  again  in  perihelion. 
On  account  of  the  symmetry  of  the  motion  of  Jupiter  in  these  two  equal 
intervals  of  time,  it  is  plain  the  minor  planet  will,  from  the  point  of  sym- 
metrical opposition,  repeat  its  path,  but  in  reverse  order  with  respect  to 
time.  Thus  it  will  arrive  again  at  the  point  P,  and  cross  orthogonally  the 
axis  of  z,  and  a  complete  period  of  its  motion  will  be  accomplished.  The 
axis  of  z  will  divide  what  may  be  called  the  synodic  orbit  into  symmetrical 
hslves. 

It  is  plain  that  we  may,  in  the  foregoing,  interchange  the  points  /and  J1; 
that  is,  make  the  symmetrical  conjunction  occur  when  Jupiter  is  in  aphelion, 
and  the  symmetrical  opposition  when  it  is  in  perihelion  ;  thus  the  number 
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of  periodic  solutions  obtained  will  be  doubled.  If  we  have  elaborated  the 
first  group  of  solutions  in  leaving  e'  the  eccentricity  of  Jupiter's  orbit  inde- 
terminate, it  is  plain  the  second  group  will  result  by  simply  changing  the 
sign  of  d. 

The  adjustment,  spoken  of  above,  is  not  proved  to  be  possible  for  all 
values  of  the  odd  number  of  semi-revolutions  mentioned  ;  that  is,  in  some 
cases  we  might  find  imaginary  or  unsuitable  roots  for  the  equations 
involved.  But  it  is  certain,  however,  that  some  periodic  solutions  of  the 
character  described  have  a  real  existence. 

Let  2i  +  1  denote  the  odd  number  of  revolutions  of  Jupiter  in  the 
period  of  the  solution,  and  2/  +  1  the  odd  number  of  synodic  revolutions  of 
the  minor  planet  in  the  same  time  ;  then 

n  _  2i  +  Zj  +  2 
W        2t  +  1 

It  is  of  sufficient  interest  to  give  a  table  to  double  entry  for  the  values 
of  this  ratio  corresponding  to  the  smaller  values  off  and/. 
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The  diagram  is  meant  to  illustrate  the  case  where/  =  1,  that  is,  where 
there  are  three  synodic  revolutions  of  the  minor  planet  in  the  period  of  the 
solution.  It  will  be  seen  that  the  synodic  orbit  of  the  planet  has,  in  this 
case,  two  multiple  points  situated  on  the  line  of  symmetrical  conjunctions 
and  oppositions ;  the  first  (marked  2)  lies  between  S  and  P,  the  second 
(marked  4)  lies  beyond  the  point  P.  As  the  curve  has  not  been  plotted 
from  calculation,  being  intended  to  illustrate  only  the  general  appearance 
of  things,  this  order  may  need  to  be  reversed.  The  order  of  motion  of  the 
minor  planet  is  readily  followed  in  the  diagram  by  the  numerals  attached 
at  the  completion  of  each  quadrant  of  synodic  movement,  viz.,  P,  1,  2,  3,  4 
10,  11,  P. 

It  will  be  noticed  that  the  table  just  given  does  not  contain  all  possible 
rational  quantities,  and  thus  the  field  for  periodic  solutions  is  not  yet 
exhausted.  This  is  because  we  have  limited  the  exposition  to  the  case 
where  the  two  orthogonal  crossings  of  the  line  of  syzygies  lie  on  opposite 
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sides  of  S,  or  where  one  is  a  conjunction  and  the  other  an  opposition.  But 
both  may  lie  on  the  same  side  of  S.  Fig.  2  is  designed  to  exemplify  the 
later  case. 

Suppose  that  when  Jupiter  is  in  perihelion  at  /the  minor  planet  is  in 
symmetrical  conjunction  at  P.  After  an  odd  number  of  semi-revolutions 
of  Jupiter  this  planet  will  be  in  aphelion  at  J'.  The  radius  SP  of  the 
minor  planet  and  its  velocity  at  P  relative  to  the  moving  system  of  axes 
may  be  so  adjusted  that  the  planet  accomplishes  in  the  interval  an  integral 
number  of  synodic  revolutions,  and  crosses  orthogonally  the  axis  of  x  at  a 
point  P  on  the  same  side  of  S  as  P,  and 
there  is  again  symmetrical  conjunction. 
Next,  let  the  same  odd  number  of  semi- 
revolutions  of  Jupiter  elapse.  The 
planet  is  then  at  .7  and  in  perihelion. 
On  account  of  the  symmetry  of  the 
motion  of  Jupiter  in  these  equal  inter- 
vals, it  is  plain  the  minor  planet  will, 
from  the  second  symmetrical  conjunc- 
tion, repeat  its  path,  but  in  reverse 
order  with  regard  to  time.  Thus  it  will  arrive  again  at  P,  and  intersect 
the  axis  of  z  orthogonally,  and  a  complete  period  of  its  motion  will  have 
been  gone  through. 

The  figure  represents  the  case  where  there  are  two  synodic  revolutions 
in  the  period  of  the  solution.  There  is  but  one  multiple  point.  If  the 
points  J  and  J1  are  rotated  through  a  semi-circle,  so  that  they  fall  into  the 
positions  J"  and  J"',  the  figure  will  represent  the  case  where  there  are  two 
symmetrical  oppositions. 

Let  2i  +  1  denote  the  odd  number  of  revolutions  of  Jupiter  in  the 
period  of  the  solution,  and  2j  the  even  number  of  synodic  revolutions  of 

the  minor  planet  in  the  same  time.     Then  we  shall  have    ,  =  ~ 
and  the  following  table  : 
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Let  us  grant  that  in  illustration  we  limit  ourselves  to  cases  where  the 
two  planets  do  not  approach  each  other  very  nearly.  Then  at  least  a  rough 
idea  may  be  obtained  of  the  course  of  the  synodic  orbit  in  neglecting  the 
square  of  the  disturbing  force.  Thus,  no  Delaunay  transformations  are 
necessary. 

From  the  point  of  view  of  calculation  all  periodic  solutions  may  be 
divided  into  two  classes  :  first,  those  where  k  —  k1  is  a  large  integer  (say  8 
or  larger);  second,  those  where  the  same  difference  is  a  small  integer  (rang- 
ing from  1  to  7).  Dealing  with  the  first  class,  we  may  throw  out  from  F  all 
the  periodic  terms,  since  in  F0  they  would  be  factored  by  powers  of  e  higher 
than  e1,  and  retain  only  the  so-called  secular  terms.  With  the  second  class, 
however,  it  will  be  necessary  to  retain,  in  addition,  all  the  sensible  terms 
involving  the  general  argument  t  (HI  —  kT)  +jy,  whose  motion  vanishes  for 
the  periodic  solution  treated  ;  for  here  these  terms  are  secular  to  the  same 
title  as  those  mentioned  for  the  first  class. 

With  the  limitations  we  have  imposed,  the  construction  of  a  periodic 
solution  of  the  first  class  is  a  quite  simple  affair. 

Let  a'  denote  the  semi-axis  major  of  Jupiter,  A  the  distance  between 
the  two  planets,  o  and  u!  the  longitudes  of  their  perihelia,  and  R  the  secular 

portion  of  the  periodic  development  of  —  r-.     Neglecting  the  simple  powers 

ofe1  because  they  disappear  in  the  partial  differentiation  with  respect  to  e, 
and  carrying  the  approximation  to  the  degree  of  neglecting  terms  of  the  8th 
order  with  reference  to  the  eccentricities,  it  is  well  known  that 

R  =  A^  +  Ate*  +  A,e"^  +  At<f  +  A^'S  +  A,e'  V 

-  (A,e'e  +  Ate'<?  +  A,ef>e  +  Ane'J  +  ^,,«'V  +  AH<?*e)  cos  («/  -  «/) 
+  (Altef'f  +  ^14e'V  +  -4,,«'V)  cos  2  O  -  «/)  -  Alttff  cos  3  (a  -  «/) 

where  the  A  are  positive  constants  and  functions  of  a  the  ratio  of  the  mean 
distances.  Make  in  this  expression  &>  —  w'=0°  or  180°,  and  take  the 
partial  derivative  with  reference  to  e.  Thus 


=  =F  (A,J  +  A,e"  +  And>)  +  2fA  +  (A,  +  Aa)e"  +  (A, 
=F3[^X  +  (Au  +  Alt-)e"]e'  +  4[J,  +  (A,  +  AJelr]<f 


where  the  upper  sign  belongs  to  the  value  0°,  and  the  lower  sign  to  the 
value  180°  for  u  —  o'.  This  expression  must  vanish  in  order  that  the  line 
of  apsides  of  the  minor  planet  may  have  no  secular  motion.  This  affords 
the  condition  necessary  to  the  determination  of  e.  It  is  seen  at  once  that  if 
e  is  to  have  a  positive  value,  the  upper  of  the  ambiguous  signs  must  be 
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taken.  The  assumption  of  the  lower  sign  leads  to  a  value  of  <?,  the  negative 
of  the  former  ;  which  would  mean  that  the  ellipse  must  be  revolved  through 
a  semi -circle.  Thus  the  latter  assumption  is  not  really  distinct  from  the 
former. 

Making  4  =  0.04825336,  the  equation  in  e  has  been  computed  for  every 
0.01  in  the  value  of  a  from  a  =  0.01  up  to  a  =  0.70,  and  the  value  of  0 
obtained  therefrom.  The  following  table  contains  these  values,  but  only 
for  every  0.02  in  the  value  of  a. 


0.0012091 

0.04 

0.0024178 

0.06 

0.0036258 

0.08 

0.0048326 

0.10 

0.0060379 

0.12 

0.0072414 

0.14 

0.0084426 

0.16 

0.0096411 

0.18 

0.0108366 

0.20 

0.0120286 

0.22 

0.0132167 

0.24 

0.0144005 

0.26 

0.0165796 

0.28 

0.0167534 

0.30 

0.0179216 

0.32 

0.0190838 

0.34 

0.0202392 

0.36 

0.0213875 

0.38 

0.0225281 

0.40 

0.0236605 

0.42 

0.0247841 

0.44 

0.0258982 

0.46 

0.0270022 

0.48 

0.0280955 

0.50 

0.0291772 

0.52 

0.0302466 

0.54 

0.0313029 

0.56 

0.0323453 

0.58 

0.0333726 

0.60 

0.0343837 

0.62 

0.0353776 

0-.  64 

0.0363529 

0.66 

0.0373080 

0.68 

0.0382412 

0.70 

0.0391503 

Choosing-r,-  =  — j- ,  we  obtain  a  from  the  equation 
log  a  =  9.9998618  —  |  log  £, 

and,  entering  the  table  with  this  argument,  have  the  value  which  must  be 
attributed  to  the  eccentricity  of  the  minor  planet  in  order  that  the  line  of 
apsides  may  have  no  secular  motion. 

The  treatment  of  the  case  where  k  —  Id  is  a  small  integer  is  reserved 
for  a  second  article. 
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MEMOIR  No.  72. 
Illustrations  of  Periodic  Solutions  in  the  Problem  of  Three  Bodies. 

(SECOND  ARTICLE.) 

The  examples  we  now  propose  to  treat  differ  from  those  of  the  first 
article  in  that,  k  —  V  being  a  small  integer,  it  is  necessary  to  annex  to  the 
usually  considered  non-periodic  portion  of  the  perturbative  function  the 
terms  which  become  non-periodic  through  the  commensurability  of  the  mean 
motions  of  the  planets. 

As  the  first  example  take  the  case  where  the  mean  motion  of  the  minor 
planet  is  three  times  that  of  Jupiter,  that  is,  make  k==  3,  k1  =  1.  In  the 
development  of  the  perturbative  function  we  propose  to  stop  with  terms  of 
the  order  of  the  fourth  power  of  eccentricities.  Then,  making  use  of 
Leverrier's  elaboration  with  his  notation  (^  denotes  half  an  eccentricity),* 
the  new  terms  we  have  need  of  (they  are  sums  of  coefficients  only)  are: 

R=  (172)Y  +  (173)Y  +  (174)YY  +  (182)'  x'x  +  (183)Y*8 
V  +  (806)Y'*  +  (336)Y 


After  substituting  for  the  symbolic  coefficients  their  expressions  in 
terms  of  Leverrier's  A(]\  the  preceding  expression  becomes: 


+[—  378-149  +  31  +  48  +12JVY 
]Y?  +  [70  +  29—  37-42-  12]J/Y  +  [262  +  83—  59-54- 
+  [-34  +  7  +  59  +  48  +  12]YY- 

_  [iap  +  U£l  +  162  +  38  +  4]  Y  *"  +  [H44  +  683  +  265  +  60  +  6]  Y  '  / 
-[816  +  500+ 


where  the  coefficients  of  the  A  are  written  alone,  j  being  always  0  for  the 
first  term  within  each  pair  of  brackets  and  augmenting  by  a  unit  in  each 
step  to  the  right,  and  the  common  value  of  i  for  all  the  terms  being  written 
above  and  to  the  right  of  each  pair. 

The  argument  for  the  A  is  a  =  0.4805969  and,  with  the  assistance  of 
Runkle's  tables,  the  needed  values  have  been  obtained  and  their  logarithms 
inserted  in  the  following  table  (it  should  be  noted  that,  on  account  of  the 

*  Annalei  de  I'Obierrttolre  de  Farts,  Tom.  I,  pp.  284-291. 
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reaction  term  of  the  perturbative  function,  a  has  been  subtracted  from  A(£ 
and  *\>): 

LOGARITHMS  01  A(f. 


0 

0.3290769 

9.4911841 

9.4124837 

9.1660038 

9.0416585 

1 

8.6890960 

9.2152952 

9.8334831 

9.2075472 

9.0337108 

1 

9.2854829 

9.6363530 

9.5165804 

9.1946468 

9.0600964 

3 

8.8905316 

9.4032790 

9.4925919 

9.3071685 

9.0701913 

4 

8.515813 

9.1456982 

9.8790588 

9.8428364 

9.1445298 

5 

8.152840 

8.8746741 

9.2172230 

9.3020362 

9.1988251 

C 

7.79756 

8.595126 

9.0253814 

9.2090472 

9.2084474 

Employing  the  same  value,  as  before,  for  the  eccentricity  of  Jupiter, 
we  obtain,  by  the  help  of  the  preceding  data,  for  the  second  class  of  con- 
sidered terms,  the  expression 

37  =  =F  0.1082128  4-  1.250172  «  q:  0.630954*1  +  1.765393  f 

the  upper  sign  belonging  to  the  case  where  the  perihelia  coincide,  the  lower 
to  the  case  where  they  are  opposed. 

From  the  part  of  the  perturbative  function  which  is  usually  denomi- 
nated secular,  we  have 


=  ^  0.0080600  +  0.287698  0  ?  0.046723  «•  4-  0.202990  «* 
The  sum  of  the  two  expressions  is 

U  =  T  0.1162728  4-  1.537870*  *  0.677677  •"  +  1.968383  «* 

The  right  member  of  this,  equated  to  zero  (the  upper  sign  being  taken), 
gives*  =0.077565. 

But,  on  account  of  the  neglect  of  higher  powers  than  the  fourth  of  the 
eccentricities,  this  result  is  likely  to  be  error  to  a  considerable  amount. 
Therefore  a  second  determination  of  the  amount  of  motion  of  the  line  of 
apsides  of  the  minor  planet  has  been  made  by  mechanical  quadratures  for 
two  different  values  of  e.  The  following  formulas  may  be  used  : 

e-«iin«=3f  .'-•'sin«'=r 

r  cot/  =  a  (co«c—  «)  i1  cos/*  =  cf  (oo«  »'  —  /) 

r  tin/  =  a  V  1  —  •"  iin  «  /  iin/*  =  a*  V  1  —  •"  rin  «' 

4'  =  lr-S  00.  (/-/')]"  4-  [r>  «n(/ 
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Then  it  is  necesary  to  compute  the  definite  integral 


If  [--»C08/  +  S  (l  +  £)  sin/] 


df 


This  we  do  for  the  two  values  e  =  0.077565  and  e  =  0.078565.  The 
values  of  the  quantity  under  the  sign  of  integration  for  every  5°  of  the  mean 
anomaly  of  Jupiter  are  given  in  the  following  table  : 


e  =  0.077565 


e  =  0.078565 


e  =  0.077565 


6  =  0.078565 


0 

—2.764426 

—2.757124 

5 

2.835408 

2.828391 

10 

2.825459 

2.817919 

15 

2.493183 

2.484721 

20 

1.904867 

1.895961 

25 

1.247910 

1.239685 

30 

0.665311 

0.658612 

35 

—0.227037 

—0.222175 

40 

+0.050129 

+0.053225 

45 

0.180203 

0.181698 

50 

0.192504 

0.193372 

55 

0.122146 

0.122512 

60 

+0.005293 

+0.004863 

65 

—0.126795 

—0.126801 

70 

0.244125 

0.244309 

75 

0.325167 

0.325641 

80 

0.355710 

0.356586 

85 

0.331234 

0.332528 

90 

—0.258528 

—0.260128 

95 

—0.156316 

—0.157956 

100 

—0.053241 

—0.054595 

105 

+0.018234 

+0.017387 

110 

+0.032642 

+0.032315 

115 

—0.015514 

—0.015502 

120 

0.102780 

0.102618 

125 

0.178702 

0.178315 

130 

0.180609 

0.179565 

135 

—0.054306 

—0.052646 

140 

+0.225246 

+0.229136 

145 

0.652027 

0.657593 

150 

1.183608 

1.190446 

155 

1.749316 

1.756153 

160 

2.253334 

2.260756 

165 

2.598633 

2.605567 

170 

2.726679 

2.733158 

175 

2.689420 

2.695806 

180 

+2.644934 

+2.651387 

The  sums  of  the  numbers  respectively  in  the  second  and  third  columns 
(the  values  appertaining  to  0°  and  180°  receiving  only  half  weight)  are 

+  0.037466  and  +  0.146495 

Interpolating,  we  find  that  the  value  of  e,  proper  to  make  the  definite 
integral  vanish,  is  e  =  0.07722136. 

We  now  construct  to  scale  and  by  points,  Fig.  3,  exhibiting  the  synodic 
orbit  of  the  minor  planet;  where,  in  explanation,  it  is  necessary  only  to  say 
that  when  Jupiter  is  severally  at  «7and  J'  the  planet  is  severally  at  P  and 
P.  On  comparison  of  Figs.  2  and  3,  it  will  be  noticed  that,  in  the  latter, 
P  lying  between  P  and  J  instead  of  between  P  and  S,  two  additional 
multiple  points  lying  off  the  line  of  syzygies  are  necessitated.  The  latter 
figure  probably  shows  what  usually  occurs  in  periodic  solutions  of  this  type. 
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Our  second  example  will  be  the  minor  planet  of  the  Hecuba  type, 
where  A  =  2  and  V  =  1.  Then,  with  similar  conditions  and  notation  as  in 
the  tir-t  example,  the  terms  of  the  perturbativc  function,  made  secular  by 
the  commensurability  of  the  mean  motions,  are  : 


R  = 

+  (M)Y  Y  + 


/  +  (88)Y  +  (69)'/Y  -f-  (»»//  Y 
Or,  in  the  more  explicit  form, 


-  [0  +  5  +  8  +  8r  *"/  +  [»  -r-  1  +  1]Y  +  [  -  ***  ~  H1  -r-  8  +  16  +  4]Y 
4-  [—  1408—  390  -f  42  +  60  +  12]Y  Y  —  [**  +  1*  +  *]*// 

-H  [488  +  138  —  54  —  64  —  lafirY  +  [1074  +  270  -78  —  66  —  IVfJ'x 
+  [—804-60  +  84  +  60  +  13]'/'Y-i-[H1-V  —  38-2a-4]Y1/ 

-  [134  +  V  +  10  +  !]•  jr*  +  [H*  +  H1  +  31  +  SJY*1-  ["«  +  1"  +  32  +  3]Y'JT 
+  [1^1  +  1*1  +  80+  13  +  1]'/1-[3640  +  *V1  +  WO  +  M  +  4lVr* 

+  [5757  +  2131  +  641  +  84  +  6]'  /  Y  —  L1  H11  +  *¥*  +  388  +  58  +  4]*/"/ 


.  8. 


In  the  Hecuba  type  of  minor  planet  a  =  0.6297651.  With  this  argu- 
ment we  take  from  Runkle's  tables  the  values  of  Leverrier's  Af  and  their 
logarithms  are  given  in  the  following  table  (a  has  been  subtracted  in  the 
cases  of  J(J>  and  A<?): 

VOL.  IV.—  17 
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LOGARITHMS  OF  A. 


i 

j  =  0 

f=* 

J  =  » 

j  =  S 

j  =  4 

0 

.   .   .   • 

9.8426431 

9.9305853 

9.9823155 

0.1024322 

1 

9.1028882 

9.6771459 

9.9034748 

9.9959539 

0.1028525 

2 

9.5623275 

9.9632340 

9.9976231 

0.0010594 

0.112976B 

3 

9.2871510 

9.8370606 

0.0184658 

0.0512301 

0.1246387 

4 

9.0313180 

9.6909111 

9.9878184 

0.0925462 

0.1555446 

5 

8.786771 

9.5334010 

9.9236912 

0.1062645 

0.1934997 

G 

8.54962 

9.368508 

9.8366581 

0.0921560 

0.2229760 

7 

8.31774 

9.198419 

9.7331207 

0.0544375 

0.2359934 

8          8.08977  9.02446  9.6171825          9.9974755  0.2305597 

With  the  same  value  of  Jupiter's  eccentricity  as  before,  we  get,  for 
the  case  where  the  perihelia  coincide, 

4^  =  —  1.482354  +  5.143972  e  —  13.880955  e'  +  17.1062  e8 


and  for  the  case  where  they  are  opposed, 

tj^  =  —  0.989656  +  2.193098  e  —  5.076561  e2  +  17.1062  e8 

For  the  part  of  the  perturbative  function,  usually  denominated  secular, 
we  have,  in  the  first  case, 

|f  =  —  0.028184  +  0.795798  e  -  0.34150  e2  +  1.8647  e" 
and,  in  the  second  case, 

|f  =  +  0.028184  +  0.795798  e  +  0.34150  e2  +  1.  86476s 

By  the  addition  of  the  two  portions,  severally  for  each  case,  we  obtain 
|f  =  —  1.510538  +  5.939770  e  —  14.22245  e1  +  18.9709  e8  =  0 

~  =  —  0.961472  +  2.988896  e  —  4.73506  (?  +  18.9709  e5  =  0 
of 

The  solution  of  these  equations  gives  the  value  of  e,  for  which,  in 
each  case,  the  secular  motion  of  the  line  of  apsides  vanishes.  The  roots 
are,  severally,  e  =  0.45  and  e  =  0.30.  But  a  comparison  of  the  values  of 
the  last  with  the  first  terms  shows  that  these  values  are  probably  very  wide  of 
the  mark.  We  must  resort  to  mechanical  quadratures.  The  formulas  to 
be  employed  here  are  the  same  as  in  the  first  example,  except  that  we 

substitute 

c  —  e  sin  e  =  2  1' 
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So  little  is  known  of  the  secular  motion  of  the  line  of  apsides  in  the 
difficult  case  of  the  planet  of  the  Hecuba  type  that  I  feel  justified  in  giving 
some  details  of  the  calculations  I  have  made.  Limiting  ourselves  at  first  to 
the  case  where  the  perihelia  coincide,  and  where  the  two  planets  are  in 
symmetrical  conjunction  when  they  occupy  these  positions,  the  quantity 
under  the  integral  sign  has  the  following  values  for  the  specified  values  of  e 


9 

<=0 

•  -0.1S 

«  =  0.14 

«  =  0.8058 

«  =  0.88 

«  =  O.T 

0 

—8.530590 

—5.217868 

—4.777629 

—  i.006547 

—2.923007 

—0.614550 

10 

8.461098 

5.215575 

4.957969 

3.891521 

2.927314 

+0.229027 

20 

7.634184 

4.496858 

4.116017 

3.049454 

2.085997 

1.089245 

80 

6.004867 

3.231570 

2.889654 

1.927968 

1.074403 

1.286962 

40 

4.214893 

2.062105 

1.792201 

1.062899 

0.429075 

1.207302 

50 

2.675585 

1.221548 

1.043364 

0.552893 

0.134531 

0.976214 

60 

1.546403 

0.712261 

0.609033 

0.323279 

0.077717 

0.653932 

70 

0.843500 

0.468127 

0.418578 

0.337349 

0.155464 

+0.283321 

80 

0.513848 

0.410583 

0.395853 

0.351480 

0.306481 

—0.098206 

90 

0.463977 

0.460630 

0.478429 

0.481446 

0.482434 

0.455054 

100 

0.582306 

0.612484 

0.617623 

0.634250 

0.653194 

0.751549 

110 

0.760216 

0.771618 

0.773134 

O.T84790 

0.800732 

0.949993 

120 

0.905745 

0.914425 

0.914456 

0.913984 

0.915747 

1.010152 

130 

0.967521 

1.003429 

1.004982 

1.002797 

0.992655 

0.896834 

140 

0.937333 

1.008472 

1.015565 

1.022202 

1.021184 

0.611639 

150 

0.832348 

0.916754 

0.928795 

0.959964 

0.976675 

0.272769 

160 

0.700922 

0.752902 

0.753064 

0.793750 

0.826882 

0.138557 

170 

0.595117 

0.589793 

0.589561 

0.590287 

0.595183 

0.354465 

180 

—0.554843 

—0.520554 

—0.514359 

—0.620608 

—0.466615 

—0.256730 

It  thus  appears  that  the  line  of  apsides  continually  retrogrades  for  all 
values  of  e  below  0.28,  and  it  is  not  until  0  =  0.7  that  the  advancing  seriously 
begins  to  counterbalance  the  retrogradation.  For  e  =  0,  the  value  of  the 
definite  integral  is  —  2.287926,  while,  for  e  =  0.7,  the  value  is  —  0.013825. 
However,  much  precision  cannot  be  attributed  to  the  latter,  as  18  points  on 
the  semi-circumference  are  insufficient  for  anything  but  a  rude  approxi- 
mation. 

It  seemed  likely  that  the  definite  integral  would  vanish  for  a  value  of  e 
in  the  neighborhood  of  0.72;  hence  another  computation  was  made  for 
e  =  0.72,  doubling  the  number  of  points  on  the  semi-circumference,  with 
the  following  result: 
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I'          e  =  0.72  I'  e  =  0.72  I'          e  =  0.72  I'  e  =  0.72 


0  —0.559176 

50  +1.012882 

95  —0.614318 

140  —0.573594 

5  —0.403687 

55   0.856245 

100   0.757217 

145   0.370910 

10  +0.379255 

60   0.682514 

105   0.874217 

150   0.179530 

15   0.899073 

65   0.496646 

110   0.961737 

155   0.044604 

20   1.175027 

70   0.303366 

115   1.011920 

160   0.010630 

25   1.305755 

75  +0.107266 

120   1.019747 

165   0.098793 

30   1.345358 

80  —0.087135 

125   0.981329 

170   0.274107 

35   1.322269 

85   0.276233 

130   0.892546 

175   0.379638 

40   1.252687 

90  —0.453425 

135  —0.753961 

180  —0.243223 

45  +1.147068 

These  numbers  make  the  value  of  the  definite  integral  positive,  viz., 
+  0.024026.  Bj  interpolation  between  the  results  for  e  =  0.7  and  e  =  0.72, 
it  is  concluded  that  e  =  0.7073  would  make  the  definite  integral  vanish ; 
thus  we  adopt  e  =  sin  45°,  and  with  this  Fig.  4,  exhibiting  the  synodic  orbit, 
has  been  constructed.  But  to  establish  the  matter  more  firmly,  the  value 
of  the  definite  integral  was  computed  fore  =  sin  45°,  this  time  making  e  the 
independent  variable  instead  of  I'.  In  this  method  it  is  only  necessary  to 
multiply  the  former  expression  for  the  quantity  under  the  integral  sign 

7* 

by  — .     This  method  undoubtedly  has  advantages  over  the  method  with  Z' 
as  independent  variable.     Details  of  the  result  are 

t      «  =  sin45°  e        «  =  sin45°  e       e  =  sin  45°  e        e  =  sin  45° 


0 

—0.17489' 

100 

+1.46880 

190 

—  1 

.21180 

280 

—  0. 

08244 

10 

0.19121 

110 

1.59050 

200 

1 

.50660 

290 

0. 

11638 

20 

0.21489 

120 

1.59338 

210 

1 

.61982 

300 

0. 

16077 

30 

0.18993 

130 

1.45842 

220 

1 

.53837 

310 

0. 

18694 

40 

—0.07980 

140 

1.18491 

230 

1 

.28591 

320 

0. 

18122 

50 

+0.11845 

150 

0.78321 

240 

0 

.92743 

330 

0. 

15205 

60 

0.37672 

160 

+0.28601 

250 

0.55782 

340 

0. 

11487 

70 

0.68259 

170 

—0.25444 

260 

0 

.27157 

350 

0. 

08509 

80 

0.98628 

180 

—0.77550 

270 

—  0 

.11727 

360 

—0.07512 

90 

+1.25652 

These  numbers  make  the  value  of  the  definite  integral  — 0.004481, 
which  seems  to  show  that  the  desired  value  of  e  somewhat  exceeds  sin  45°. 

To  see  whether  the  other  three  arrangements  of  the  elements  could 
bring  about  periodic  solutions  in  the  case  of  the  Hecuba  type  of  minor 
planet,  the  value  of  the  definite  integral  has  been  computed,  in  the  first 
instance,  for  e  =  0.7,  but  with  Jupiter  in  aphelion  instead  of  perihelion  at 
the  time  of  symmetrical  conjunction,  and,  in  the  second  instance,  for 
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e  =  0.2056,  but  with  the  aphelion  of  the  minor  planet  in  conjunction  with 
the  perihelion  of  Jupiter,  or,  which  amounts  to  the  same  thing,  the  compu- 
tation is  made  with  e  =  —  0.2056.  The  details  of  these  calculations  are 
thus  shown : 


:O.T 


I  =  -  O.JOM 


O.T 


«=  -O.WM 


0 

—0.444167 

+25.81939 

10 

+0.210407 

24.77975 

20 

0.906778 

21.62186 

30 

1.106777 

16.83959 

40 

1.096926 

11.92495 

50 

0.967681 

7.57606 

60 

0.752428 

4.33151 

70 

0.469796 

2.00845 

80 

+0.136597 

0.78334 

90 

—0.226700 

+  0.41958 

100 

—0.592627 

+0.54894 

110 

0.923640 

0.73260 

120 

1.168929 

0.81629 

130 

1.263650 

0.80290 

140 

1.143922 

0.74781 

150 

0.817554 

0.68782 

160 

0.511273 

0.68986 

170 

0.549153 

0.61324 

180 

—0.335407 

+0.60391 

The  value  of  the  definite  integral,  in  the  first  instance,  is  —  0.107769, 
which,  as  it  is  more  decidedly  negative  than  when  Jupiter  was  in  perihelion, 
leads  us  to  think  that  a  larger  value  of  e  than  sin  45°  is  necessary  for  a 
periodic  solution  in  this  arrangement  than  in  the  can 
we  have  worked  out,  and,  perhaps,  it  may  not  exist. 
In  the  second  instance,  the  line  of  apsides  continually 
advances,  and  plainly  it  does  so  all  the  way  from  e  =  0 
up  to  the  point  where  the  minor  planet  passes  through 
the  perihelion  position  of  Jupiter,  when  the  motion 
becomes  infinite ;  hence  no  periodic  solution  is  to  be 
looked  for  in  this  direction. 

The  figure  shows  that,  although  the  minor  planet 
crosses  the  orbit  of  Jupiter  four  times  every  synodic 
revolution,  it  keeps  well  out  of  the  way  of  the  latter 
planet.  Thus  the  periodic  perturbations  must  be  quite 
small,  probably  no  coefficient  of  any  periodic  term  in  the  longitude  exceeding 
200",  with  correspondingly  small  inequalities  in  the  radius.  The  circumstance 
that  the  two  planets  change  the  order  of  their  distance  from  the  Sun  is  no  bar 
to  the  representation  of  the  coordinates  of  the  minor  planet  by  periodic 
series.  The  elaboration  of  the  latter  for  the  periodic  solution,  just  treated, 
is  far  easier  than  in  the  general  case  involving  Lindstedt's  series.  But,  as 
Nature  affords  us  no  example  of  this  periodic  solution,  perhaps  the  labor 
would  be  unwarranted.  However,  hints  might  be  suggested  in  its  course, 
profitable  for  the  more  complicated  case. 


r 10. « . 
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MEMOIK  No.  73. 

On  the  Application  of  Delaunay  Transformations  to  the  Elaboration 
of  the  Secular  Perturbations  of  the  Solar  System. 

(Astronomical  Journal,  Vol.  XXII,  pp.  183-189,  1902.) 

When  it  is  desired  to  develop  the  coordinates  or  the  Keplerian  elements 
of  a  system  of  planets  in  infinite  series,  and  there  is  no  objection  to  the 
appearance  of  powers  of  the  time  in  the  expressions  of  the  coefficients,  the 
procedure  to  be  followed  is,  in  general,  immediately  apparent.  But,  when 
t  is  to  be  kept  within  the  functional  signs  sine  or  cosine,  the  course  to  be 
adopted  is  not  so  clear.  The  difficulty  is  especially  present  when  the  prob- 
lem is  to  determine  the  secular  values  of  the  elements  apart  as  far  as  possi- 
ble from  the  periodic  terms.  On  this  point  the  reader  may  be  referred  to 
Leverrier's  statement  of  the  course  he  pursued  in  the  elaboration  of  his 
theory  of  Jupiter  and  Saturn  (Annales  de  I'  Observatoire  de  Paris,  Tom.  X, 
pp.  99-103),  and  to  the  Nachtrag  of  Prof.  Paul  Harzer's  prize  memoir  (Die 
Sdcularen  Verdnderungen  der  Bahnen  der  grossen  Planeten).  As  a  practical 
matter,  if  it  is  desired  to  go  beyond  terms  of  the  first  order  with  respect 
to  planetary  masses,  it  is  impossible  to  get  the  secular  perturbations  with- 
out at  the  same  time  consenting  to  the  derivation  of  the  periodic  perturba- 
tions. However,  it  is  to  be  noted  that  the  latter  need  be  obtained  only  to 
terms  one  order  lower  than  the  last  order  to  be  retained  in  the  formation 
of  the  differential  equations  determining  the  secular  values  of  the  elements. 
Thus,  if  it  is  proposed  to  neglect  all  terms  of  the  third  order  in  the  forma- 
tion of  the  mentioned  equations,  only  the  first  power  of  the  planetary 
masses  need  be  considered  in  determining  the  periodic  terms  of  the 
elements. 

Delaunay's  transformations,  in  his  treatment  of  the  Lunar  Theory, 
extended  so  that  they  become  applicable  to  planetary  motions,  seem 
eminently  suited  to  remove  whatever  obscurities  there  may  be  in  the  proc- 
esses heretofore  adopted.  However,  it  would  be  extremely  inconvenient, 
not  to  say,  impossible,  to  apply  Delaunay's  method  to  a  group  of  differential 
equations  expressed  in  terms  of  the  coordinates  or  elements  of  the  planets. 
It  appears  essential  that  we  should  make  a  linear  and  orthogonal  transforma- 
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lion  in  the  rectangular  coordinates.  This  transformation,  first  indicated  by 
Jacobi*  in  the  case  of  two  planets,  was  afterwards  extended  by  Radauf  to 
any  number. 

Denote  the  mass  of  the  central  body  by  tn0,  and  the  masses  of  the 
planets,  in  an  order  which  is  at  our  choice,  by  m,,  tn,,  etc.;  moreover,  put 

tt  =  m,  +  ml  +  mi  +  .  .  +  m(,       *'=y' 

Then  the  type  of  representation  of  the  rectangular  coordinates  of  the  »"* 
planet  relative  to  the  central  body,  in  this  linear  and  orthogonal  transfor- 
mation, is 


The  differential  equations  these  variables  satisfy  are  of  the  type 


where  ft  denotes  the  sum  of  the  products  of  every  two  masses  of  the  system 
divided  by  their  distance,  a  relation  we  will  write  thus  : 


In  order  to  pass  from  equations  in  terms  of  rectangular  coordinates  to 
those  in  terms  of  Keplerian  elements  it  is  necessary  to  choose  a  simplified 
form  of  A  defining  these  elements.  Calling  this  form  &<>  we  suppose 


where  r?  =  *J  +yj  +  z?.  If  He  is  substituted  for  ft  in  the  differential 
equations,  and  the  members  are  divided  by  /K«_IX,,  we  get  a  system  of 
equations  of  which  the  type  is 


Let  a(  be  the  semi-axis  major,  et  the  eccentricity,  $,  the  inclination,  ^  the 
mean  anomaly,  gt  the  angular  distance  of  the  perihelion  from  the  node  and 
A,  the  longitude  of  the  node|  of  a  planet  whose  rectangular  coordinates  are 
determined  by  equations  whose  type  has  just  been  written.  Then  the  type 
of  linear  elements  severally  conjugate  to  the  angular  elements  {,,  gt,  A,,  in 
a  canonical  system  is 


Mr  rflun<M«M»  *•  nmutt  <|<NM  U  fntttmt  4t»  trelt  tvrj*. 
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Also  construct  a  function 


(This  F  is  the  negative  of  Poincare's  F.)  Then,  if  the  a  and  the  planetary 
coordinates  in  the  right  member  are  replaced  by  the  canonical  elements 
L,  G,  H,  I,  g,  h,  the  differential  equations  determining  the  latter  are  of  the 
type: 


dL,      dF 

dlt 

~dT~~~dTt' 

~dT: 

dGi  _  dF 
dt   '     dg,' 

*  — 

dH(  _  dF 

dht  _ 

These  are  the  differential  equations  required  for  the  application  of  the 
Delaunay  method  to  the  motion  of  a  planetary  system. 

It  is  now  necessary  to  rigorously  define  how  perturbations  are  to  be 
divided  into  the  two  classes  of  terms  called  secular  and  periodic.  When  F 
is  developed  into  an  infinite  periodic  series,  the  arguments  of  the  several 
terms  are  linear  functions  with  integral  coefficients  of  the  linear  elements 
7j,  <7,,  hi]  consequently  there  are  some  terms  whose  arguments  do  not  involve 
any  of  the  lt.  These  terms  are  denominated  secular,  while  the  others,  in 
which  some  of  the  l(  are  present,  are  denominated  periodic.  It  is  here 
assumed  that  the  mean  motions  of  the  l(  are  incommensurable  ;  this,  how- 
ever, is  only  to  insure  mathematical  rigor  in  the  statements ;  for,  if  the 
integers  expressing  the  ratios  of  the  motions  of  the  1(  are  quite  large,  the 
statements  are  still  true  in  a  practical  sense.  To  illustrate,  suppose  that  the 
ratio  of  the  mean  revolutions  of  two  planets  is  as  60  to  149  (which  is  nearly 
the  case  with  Jupiter  and  Saturn)  we  should  have  to  go  to  terms  of  the  89th 
order  with  respect  to  eccentricities  and  inclinations  before  anything  con- 
travening our  statements  was  met  with.  Let  us  now  suppose  that,  while 
we  have  been  finding  the  formulas  of  transformation  for  the  purpose  of 
removing  from  F  its  periodic  terms,  we  have  made  the  substitutions  also  in 
the  original  Keplerian  elements,  precisely  as  Delaunay  does  in  the  three 
polar  coordinates  of  the  moon.  After  all  the  periodic  terms  have  been 
removed  from  F,  it  is  obvious  that  the  Keplerian  elements  will  be  expressed 
by  a  series  of  terms  in  which  some  involve  the  lt  in  their  arguments  and 
others  do  not.  The  first,  taken  together,  will  constitute  the  periodic  pur- 
turbations  of  the  elements,  while  the  second,  in  like  manner,  constitute  the 
secular  perturbations  of  the  same. 
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The  circumstance  that  an  infinite  number  of  transformations  has  to  be 
made  to  completely  free  F  from  its  periodic  terms  is  no  valid  reason  for 
declining  to  accept  thin  definition  of  the  distinction  between  secular  and 
periodic  perturbations.  In  practice  we  confine  ourselves  to  a  moderate 
number  of  "Operations."  Thus  Delaunay,  in  his  treatment  of  the  Lunar 
Theory,  found  that  about  500  of  these  transformations  reduced  F  sensibly 
to  a  non-periodic  term. 

It  would  now  seem  that  the  application  of  the  proposed  method  to  deter- 
mining the  secular  values  of  the  Keplerian  elements  of  the  eight  major  planets 
of  the  solar  system  involves  an  amount  of  labor  not  to  be  thought  of,  since 
there  are  48  Keplerian  elements  in  addition  to  the  function  /',  in  all  of 
which  the  transformations  of  every  operation  have  to  be  made.  But  it  can 
be  shown  that,  for  practical  purposes,  the  transformations  may  be  limited 
to  F  alone. 

The  demonstration  of  this  may  be  made  to  depend  on  several  theorems. 
The  first  is: 

THEOREM  I.  —  When  we  have  obtained  the  secular  values  of  one  set  of 
Keplerian  elements  tee  can  derive  thence  the  secular  values  of  any  other  set, 
provided  we  are  willing  to  neglect  terms  of  tiro  dimensions  with  respect  to 
planetary  masses. 

For  the  secular  terms  which  arise  from  the  inter-multiplication  of  the 
periodic  terms  with  themselves  or  with  other  periodic  terms  are  necessarily 
of  two  dimensions  with  respect  to  planetary  masses.  For  instance,  if  we 
are  in  possession  of  expressions  for  the  elements  e  cos  (h  +g)  and  «  sin  (h  -f  g) 
of  the  following  form  : 

ecot(k  +  y)=>8+  P,       t  lin  (k  +  g)  =  8'  +  P' 

where  S  and  S'  are  the  secular  portions  and  P  and  P  the  periodic  portions, 
it  may  be  desired  to  get  the  secular  value  of  e.  It  is  obvious  that,  to  the 
degree  of  approximation  proposed,  it  is  given  by  the  equation 

•  =  V.S'  +  d" 
although  the  rigorous  value  is  the  secular  portion  of 


for  the  former  differs  from  the  latter  only  by  a  quantity  of  the  order  of  P* 


In  our  linear  transformation  of  rectangular  coordinates,  we  can  imagine 
that  z,,  ylt  z,,  are  the  rectangular  coordinates  of  a  hypothetical  planet,  which 
we  may  designate  as  belonging  to  the  t"1  planet.  Then  this  has  its  instan- 
taneous Keplerian  elements  as  well  as  the  real  planet  to  which  it  belongs. 
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We  may  inquire  how  the  secular  values  of  the  elements  of  the  two  planets 
compare  with  each  other  ;  and  thus  is  found  the  following  : 

THEOREM  II.  —  Provided  we  neglect  quantities  of  two  dimensions  with 
respect  to  planetary  masses,  the  secular  values  of  the  elements  of  each  actual 
planet  are  the  same  as  those  of  the  corresponding  elements  of  its  belonging 
hypothetical  planet. 

In  proving  this  theorem  we  may  always  neglect  the  squares  and 
products  of  the  constants  we  have  denoted  by  xt,  and  thus  may  reduce  the 
relations  existing  between  the  rectangular  coordinates  of  the  real  and 
hypothetical  planets  to  an  expression  involving  a  single  x.  Thus,  while 
X,  Y,  Z  denote  the  coordinates  of  the  considered  actual  planet,  let  x,  y,  z 
denote  those  of  its  attached  hypothetical  planet,  and  x',  y1,  d  those  of  another 
hypothetical  planet;  then  we  may  set  the  equations: 

X  =  z  +  x:r',        Y  =  y  +  xy',        Z  =  z  +  xz' 

where  x  is  any  constant  of  the  order  of  planetary  masses.  In  the  first  place 
we  suppose  that  the  two  hypothetical  planets  are  governed  in  their  motions 
by  the  laws  of  Kepler.  Thus  k  and  Jd  being  two  constants  and  r2  =  y? 
+  yz  +  z2  and  r12  =  x'2  +  yn  +  3'z>  we  have  six  differential  equations,  of 
which  the  type  is  : 


If  we  multiply  the  second  equation  by  x  and  add  the  product  to  the 
first,  the  result  is  the  type  equation  : 

1,  x  j_  *v  ^  - 
*p  +  x*^- 

Eliminating  x,  y,  z  from  these  equations  by  means  of  the  values 
a:  =  X  —  xx',        y  =  Y  —  xy1,        z  =  Z  —  xz' 

writing  r2  for  X2  +  Y2  +  Z2,  and  retaining  only  the  first  power  of  x,  we  have 
three  equations  of  which  the  type  is  : 


These  three  differential  equations  admit  a  perturbative  function;   for  if  we 
put 

R  =  x  [frXs'  +  y  +  Z*'  _  v  X**  +  Yy'  +  Zz'-i 

they  take  a  form  of  which  the  type  is 
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But,  on  scrutinizing  the  form  of  R,  we  see  that  in  its  periodic  development 
it  has  no  secular  portion,  since  the  first  part  can  have  no  term  independent 
of  the  mean  anomaly  of  the  actual  planet,  and  the  second  part  no  term  inde- 
pendent of  the  mean  anomaly  of  the  second  hypothetical  planet.  Hence, 
the  theorem  is  true  when  the  planets  concerned  are  supposed  to  Buffer  no 
perturbations.  But,  it  is  true  even  when  we  consider  perturbations ;  for 
here  it  is  sufficient  to  limit  ourselves  to  periodic  perturbations  of  the  first 
order,  and  these  can  affect  the  secular  values  of  the  elements  concerned  by 
quantities  which  are  of  the  second  order. 

In  applying  the  procedure  of  Delaunay  to  the  elaboration  of  our  problem 
it  will  be  found  that  the  use  of  the  linear  variables  L,  G,  II,  which  are 
conjugate  to  the  angular  variables,  /,  g,  h,  is  awkward  and  it  will  be  advis- 
able to  imitate  Delaunay's  example  in  substituting  others  in  their  place. 
Then,  in  order  to  form  the  expressions  for  the  differentials  of  the  angular 
elements,  it  will  be  necessary  for  us  to  know  the  partial  derivatives  of  each 
of  the  new  set  of  variables  with  respect  to  each  of  the  former  set,  but 
expressed  in  terms  of  the  new  set.  In  regard  to  this  matter  we  have: 

THEOREM  III. —  Provided  we  neglect  terms  of  three  dimension*  with  respect 
to  planetary  masses  in  the  formation  of  the  differential  equations  for  determining 
the  secular  values  of  the  elements,  the  just- mentioned  partial  derivatives  maintain 
the  same  expressions  throughout  all  the  transformations  made  to  free  F  from  its 
periodic  terms. 

To  prove  this,  let  us  suppose  that  a  transformation  is  made  to  remove 
from  /'the  periodic  term  having  6  as  argument,  6  involving  at  least  one  of 
the  angular  variables  I;  we  know,  that  L  being  one  of  the  linear  elements, 
the  following  formulas  of  transformation  exist : 

L=  L.  +  Ltoot»  +  L,c<*20+  . .. 

»  =  ».(<  +  e)  +  *,  tin  [9.  (t  +  c)]  -|-  *,  tin  2  [».  (<  +  c)]  +  . . . 

Then  the  new  linear  variable  L,  conjugate  to  the  new  angular  variable  /,  is 
equivalent  to  the  former  L  augmented  by  the  expression  : 

»(«IA  +  a*,4-l-3».A  +  ...) 

But  this  is  evidently  of  two  dimensions  with  respect  to  planetary  masses; 
and  the  partial  derivatives,  mentioned  above,  have  all  to  be  multiplied  by 
factors  of  one  dimension  with  respect  to  the  same.  The  last  statement  in 
subject  to  an  exception,  viz.:  when,  at  the  end,  the  mean  motions  of  the  / 
are  derived  through  the  differentiation  of  F,  the  last  factor  is  of  the  dimen- 
sion zero.  But,  as  we  expect  to  derive  the  motions  of  the  mean  longitudes 
of  the  planets  from  observation,  in  a  practical  sense  this  exception  need  not 
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be  considered.  Thus,  the  L,  Gr,  H  will  always  have  the  same  expressions 
in  terms  of  any  other  linear  variables  we  may  choose,  as  a,  a',  e,  d,  etc. 
This  property  is  well  illustrated  in  Delaunay's  Lunar  Theory.  If  the  values 

of  ^v-,  etc.  (given  Tom.  I,  p.  259),  are  compared  with  those  given  at  the 

end  of  each  "Operation"  the  differences  will  be  found  to  be  divisible  by 

n'* 

-j- until  we  come  to  Operation  41,  when,  on  account  of  I  not  being  present 

in  the  argument  of  the  term  to  be  removed  by  the  transformation,  the 

n« 

differences  are  divisible  only  by — «- . 

n 

These  three  theorems  make  evident  what  is  necessary  to  be  done  in 
the  proposed  method  of  attacking  the  problem  in  hand.  In  the  first  place, 
we  assume,  since  we  must  set  some  degree  of  approximation  to  be  aimed  at, 
that  terms  of  three  dimensions  may  be  neglected  in  the  formation  of  the 
differential  equations.  This  is  the  same  as  to  say  that,  after  integration, 
terms  of  two  dimensions  may  be  passed  by,  since  the  effect  of  this  process 
is  to  lower  the  terms  by  one  dimension.  Then  we  develop  .Finto  a  periodic 
series,  pushing  the  approximation  in  the  secular  portion  so  as  to  include 
terms  of  two  dimensions,  but  contenting  ourselves  with  terms  of  one  dimen- 
sion in  the  periodic  portion.  Next,  by  "Operations"  of  Delaunay  we  remove 
its  periodic  terms  from  F,  term  by  term.  These  transformations  will  be 
made  in  F;  the  consequence  will  be  that  the  secular  part  of  .Fwill  receive 
accessions  of  new  terms  which  we  preserve,  and  the  periodic  portion 
also  new  terms  all  of  two  dimensions,  which  we  throw  aside  as  unnecessary 
for  our  purposes.  As  many  of  these  "Operations"  will  be  performed  as  we 
judge  have  a  significant  effect  on  the  secular  portion  of  F.  After  this  is 
accomplished  we  lop  off  from  F  any  periodic  terms  it  may  still  contain. 
After  combining  together  the  terms  which  admit  addition,  the  result  will  be 
a  function  .F  composed  exclusively  of  secular  terms.  To  get  the  differential 
equations  determining  the  secular  values  of  the  elements  of  the  system,  we 
must  subject  this  Fio  the  same  partial  differentiations  and  multiplications 
by  the  same  factors  as  in  the  case  where  all  consideration  of  terms  of  two 
dimensions  is  neglected.  After  this  is  done,  the  linear  elements  appearing 
in  the  equations  have  the  same  signification  in  both  cases:  or,  which  may 
be  more  easily  comprehended — desiring  to  include  the  effect  of  second-order 
terms,  we  do  it  simply  by  modifying  the  form  of  F  and  modifying  nothing 
else.  Thus  is  seen  the  great  simplicity  of  the  Delaunay  method  of 
proceeding. 
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THE  TERMS  OP  F  TO  BE  RETAINED  IN  ITS  PRELIMINARY  DEVELOPMENT. 

In  the  preliminary  development  of  F  in  periodic  series  it  is  desirable 
to  retain  only  very  exceptionally  terms  of  two  dimensions  with  respect  to 
planetary  masses.  In  the  first  place,  in  the  interaction  of  Jupiter  and 
Saturn,  these  terms  are  needed  because  the  masses  of  these  planets  are 
large,  and  because  the  periods  are  nearly  as  2  to  5.  In  the  second  place,  in 
the  interaction  of  Uranus  and  Neptune,  they  are  needed  because  the  periods 
are  nearly  as  1  to  2. 

Consider  in  F  the  series  of  terms 

^^  fnt  Wj 

2*    J,,y 

As  there  are  8  planets  in  the  system,  there  will  be  28  terms  of  this  type,  in 
26  of  which  we  can  reduce  the  coordinates  of  the  actual  planets  to  those  of 
their  hypothetical  planets.  Hence,  here  there  will  be  no  difficulty  in  form- 
ing the  periodic  developments  of  the  reciprocals  of  the  distances,  especially 
as  we  do  not  need  the  periodic  portions.  But,  in  the  cases  of  Jupiter- 
Saturn  and  Uranus -Neptune,  it  will  be  advisable  to  include  terms  multiplied 
by  some  of  the  quantities  x.  Let  us  suppose  that  the  coordinates  of  the 
interior  hypothetical  planet  are  x,  //,  z,  while  those  of  the  exterior  are 
z7,  y,  z',  and  adopt  the  notation 

**?  +  §y  4-  «'  =  «"  co§  H. 

The  reciprocal  of  the  distance,  in  either  of  the  two  cases,  will  have  the 
expression : 


It  is  plain  from  the  form  of  the  right  member  of  this  that  its  periodic 
development  can  be  obtained  from  the  ordinary  expression  for  the  per- 
turbative  function  if,  iu  the  computation  of  the  quantities  b(?  of  Laplace, 

we  employ  the  argument  a  =  (1  —  x)  -^-instead  of  a  =  — ,. 

Consider  next  the  middle  term  of  F.  It  is  well  known  that,  for  secular 
perturbations,  this  term  can  give  rise  only  to  quantities  of  two  dimensions 
with  respect  to  disturbing  forces ;  hence,  according  to  our  plan,  this  term 
need  be  taken  into  account  only  in  the  cases  of  the  interaction  of  Jupiter 
and  Saturn  and  again  in  that  of  Uranus  and  Neptune.  But  we  propose 
neglecting  terms  of  this  kind  in  the  latter  case  because  they  are  not  aug- 
mented by  the  small  divisor  2n'  —  n.  Hence,  the  discussion  may  be  limited 
to  the  case  of  the  interaction  of  Jupiter  and  Saturn.  Here 

-  -,  =  -«       cot  B  +  JCS  oo.'fl-l). 
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The  first  term  of  the  right  member  is  given  immediately  by  the  ordinary 
development  of  the  perturbative  function.  As  the  second  term  is  of  two 
dimensions  we  need  consider  only  its  secular  portion.  In  this  connection  it 
is  proposed  to  neglect  inclinations  when  we  are  dealing  with  terms  of  two 
dimensions  with  respect  to  disturbing  forces.  With  this  limitation  it  is  well 
known  that  the  secular  part  of  the  term  under  consideration  is: 


and  thus  is  free  from  the  angular  elements  g,  g',  h  and  h'.  But  as  it  may 
be  desired  to  be  free  from  this  restriction  we  will  give  the  rigorous  expres- 
sion. If  we  denote  by  A  the  expression  just  written  and  adopt 


f>  _    1  6 

» 

the  secular  portion  of  the  term  in  question  is: 

A  (1  —  f  sin'  <£)  (1  —  f  sinV) 
-f  f  A  sin  2  $  sin  2  $'  cos  (h  —  A') 
+  f  A  sin'^sin'^'  cos(2A  —  2  A') 
+  B  sin  2  <£  (1  —  f  sin  "  0')  cos  2g 
—  B  sin  <f>  cos  2  £  <£  sin  2  $'  cos  (2  gr  +  h  —  A') 
+  B  sin  <£  sin  2  1  $  sin  2  0'  cos  (2ff  —  h  +  A') 
+  5  cos  '  ^  0  sin  '  0'  008(20+  2A  —  2  A') 
+  S  sin  4  ^  0  sin  2  0'  cos  (2p  —  2  A  +  2  A') 


It  will  be  perceived  that  the  angular  element  g1  is  absent  from  this  ex- 
pression. 

ON  MAKING  THE  DELAUNAY  SUBSTITUTIONS. 

Having  now  the  preliminary  development  of  F  it  is  possible  for  us  to 
remove  the  periodic  terms  of  that  function  by  a  series  of  Delaunay's 
"Operations."  If  the  limitation  just  stated  is  adopted,  we  need  retain  in 
the  periodic  portion  of  F  no  term  involving  inclinations.  Let  the  exposi- 
tion be  limited  to  the  interaction  of  two  planets,  and  let  an  accent  be 
attached  to  the  symbols  belonging  to  the  outer  planet,  while  those  of  the 
inner  are  without  that  mark.  Then  the  differential  equations  satisfied  by 
the  elements  are : 

dL_  dF  dO  _  dF  dH  _  dF  dff  _      dF 

~3t~  dl  W  dg  ~dJ~  ~df  ~dT~       tyT 

dl_  _dF  dg  _dF  df  _dF  dtf  _  _dF 

dt~  dL  dt=  d&  ~dT~  dE  dt-           d<>" 


The  form  of  F  is 

F=  —  SAoo*(il  +  ft  -jg 
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where  i  ,  i'  and  j  are  integers  positive  or  negative.  Suppose  that,  for  the 
purpose  of  making  a  Delaunay  "Operation,"  this  function  is  now  limited  to 
two  terms,  viz.,  that  for  which  i  =  i'  =j=  0,  and  another  for  which  these 
integers  may  be  any  whatever,  except  that  »  and  t'  must  not  be  both  0. 
After  Delaunay,  write  this  limited  F  thus: 


For  brevity,  the  argument  of  the  periodic  term  will  be  called  6.    Then  the 
corresponding  differential  equations  will  be  : 


IT-  ar 

In  the  integration  of  these  equations  we  have  not  to  go  beyond  the  first 
power  of  the  disturbing  force,  and  we  call  to  mind  that  while-^j-  and  ^  ,  , 

o  n  f\fl 

are  of  the  zero  order  in  this  respect,  A,-**  and  ^QI  arc  of  the  first  order. 

Denoting  the  mean  motion  of  6  by  r,  we  see  that  an  approximative  value 
will  be 


where  the  symbols  involved  take  their  mean  values.  But,  in  practice,  it 
will  be  well  to  include  in  v  the  corrections  of  the  order  of  A*,  since  they  are 
generally  known  beforehand.  A  little  consideration  will  show  that  we  are 
justified  in  writing  the  formulas  of  transformation  thus: 

L  by  L  -  i  *  ooe  9  Replace  J  by  J  +     "         -  «  1  «in  9 


«       G  bjG  +j  *<***  "      j 

'«         ffbj  ff  +  f^OMt 

j  j    „ 

New  secular  terms  in  F  can  arise  only  when  these  substitutions  are 
made  in  a  periodic  term  of  F  having  the  form : 

-  A'  co«[fl  +  tV  +  (j  +  *)(/  -  g)] 
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where  k  is  an  integer  which  may  be  0,  in  which  case,  A'  =  A.  Then,  putting 
y  for  </  —  g,  the  new  secular  terms  arising  in  F  from  making  the  substitu- 
tions in  this  special  term  are: 


In  the  case  where  Tc  =  0,  that  is,  when  the  substitution  is  made  in  the  term 
which  gives  rise  to  it,  the  preceding  expression  reduces  to 


This  is  to  be  added  to  the  non-periodic  term  of  F  which  Delaunay  denotes 
by—  B. 

Partial  differentiation  with  respect  to  L,  L',  G,  G1  is  not  convenient  in 
practice,  therefore  we  substitute  for  these  the  four  variables  a,  a',  >y,  »/,  of 
which  the  third  and  fourth  are  defined  by  the  relations 

l-Vr^?  =  },8        i_  Vl-e"  =  JV1. 

The  latter  assumptions  make  the  factors  multiplying  the  partial  derivatives 
rational  in  YI  and  vf.     We  also  make  ^  =  «V,  V  =  a'3n'2.     Then 

dA  _   an   [~2g  3  A      \-\if  QA~\          QA  _        an  1  QA 
927      OTOW»  |_      da  y       9i?  J  ' 


3^  _  a'n'  [-    .  dA      l-JV1  9-4"!  3-1  a'n'  1 

9X'     m^L      9^"     ~7~    37  J'  ~ 


With  sufficient  approximation 


_ 

^i  9271"         ^^' 

Since  AA'  is  a  homogeneous  function  of  a  and  a'  of  dimensions  —  2,  we  have 


by  means  of  which  partial  derivatives  with  respect  to  a'  may  be  eliminated. 
For  the  sake  of  making  the  foregoing  expression  for  the  augmentation  of  F 
more  ready  in  use  we  adopt  the  following  modification  of  notation  ;  instead 

of  A  and  A  we  write — —  A  and — —A,  then  A  and  A'  become  independent 

11  CL 

of  the  adopted  linear  and  mass  units.     As  usual,  we  put  a  for — ,  and  also 

Ctr 

make 

/  =  f  (i'^«  +  i»  ^}  -  2i*>,        ft  =  i"ria  _i,*m 

*      I  U*        #«  u*          411         I  II       I*M  li        *ll  II        *M 
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Then  the  augmentation  of  F  is  given  by  the  formula 

*« 


It  must  be  borne  in  mind  that,  after  the  substitution  is  completed,  the 
term  having  the  argument  i7  +  i't  +jy  disappears  from  F,  consequently  the 
following  substitutions  are  not  to  be  made  in  it.  Hence,  if  v  is  the  number 
of  terms  in  the  group  obtained  by  allowing  »  and  i'  to  remain  constant,  but 

(v  -4-  1) 
varying.;,  the  number  of  term  substitutions  is  »*—»  —  ,  and  the  last  sub- 

stitution of  the  group  can  be  made  only  in  the  term  itself. 

After  all  the  periodic  terms  of  F,  whose  removal  by  "Operations"  of 
Delaunay  can  sensibly  modify  the  secular  portion  of  this  function,  have  been 
made  to  disappear,  it  is  evident  the  latter  will  have  the  form 

t  +  AlVI'  oo»r  +  ^,i» 

where  the  A  are  capable  of  being  expressed  as  power  series  in  r*  and  *;'*. 
As  F  no  longer  contains  the  angular  elements  I  and  f,  it  is  evident  that  a 
and  a'  are  to  be  treated  as  constants,  and,  by  assigning  to  the  latter,  together 
with  the  masses,  their  adopted  numerical  values,  all  coefficients  of  powers  of 
r,  and  r'  become  expressible  in  numbers,  thus  rendering  the  computation 
manageable.  The  variables  r,,  r'  ,  g,  <J  are  then  determined  by  the  following 
equations  : 


m,m 

After  the  integration  of  these,  the  mean  longitudes  result  by  quadratures 
from 

"  If] 


It  may  be  interesting  to  see  how  much  work  the  proposed  method 
demands.  In  the  case  of  the  interaction  of  Jupiter  and  Saturn,  some  infor- 
mation as  to  the  special  groups  of  terms  it  is  advisable  to  retain  may  be  got 
from  the  New  Theory  of  Jupiter  and  Saturn  (Astr.  Papers  of  the  American 
Ephemeris,  Vol.  IV,  p.  250).  Let  it  be  proposed  to  neglect  those  groups 
which  give  less  than  1000  units  in  the  four  columns  of  the  table  on  that 

VOL.  IV.  -18 
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page,  and  deem  it  sufficient  to  carry  the  approximation  in  the  coefficients  of 
F  to  terms  of  the  fourth  order  inclusive  with  respect  to  eccentricities,  except 
that,  in  the  great  inequality,  the  fifth-order  terms  are  added.  Then  we 
should  have  the  following  table  of  21  groups  corresponding  to  the  indicated 
values  oft  and  i': 


No. 

Term- 

No. 

Term- 

No. 

Term- 

i'   i 

Op. 

Sab. 

i'   i 

Op. 

Sub. 

i'   i 

Op. 

Sub. 

0—1 

4 

10 

3—1 

5 

15 

5—2 

6 

21 

1   0 

4 

10 

3—2 

4 

10 

5—3 

5 

15 

1—1 

5 

15 

3—3 

5 

15 

5  —  4 

4 

10 

1—2 

4 

10 

3—4 

4 

10 

5—5 

5 

15 

2—1 

4 

10 

4—2 

5 

15 

6—3 

4 

10 

2—2 

5 

15 

4—3 

4 

10 

6—4 

5 

15 

2—3 

4 

10 

4—4 

5 

15 

6—5 

4 

10 

Thus  we  should  have  95  operations  of  Delaunay,  and  should  have  to 
compute  the  formula  we  have  given  for  &F  266  times.  The  work  in  the 
interaction  of  Uranus  and  Neptune  might  be  limited  to  the  three  groups 
indicated  by  the  figures  2-1,  4-2,  6-3,  and  there  would  be  13  operations  of 
Delaunay  and  35  term-substitutions. 
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MEMOIR  No.  74. 
Examples  of  Feriplegmatic  Orbits. 

i  Aitronomlcal  Journal,  Vol.  XXIV,  pp.  »-14,  1MM.) 

In  the  motion  of  material  points  it  is  well  known  that  the  determina- 
tion of  the  orbits  may  be  considered  quite  apart  from  the  question  what 
positions  upon  the  orbits  the  points  have  at  a  given  time.  When  the  first 
portion  of  the  problem  has  been  completely  investigated,  the  second  is 
reduced  in  general  to  a  mere  matter  of  quadratures.  Gyld£n's  later 
investigations  in  this  line  have  rendered  this  division  of  procedure  familiar. 
Our  illustration  will  be  confined  to  the  motion  of  two  points  in  the  same 
plane. 

In  this  plane,  having  adopted  a  pole,  let  v  denote  the  longitude  and  r 
and  r  the  radii  of  two  orbits  in  the  plane.  The  line  of  departure,  from 
which  v  is  measured,  may  be  chosen  arbitrarily,  but,  as  r  and  r1  are  not  in 
general  periodic  functions  of  v,  it  is  not  allowable  to  subtract  an  integral 
number  of  circumferences  from  the  latter,  which  must  be  permitted  to  extend 
from  —  oo  to  +  oo  •  Then  if  p  and  p>  are  two  constants,  and  we  put 


the  differential  equations 


are,  as  is  well  known,  those  of  two  conies  having  a  focus  at  the  pole.  If, 
more  generally,  the  differential  equations  are  such  that  they  can  be  written 
in  the  form 


f 

3?     IF* 

V  may  be  called  the  orbital  potential.  The  present  discussion  will  be  limited 
to  the  case  where  V  does  not  explicitly  involve  v.  In  the  foregoing  simple 
we  have 


A  more  general  form  for  this  function  would  be 

F-/W  +/*(/) 
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and  then  the  orbits  may  be  said  to  be  independent  of  each  other,  and  their 
determination  is  evidently  a  mere  matter  of  quadratures.  But,  if  the 
differential  equations  have  not  this  form,  nor  can  be  given  it  through  a 
transformation  of  variables,  the  orbits  may  be  said  to  be  entangled,  it  being 
impossible  to  determine  one  of  them  without  the  virtual,  at  least,  deter- 
mination of  the  other.  It  is  the  latter  case  which  demands  the  employment 
of  Lindstedt's  series. 

In  the  simple  case  adduced  V  was  rational,  integral  and  of  two  dimen- 
sions in  p  and  p'.  In  order  to  construct  a  very  simple  case  for  the  application 
of  these  series,  suppose  that  V  still  remains  rational  and  integral,  but  now 
involves  terms  of  three  dimensions  in  p  and  p'.  Were  these  terms  propor- 
tional to  p3  and  p'3,  the  resulting  orbits  would  be  independent,  and  there 
would  be  no  occasion  for  the  employment  of  Lindstedt's  series.  But  let 
the  new  terms  be  proportional  to  p2p'  and  pp'2,  and  the  occasion  for  their  use 
may  arise. 

Let  us  suppose  that,  ft  being  a  constant, 

2  V=-P'-p"-w'  dp  +  p') 
Then  the  differential  equations  will  be 


ur  v  r  /      f    i     i    j*\          f\ 

— —  "r  P    "r  M  \PP    T   a  P  )    ~  v 

It  is  desirable  to  limit  as  far  as  possible  the  number  of  constant  para- 
meters appearing  in  the  equations,  and  that  whether  they  were  there 
originally  or  have  been  introduced  by  integration.  In  this  connection  it  will 
be  seen  that  ft  is  an  unnecessary  parameter,  for  it  can  be  got  rid  of  by  mul- 
tiplying both  equations  by  it,  and  then  replacing  (ip  and  //p'  by  p  and  p'. 
Thus,  representing  the  radii  by  the  equations 

p  and  p'  will  be  determined  by  the  equations 


which  differ  from  the  former  only  in  that  ft  is  replaced  by  unity. 
These  equations  have  the  integral 

-  '*        '  t 


we  write  Cz  instead  of  C  in  order  to  avoid  a  radical  sign  in  some  of  the 
following  relations.     When  p  and  p'  are  interchanged,  the  equations  remain 
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the  same;  thus  the  relation  p  =  p'  constitutes  a  particular  integral  of  the 
system  of  differential  equations. 

Adopt  for  exhibiting  graphically  the  simultaneous  values  of  p  and  p' 
(simultaneous  with  reference  to  the  independent  variable  v)  a  system  of 
rectangular  coordinates,  x  exhibiting  the  value  of  p,  and  y  the  value  of  p'. 
Then  the  representative  point  P  must  lie  on  the  negative  side  of  the  curve 

whose  equation  is 

if  +  if  +  jty(*  +  f )  —  (71  =  0 

in  order  that  y  and   /    may  be   real.     This  cubic  will  have  a  closed 

dv          dv        * 

branch  surrounding  the  origin  if  C1  falls  below  a  certain  limit.  It  crosses 
the  axes  of  x  and  y  on  both  sides  of  the  origin  at  distances  therefrom,  equal 
in  all  four  cases  to  C.  It*  intersections  with  the  right  line  whose  equation 
is  x  +  y  =  0,  and  which  bisects  two  of  the  angles  made  by  the  axes,  are 
also  at  a  distance  C  from  the  origin.  On  the  other  hand,  its  intersections 
with  the  line  bisecting  the  remaining  angles,  whose  equation  is  x  —  y  =  0, 
are  given  by  the  roots  of  the  equation 

But  this  cubic  cannot  have  more  than  one  real  root  unless  C*  does  not 
exceed  jV  This  is  the  condition  necessary  and  sufficient  that  the  original 
cubic  should  have  a  closed  branch  including  the  origin.  As  we  wish  to 
confine  our  attention  to  the  case  where  the  radii  are  restricted  to  finite 
limits,  we  suppose  that  C  fulfils  the  mentioned  condition,  and  that  the 
representative  point  P  is  always  within  the  closed  branch. 

When  x  is  at  a  maximum  or  minimum  in   the  original  cubic,  the 
equation 


must  be  satisfied.    Multiply  this  by  ±y  and  subtract  the  product  from  the 
cubic ;  the  result  is 

But  the  previous  equation  yields 
Hence  the  quartic 


by  its  roots,  which  immediately  embrace  0  between  them,  furnishes  the 
limits  of  both  the  variables  p  and  p'.  However,  we  are  not  under  the 
necessity  of  solving  the  quartic  for  the  purpose  of  obtaining  these  limit* ; 
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evidently,  for  C  we  may  substitute  a  function  of  another  constant  rendering 
the  solution  easy. 

The  quartic,  in  a  developed  form,  is 

*4  -  4z"  -  4^  +  4  C*x  +  4  0'  =  0 
To  remove  the  second  term  from  this  put  x  =  z  +  1,  and  we  have 

2«_  iOz>  -  4(4  -  (78)  2  -  7  +  8  C'  =  0 
We  can  adopt  indeterminates  q,  c[,  R,  such  that  the  roots  of  this  quartic  are 


*.  =  -  V2T-  nlq-tf  V* 

Then  5,  5',  .R  are  determined  by  the  equations 

q  +  R  =  5,        q'R  =  l-C>,        R'  -  5  R'  +  2  (4  -  C73)  5  -  =  0 

Put,  for  simplicity,  4  —  <72  =  m,  then 

V  5  -  R 


z,= 

zt=  -  VS"-  I/  5-  R  — 


The  solution  of  the  last  equation,  regarding  m  as  the  unknown,  is 

m  =  ±R±Z 
whence  it  follows  that 


In  order  that  C  may  be  real  R  should  exceed  unity,  and  the  cubic  in  R  has 
always  at  least  one  root  greater  than   1  ;  for,  if  we  make  R  =  1,  the  left 
member  becomes  —  J  6U,  while,  for  R  =.  +  w  ,  the  result  is  +  oo  . 
If  we  make  V  It  —  1  =  c,  we  have 


If  we  adopt  the  right  member  of  this  as  a  substitute  for  C3,  it  is  plain  that 
the  roots  of  the  quartic  will  be  expressible  without  the  intervention  of  cubic 
radicals.  While  C*  goes  from  0  to  A,  c  goes  from  0  to  j.  In  terms  of  c 
we  have 

xl  =  l  +  Vl  +  <?  +  V4  —  c"  +  (4  —  2c)  V  fT? 
xt  =  1  —  Vl  +  c"  +  V4  —  c*  —  (4  —  Zc)  V  i  +  c' 
xt  =  1  +;Vl  +<?  +  V  4  —  <?  +  (4  —  «c)  V  l  +  «• 


Then  z4  is  evidently  the  lower  limit  of  the  values  of  p  and  p'  and  xz  the 
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upper  limit  of  the  same, 
every  0.01  in  c. 


The  values  of  these  limit*  are  tabulated  below  for 


Lmmxo  VALUM  or  />  AKD  /»'  AS  FUHCTIONS  or  r. 


* 

Lower 

Upper 

t 

Lower 

Upper 

0.00 

0.0000 

0.0000 

0.18 

—0.5348 

+0.5027 

0.01 

—0.1404 

+0.1403 

0.19 

0.5462 

0.5104 

0.02 

0.1972 

0.1968 

0.20 

0.5571 

0.5175 

0.03 

0.2399 

0.2390 

0.21 

0.5675 

0.5239 

0.04 

0.2751 

0.2735 

0.22 

0.5775 

0.5297 

0.05 

0.3056 

0.3031 

0.23 

0.5871 

0.5348 

0.06 

0.3326 

0.3290 

0.24 

0.5962 

0.5394 

0.07 

0.3569 

0.3520 

0.25 

0.6050 

0.5435 

0.08 

0.3791 

0.3727 

0.26 

0.6135 

0.5470 

0.09 

0.3996 

0.3915 

0.27 

0.6216 

0.5500 

0.10 

0.4186 

0.4086 

0.28 

0.6295 

0.5526 

0.11 

0.4363 

0.4242 

0.29 

0.6370 

0.5546 

0.12 

0.4529 

0.4385 

0.30 

0.6443 

0.5562 

0.13 

0.4684 

0.4516 

0.31 

0.6513 

0.5574 

0.14 

0.4832 

0.4637 

0.32 

0.6580 

0.5581 

0.15 

0.4971 

0.4747 

0.33 

0.6645 

0.5585 

0.16 

0.5103 

0.4849 

0.17 

—0.5229 

+0.4942 

i 

-1 

+f(4-V10) 

To 

illustrate  the  matter  let  us  take 

a  particular  case,  the  radii  being 

represented  by 

the  formulas 

!•-.-££-,        r> 

=  -£ 

t, 

suppose  that  the  values  of  the  four  constants  involved  are 

/>-!,       //  =  2,        M-2,        e  =  0.2 
The  limiting  values  of  r  are 

2 


r  = 


0.794 , 


1.386 


2  +  0.5175 

and  those  of  /  double  these 

!•>  =  1.589,       r'  =  2.77» 

Here  the  upper  limit  of  r  is  less  than  the  lower  limit  of  r';  hence  the  orbits 
have  no  point  in  common,  and  do  not  interfere  with  each  other.  We  shall 
call  this  the  quality  of  noninterference.  It  will  be  seen  at  once  that  the 
values  ofp,  ft,  ft,  c  can  be  varied  through  a  considerable  range  without  the 
failure  of  this  quality.  But  here  is  evidently  an  opportunity  to  apply 
Lindstedt's  series  in  integrating  the  differential  equations  determining  p 
and  p'.  Thus  the  applicability  of  these  eeries  does  not  imply  dynamical 
instability  in  the  motions  which  can  take  place  upon  the  two  orbits. 
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The  form  of  the  cubic  circumscribing  the  values  of  p  and  p'  for  the 
special  case  noted  above,  where  C*  =  0.256,  is  shown  in  the  adjacent  figure 

(the  scale  is  $  inches  to  the  unit).  0  is  the 
origin,  and  the  right  line  AOB,  passing  through 
that  point  and  bisecting  the  angle  between  the 
axes  of  coordinates,  is  the  path  of  the  representa- 
tive point  P  for  the  case  where  p'  =  p,  and  the 
solution  of  the  differential  equations  is  a  periodic 
one.  It  may  be  noted  that  this  point  in  general 
never  attains  the  closed  branch  of  the  cubic 

curve,  as  this   cannot  happen   unless  the   values   -£-  =  0,   -4-    =0  are 

simultaneous.* 

It  is  interesting  to  know  whether  the  orbits  are  periplegmatic  in  the 
sense  of  Gylden.     With  his  notation  we  should  have 


*- 


For  the  quality  in  question  P  and  P'  must  not  fall  below  —  1.  As  the 
greatest  value  of  pp'  +  ^  p'2  or  pp'  -{-  \  p2  is  f  ,  if  (i  exceeds  this,  the  orbits  will 
be  periplegmatic. 

The  treatment  of  the  differential  equations  is,  in  general,  easier  if  we 
make  the  linear  transformation  : 

w  =  iO  +  />'),       «  =  *(/>-/>') 
They  then  take  the  form 


The  radii  of  the  orbits  are  represented  by  the  equations 


r  =  ,        r'  = 


, 

+  U  +  8  /*  +  U  —  S 

The  integral,  in  terms  of  the  new  variables,  is 


*  The  Infinite  branch  Is  not  given  in  the  diagram,  as  it  is  useless  for  our  purposes.  The  carve  Is 
•pecles  87,  and  Is  shown  in  Fig.  71  of  Newton's  Enumeratlo  Hnearum  tertii  ordinit,  printed  at  the  end  of 
Dr.  Samuel  Clarke's  Latin  translation  of  Newton's  Optics. 
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The  adoption  of  the  solution  «  =  0,  satisfying  the  equations,  leads 
directly  to  a  periodic  solution  of  them.  In  this  case  we  have  the  single 
differential  equation 

jjj£  - « &  -«•-«• 

to  be  integrated.     Make  the  substitution 

f  and  g1  being  constants ;  then 

40" (1  —  oot'Stf)^  =  ft  01  —  (g  +  foMZW  —  (g  +  ^oo»Z<ff 

Let  g  and  gf  be  so  chosen  that  the  right  member  of  this,  equated  to  zero, 
may  have  the  two  roots  cos  2^=  ±  1.  Then  g  and  g1  are  determined  by 
the  equations 

or  by 


y"  =  0 


If  we  divide  both  members  of  the  last  differential  equation  by  1  —  cos* 
the  result  is 

4*"s£  =  *  c'  ~f  ~f  +  ?"oo«2^ 

But,  eliminating  C*,  this  becomes 


If  we  put  »/%&  =  sin  6,  then  will  3g  =  cos  0  —  1,  and 
If  next 


sin  (9  +  60°) 
we  have 


and  to  »  may  be  given  the  form 


It  will  be  seen  that  k  takes  the  place  of  the  arbitrary  constant  C*  which  is 
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attached  to  the  integral.     In  the  Gudermannian  notation  for  elliptic  func- 
tions, putting  m  for   «  .        TjTTTt  >  an(i  c  being  an  arbitrary  constant. 

£t^  1 Av    ~T~  K 

=  sn(rnv  +  c)  =  snx 


and 

^  ~  *  Vl  ~  **  +  **  ~ 


The  value  of  C  is  of  interest  ;  we  have 


=  ,V(3  —  6cos0  +  3  cos'  0  —  1  +  3  cos  6  —  3  cos2  6  +  cos'  0)  +  J  (1  —  cos1  0)  cos  e 
+  3  cos  0  —  4  cos8  0)  =^V(1  -  cos30) 


If  C*  is  wanted  in  terms  of  k  we  have 

fy  X 4      I  1  "^    2  "^   2    ™      "i      ^^  \ 

=  TT  I -1  ~    — /j_  _  J[.a  +*  ^  g ) 

The  argument  on  which  u  depends  is 


JT  1 

22"     l-^  +  fc4* 


where  -ff",  as  usual,  denotes  the  period  of  the  elliptic  integral  ;  or,  it  is 


1  1 


(1:1:1)' 


It  is  to  be  noted  that  the  square  of  k  is  absent  from  the  latter  expression, 
hence  this  parameter  must  become  quite  a  large  fraction  before  a  marked 
difference  results  in  the  period. 

An  expression  in  terms  of  the  nome  q  may  be  preferred.    The  period 
has  the  equivalent 


where  V  =  V  1  —  k2.     But  the  first  factor  has  the  value 

' 


and  the  second  can  be  derived  from 


The  series  for  the  period  or  its  reciprocal  in  powers  of  q  is  tardily  con- 
vergent, and  it  seems  better  to  retain  the  foregoing  expressions  where  the 
law  of  progression  is  obvious. 
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If  we  put  i  =  sin>7,  q  may  be  derived  by  tentation  from  the  equation 


When  k  =  1,  the  numerator  and  denominator  of  the  second  member  become 
divergent  series,  but  the  proper  value  of  q,  in  this  case,  is  unity.  A'  may  be 
derived  from 


To  have  u  expressed  as  a  periodic  function  of  its  argument,  substitute 
for  the  transcendental  function  cn'x,  its  equivalent 


There  is  still  another  linear  transformation  of  the  differential  equations 
worthy  of  notice.  In  order  to  remove  from  the  potential  the  terms  of  three 
dimensions  which  are  products,  let  us  put 

p  =  U  +  h*',          /»'  =  «'  +  All 

where  h  is  either  of  the  complex  cube  roots  of  unity,  or  such  that 

V  +  k  +  1  =  0 
Then 


_  > 

Hence  it  is  seen  that  the  differential  equations  take  the  form 


or,  if,  as  a  symbol  of  operation,  we  put 

•>=' 

the  simple  form 

D[8«'  -«]  =  »',       D[2«  -*']  =  «" 

Thus,  if  from  the  double  of  one  of  the  dependent  variables  we  subtract  the 
other,  and  on  the  remainder  operate  with  D,  the  result  is  the  same  as  if  we 
squared  the  latter  variable.  Simple  as  are  these  equations,  no  completely 
satisfactory  general  expressions  of  the  unknowns  for  an  infinite  range  in 
longitude  have  been  found. 

•  For    the**    formula*    In   elliptic   functions   consult   Brock,    TrfUt   fUmtnUtrt  it* 
JMI0BJM,  p.  907,  Bq.  (184);  pp.  S10-SM,  Kq».  (S)  and  (•);  p.  S10,  Bq.  (8);  p.  in,  Kq.  (17). 
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In  applying  Lindstedt's  series  to  the  integration  of  these  equations  we 
should  assume 

...  _    y          A          -(i*  +  ('f)i>  „.'    _    y          Al         .(«+('*')« 

U  =  ^e  •£(,<<  £  '    i          «   --  (,<<  -a.  <it  £' 

where  the  A  and  A!  are  constants  as  well  as  k  and  ft  ',  and  i  and  i'  are 

integers  reaching  from  —  oo  to  +  »  .  The  substitution  of  these  values  in 

the  equations  shows  that  A,  A',  k,  k1  must  satisfy,  for  each  combination 
i,  i'  the  conditions 

[(tfc  +  i'kj  +  1]  (2  4,,  -  A.')  =  i  V  s,,f  4-*  »-/  ^ 
[(«  +  iT)'  +  1]  (2  4,,  -  4.,)  =  f  A3  JA/  4_A  ,_,  AM 

These  equations  should  suffice  for  determining  the  A  and  A!  as  well  as 
&  and  M  in  terms  of  the  four  arbitrary  constants  introduced  by  the  integration. 
But  two  of  these  constants  are  involved  in  the  expressions  only  through 
addition  to  the  two  elementary  arguments  kv  and  Mv  ;  thus  the  mentioned 
quantities  involve  only  two  arbitrary  parameters.  Since  u  and  «'  as 
periodic  functions  of  v  involve  only  cosines,  we  have  the  conditions 

•"-«,-('   =   •»<*!  -"-(,  —t    =   A^f 

If,  besides  k  and  kf,  either  of  the  two  groups  of  coefficients  A  and  A'  is 
known,  the  other  is  deducible. 

The  differential  equations  may  be  reduced  to  a  system  in  which  all  are 
of  the  first  order  ;  employing  for  this  purpose  those  in  terms  of  the  variables 
«  and  «,  the  closed  curve  enveloping  the  area  in  which  the  differential  coef- 
ficients are  real  has  the  equation 

,  _  }  C1  -  u1  -  tt* 

1-M 

The  maximum  value  of  |  u  \  is  then  f  ,  and  the  maximum  of  |  s  \  corresponds 
to  the  value  of  u  given  by  the  smaller  positive  root  of 

u'  —  u'  —  u  +  J  0'  =  0 
Thus,  if  we  put 

i  C*  =  i/  (1  +  c'  -  e") 

it  will  be  found  that  _ 

|*|  =  V2c'  +  3c" 

And  if  <72  =  -fir  we  shall  have  approximately  |  s  \  =  0.392 

In  place  of  the  two  variables  u  and  s  we  employ  the  four  «,  y,  ef,  V 
such  that 


=  - 
v  dv 

The  integral  equation  will  then  be  expressed  in  the  form 

y1  +  u'  +  u1  +  e'2  (1-M  cos'  O  =  i  0" 

which  gives 

j^^-^-^ 

2    ' 
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And  the  differential  equations  are 


The  third  and  fourth  are  equivalent  to 


ao 

From  the  latter  it  is  plain  that  f  and  v  advance  together  ;  thus  f  will  serve 
equally  well  as  v  for  the  independent  variable.  By  division  and  elimination 
of  «",  the  first  and  second  equations  become 

du-  *  «fr_     n  +  l*'     -  *  *g*  -«'-_»'  .„>,«  r 

3f~   ~i—  «oos*r      Jr    i-MOM'r    '(i—  nooiTy 

or,  as  they  may  be  written 

At     SW       dy_      dW 
37"^'      S?-    ~du 

These  equations  may  be  still  further  varied  by  putting 

« 
Then  if 


1  —  icot/coaV 
we  have 

d.\t  _9W       dl  ait 

"'          =    ~ 


-3T 

After  u  and  y  or  e  and  I  have  been  determined  in  terms  of  f  through 
the  integration  of  these  equations,  v  can  be  found  by  a  quadrature  from 

dv  1 

dJ-l-uoot'T 

and  thence,  by  inversion,  F  in  terms  of  v,  and  thus  the  problem  completely 
solved. 

TTcan  be  developed  in  an  infinite  series  of  the  form 

For  putting 

« 
we  have 

•    yt  •  __•  _  •  • 

+  ...] 


From  this  «  and  y  may  be  eliminated  by  substituting  their  values  in  terms 

of  e  and  /. 
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The  integrals  of  the  two  differential  equations  may  then  be  approxi- 
mated to  by  a  series  of  Delaunay  transformations,  as  the  function  W  is 
quite  similar  to  Delaunay's  R  in  the  lunar  theory.  The  only  noteworthy 
differences  being  that  here  there  are  only  two  unknowns  in  place  of 
Delaunay's  six,  and  only  one  constant  parameter  C  instead  of  Delaunay's 
three  «',  e1,  a'. 

We  may  give  here  Delaunay's  rule  for  making  a  transformation.  If 
we  have  integrated  the  differential  equations  (L  is  put  for  J  e2) 

dL_dW        dl          QW 
dl'  '•'-  dl  '       dl'~    ~QL 

when  W  is  limited  to  the  terms  involving  one  argument  il  +  i'V  (the 
constant  term  is  included)  and  have  found  in  this  manner  (6  designating  the 
argument) 

0  =  9«(V  +  o)  +  0t8in00(Z'  +  c)  +  02sin200(Z'  +  e)  +  6,  sin  3  00  (I'  +  c)  +  ... 
L  =  L0+  £,cos00(?  +  c)  +  Ltco&'Hl0<s(V  +  c)  +  -£„  cos  3  00  (/'  +  c)  +  ... 

c  being  a  constant,  and  00,  6lt  0S,  . .  •  •  L0,  L1}  L2,  . . . .  being  known  func- 
tions of  another  constant  (e0  for  instance),  we  can  replace  - 

L  by  L0  +  L,  cos  (il  +  i'V)  +  Lt cos 2 (il  +  i'V)  +  ... 

Ibjl+^sin (il  +  i'V)  +  ?f  sin 2  (il  +  i'V)  +  ... 
i  i 

and  we  shall  have,  for  determining  the  new  variables  e0,  I,  precisely  the 
same  equations 

dL  _  d  W       dl          dW 

W"  W      dV=       dL 

provided,  first,  that  we  put  for  W  the  function  obtained  by  making  the  pre- 
ceding substitutions  in  the  old  function  W  (complete)  augmented  by  the 
quantity 

-*(L-LJ  +  JjftZ,  +  2*,Z,  +  36,LS  +  ...) 

second,  that  we  regard  the  new  variable  L  as  connected  with  e0  by  the 
relation 

L  =  £„  +  }  (6lLl  +  Z0,L,  +  30,Lt  +  . . .) 
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MEMOIR  No.  75. 

The  Theorems  of  Lagrange  and  Poisson  on  the  Invariability  of  the 
Greater  Axes  in  an  Ordinary  Planetary  System. 

(Attrononlcftl  Journal,  Vol.  XXIV,  pp.  37-W,  1004.) 

The  remarks  of  this  article  follow  a  line  very  similar  to  that  of  the 
article  in  No.  527  of  this  Journal,  and,  to  avoid  the  tedium  of  restating  the 
explanation  of  the  fundamental  notation  employed,  I  take  the  liberty  of 
referring  the  reader  to  that  place.  However,  we  cannot  here  use  the  three 
theorems  there  stated,  aa  it  is  proposed  to  take  account  of  terms  of  three 
dimensions  with  respect  to  planetary  masses.  But  we  employ  the  notion 
there  expounded  of  hypothetical  planets,  arranging  the  planets  in  such  an 
order  that  the  one,  for  which  t  =  1,  is  that  whose  greater  axis  we  especially 
wish  to  consider;  the  first  actual  planet  and  its  hypothetical  are  then 
identical.  We  adopt  the  distinction  there  defined  between  terms  periodic 
and  terms  secular. 

Let  there  be  r  planets  in  the  system.  The  canonical  elements  Lt,  G,, 
//,,  /,,  <7,,  /*,  and  the  function  F  have  the  significations  of  the  mentioned 
article,  and  the  differential  equations  to  be  satisfied  are  the  same.  Let  P 
denote  the  general  periodic  argument,  and  S  the  general  secular  argument. 
Let  K  denote  the  general  (that  is,  without  any  hint  of  individuality) 
coefficient  usually  multiplying  the  cosine  or  sine  of  any  argument.  We 

write  above  each  A'  the  number  indicating  its  order  of  magnitude  with 

s 
respect  to  planetary  masses ;  thus  K  signifies  a  coefficient  factored  in  the 

lowest  dimension  by  squares  and   products  of  planetary  masses.     A",  in 
general,  is  a  function  of  all  the  linear  elements.    2  will  be  used  to  indicate 
a  sum  of  terms  in  number  either  finite  or  infinite. 
The  first  term  of 


t-l 

I 

is  of  the  dimension  1  with  respect  to  planetary  masses ;  we  denote  it  by  /'. 
Developing  F  in  a  periodic  series,  we  can  write  it  as  the  sum  of  three  terms, 
as  follows : 

F=  F  +  Z.Koo*8  +  X.Ket*P 
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Here  it  must  be  understood  that  S  can  receive  the  value  0,  but  P  not. 

2 

Also  .ffdoes  not  mean  that  the  order  of  the  coefficient  is  2  in  every  case, 
but  only  that  it  is  never  less  than  2. 

Let  us  now  assume  a  pure  function  of  the  variables  Llt  Z2,  .  .  .  ,  Lr) 

which  we  may  write 

f(Llt  L,,    .    .    .    Z,) 

or  of  the  variables  al}  a,,  .  .  .  ,  ay,  to  be  written 

/(a,,  a,,    ...    a,) 

/  is  to  be  finite,  continuous,  and  of  the  zero  order  with  respect  to  planetary 
masses. 

We  now  propose  to  apply  the  principle  of  the  Delaunay  transformation 
to  the  establishment  of  the  theorems  with  which  we  are  engaged.  Delaunay 
makes  his  transformations  in  the  three  polar  coordinates  of  the  moon ;  we 
have  to  make  ours  in  the  one  function/^,  I/2, . . . ,  !/„).  From  the  infinite 
number  of  periodic  arguments  P  we  select  one  6,  in  which  the  positive  or 
negative  integers  multiplying  the  angular  variables  are  prime  to  each  other, 
and  take  the  part  of  F,  which  may  be  regarded  as  dependent  on  the  sole 
argument  6.  We  call  this  [F~\,  and  write,  similarly  to  Delaunay, 
[JP]  =  —  B  —  Al  cos  e  —  A,  cos  2  0  —  A,  cos  3  0  — . . . 

2 

—  B  is  the  absolute  term  of  F,  so  that  if  K0  denotes  the  coefficient  of  the 
second  part  of  F  when  S  =  0,  we  have 

—  B  =  F  +  Kt 

Let  us  now  make  the  Delaunay  transformation  necessary  to  remove 
from  F  the  terms  factored  by  cos  6,  cos  20,  cos  30,  ...  The  formulas  for 
this  purpose  are,  if  L  denotes  any  linear  variable, 

Replace  L  by  L  +  Ma  +  if,  cos  0  +  Mt  cos  2  e  +  Ms  cos  3  0  +  . . . 
and,  if  I  denotes  any  angular  variable, 

Replace  I  by  I  +  JV,  Bin  e  +  Nt  sin  2  e  +  Nt  sin  3  e  +  . . . 
where  the  M  and  N  are  functions  of  the  new  set  of  linear  variables.     By 

8 

the  addition  of  M^  to  the  first  formula  we  secure  the  advantage  that  the  new 

3 

linear  variables  are  the  conjugates  of  the  new  angular  variables.  M0  is 
necessarily  two  orders  higher  with  respect  to  planetary  masses  than  the 
term  which  precedes  it.  The  fact  of  the  rest  of  the  M  and  N  being  of  the 
orders  indicated  above  them  is  due  to  the  circumstance  that  the  motion  of 
the  argument  B  is  of  the  zero  order. 
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HI 


We  have  now  to  inquire  what  changes,  if  any,  are  produced  in  the 
qualities  of  the  coefficients  of  the  three  terms  of  /'by  this  transformation. 
It  is  evident  that  [F]  is  reduced  by  it  to  a  function  of  the  linear  variables 

only.  Hence,  when  the  substitution  is  made  in  the  term  F,  the  new  terms, 
which  arise  and  are  of  the  second  order,  precisely  cancel  the  old  terms 
—  A^coeB  —  J,  cos  20  —  .  .  .  .  ,  and  the  remainder  are  of  the  form 

J.  foot  8+  S.SootP 

Moreover,  when  the  substitution  is  made  in  the  second  and  third  terms  of  F, 
the  new  terms  arising  are  also  of  the  same  form.  Hence  the  new  form  of 
/"can  be  written 

F=  F  +  Z.KootS  +  Z.KcotP 

i 
where  F  has  precisely  the  same  expression  as  before.    Hence  the  quality 

of  F  is  unchanged  by  the  execution  of  the  transformation.    We  need  only 

bear  in  mind  that  the  coefficients  of  cos  9,  cos  20,  .  .  .  .  ,  are  now  not  of  the 

§  i 

form  A'  but  of  the  form  A'. 

We  may  suppose  a  second  Delaunay  transformation  to  be  made  with 
the  object  of  removing  the  terms  of  F  having  as  periodic  arguments  the 
multiples  of  another  6  of  the  same  quality  as  before.  The  result  will  be 
that  after  the  transformation  F  will  have  the  same  quality  as  before.  Thus 
it  is  possible  to  conceive  that  an  infinity  of  Delaunay  transformations  may 
be  made  in  such  a  way  that  the  third  term  of  F  wholly  disappears,  and 
F  takes  the  form 

F=F  +  £.£<x*8 

Let  us  next  inquire  what  happens  when  these  transformations  are  made 
in  the  expression. 

/(A»    A  I    •  •  •  •  »    A) 

It  is  quite  plain  that,  after  the  first  transformation  depending  on  the  periodic 
argument  9,  we  shall  have  the  equation 


/"(A,  A  ......  A)=/(A,  A  ......  L,)  +  £.£coiS+S.Xo<*P 

where  it  must  be  understood  that  the  L  appearing  under  the  functional 
sign  f  in  the  left  member  have  their  original  signification,  but  in  the 
right  member,  their  signification  as  modified  by  the  transformation. 

That  the  periodic  portion  should  have  coefficients  of  the  form  K  is  so 

VOL.  IV.-l». 
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obvious  that  it  needs  no  formal  demonstration  ;  but  that  the  secular  portion 

i 
has  coefficients  of  the  form  K  results  from  the  fact  that  its  terms  can  arise 

i  i 

only  from  the  multiplication  of  two  periodic  terms  -STcos  P  and  K  cos  P't 

where  P  +  P'  or  P  —  P'  is  an  S. 

Now  make  the  second  Delaunay  transformation  ;  it  is  obvious  that  we 
have  still  the  same  equation 

/  (Z1(  Lt,  .....  L,)  =f(Llt  Lt,  ....,  L,-)  +  S.EcoaS  +  S.Kco&P 

where  it  is  necessary  to  note  only  that  the  L  appearing  in  the  second 
member  have  the  signification  as  twice  modified.  Next,  suppose  that  the 
infinite  number  of  Delaunay  transformations  conceived  to  be  made  for  the 
purpose  of  removing  all  periodic  terms  from  the  periodic  development  of  F, 
have  also  been  made  here.  The  result  will  still  be  the  equation 

/(£,,  L,,  ....,  L,)  =f(Llt  Lt  ......  £„)  +  S.  AcoaS  +  Z.AcoaP 

where  the  L  in  the  second  member  have  the  signification  as  last  modified. 
Consider  now  the  variability  of  this  last  group  of  the  L.     Since  the 
angular  variables  11}  1%,  .  .  .  .  ,  lr  conjugate  to  them  have  altogether  disap- 
peared from  the  last  modified  expression  for  F,  we  have  generally 


.- 
"3T    ST 

Consequently  the  last  group  of  the  modified  L  forms  a  series  of  constants. 
Thus,  if  we  please,  we  may  write  the  foregoing  equation 

/(L,,  L,,  —  ,  L,~)  =  »  constant  +  £.JTcos&+  Z.EcosP 

But,  for  our  purpose,  it  is  necessary  that  the  right  member  of  this 
should  appear  as  an  explicit  function  of  the  time.  Hence  a  new  class  of 
Delaunay  transformations  must  be  made,  having  for  object  the  removal 

from  F  of  all  the  terms  (the  absolute  excepted)  constituting  the  second 

> 
portion  2  .  K  cos  S.    These  transformations  would   then   turn  upon   the 

secular  arguments  of  the  group  S,  and,  after  the  requisite  infinity  of  them 
had  been  performed,  F  would  be  reduced  to  the  absolute  term  which  is  a 
function  of  the  linear  variables  ;  thus 

F  =  F  +  J5T0 

All  the  linear  variables  are  now  constant,  for,  in  addition  to  what  has 
been  stated  in  reference  to  the  L,  we  have  generally 


ON  THE  INVARIABILITY  OF  GREATER  AXM  •_".'! 

1 

Suppose  that  all  these  transformations  are  made  in  the  term  2  .  AT  cos  /' 
of  f  (Li,  I*,  .  .  .  .  ,  L,).  It  10  evident,  from  the  general  principles  under- 
lying the  representation  of  the  integrals  of  our  differential  equations  by 
Lindstedt's  series,  that  this  term  will  undergo  a  change  expressed  by  the 
apparently  tautological  equation 


i 

in  the  second  member  of  which,  however,  K  is  absolutely  constant,  and  P 

is  a  linear  function  of  the  time  expressed  by  0g(<  +  c),  where  00  and  c  are 
constants,  the  first  being  of  the  zero  order  with  respect  to  planetary  masses. 

Thus,  throughout  this  second  class  of  transformations,  no  terms  cross  over 

i  • 

from  the  portion  2  .  K  cos  P  to  the  portion  2  .  K  cos  8.    Then,  if  we  are 

concerned  only  about  the  secular  inequalities  of  /(/,,,  L.,  .  .  .  .  ,  L.),  we  can 
omit  its  last  term  and  write 


f(Llt  L,,  ....,  L.)  =  mconiUnt  + 

t 
in  which  it  is  understood  that  2  .  K  cos  S  has  not  undergone  any  of  the 

latter  class  of  transformations. 

At  this  stage  we  give  up  the  process  of  approximating  to  the  integrals 
of  our  differential  equations  through  Delaunay  transformations,  and  adopt 
the  process  of  elaborating  them  in  positive  integral  powers  of  the  time, 
making  use  of  the  generalized  theorem  of  Maclaurin.  The  equations  in 
terms  of  the  variables  last  used  in  the  earlier  class  of  transformations  have 
expressions  of  which  the  type  is 


dG,_      dF         dS,_ 

dg,m_dF         dk,_ 
~at  QGt'        dt  ' 


where  F  has  the  expression 

F=F+  r. 

The  integrals  in  series  of  powers  of  the  time  are 


0,  =  JT+  Kt  +  JR'  +  ...., 
g  =JT+  Kl  +  JO'  +  ..... 


the  K  being  all  constant  and  of  the  order  with  respect  to  planetary  masses 


t 


indicated  above  them.    If  we  substitute  these  values  in  the  portion  I  .  /Tcos  S 
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of  the  function  f(Llt  L3,  .  .  .  .  ,  LJ)  there  arises  a  constant  term  equivalent 

2 

to  the  value  of  2  .  -fiTcos  S  &i  the  origin  of  time,  which  coalesces  with  the 
preceding  constant.  This  is  followed  by  terms  involving  t,  £*,  t3,  etc.  Then 
it  is  almost  immediately  apparent  that 


,,  Lt,  .....  L,)  = 
It  is  evident  that  this  relation  may  also  be  written 

/(a,,  a,,  .....  a.~)  =  K+Kt  +  Kt*  +  At*  +  .... 

We  may  therefore  state  the  theorem  of  Poisson  in  a  more  general  form 
than  has  been  customary,  as  follows  : 

The  secular  variation  of  any  finite  and  continuous  function  of  the  zero 
order  with  respect  to  planetary  masses  of  the  instantaneous  greater  axes  of  the 
orbits  described  by  the  hypothetical  planets  of  a  planetary  system,  when  developed 
in  powers  of  the  time,  is,  at  least,  of  three  dimensions  in  reference  to  the  same 
masses. 

The  qualification  "at  least"  is  necessary,  for  the  function  /  may  be 
such  that  all  terms  of  the  third  order  in  the  coefficient  of  t  identically  vanish, 

8  4 

and  then  K  must  be  written  K.  In  the  second  place,  since  the  function  / 
probably  has  an  infinite  number  of  maxima  and  minima,  if  it  so  happen  that 
the  origin  whence  t  is  counted  coincides  with  one  of  these,  the  coefficient 
of  t  must  vanish,  not  identically,  but  on  account  of  the  special  values 
received  by  the  parameters  at  that  epoch. 

It  will  be  perceived  that  the  method  here  followed  for  the  demonstra- 
tion of  the  theorem  has  marked  advantages  over  those  employed  heretofore. 
The  truth  of  the  theorem  is  now  so  obvious  that  a  formal  proof  seems 
scarcely  necessary.  The  Delaunay  transformation  is  to  be  credited  for  this 
advance.  An  objection  may  be  raised  against  the  method  that  it  is  valid 
only  in  the  case  where  F  never  potentially  becomes  infinite.*  But,  in  the 
opposite  case,  there  seems  no  valid  distinction  between  secular  and  periodic 
inequalities,  and  Lindstedt's  series  ought  to  be  rejected  as  being  a  possible 
mode  of  expressing  the  coordinates. 

•See  Transactions  of  the  American  Mathematical  Society,  Vol.  I,  p.  810.     Memoir  No.  66. 


COMPARISON  OF  TABLES  OF  JUPITER  AND  SATURN 


MEMOIR  No.  76. 

Comparison  of  the  New  Tables  of  Jupiter  and  Saturn  with  the 
Greenwich  Observations  of  1889-1900. 

(Attronomleftl  Journal,  Vol.  XXIV,  pp.  00,  61,  1904.) 

The  New  Tables  of  Jupiter  and  Saturn  are  founded  upon  a  discussion 
of  observations  which  ended  with  the  year  1 888.  They  could  not,  however, 
be  generally  used  for  the  calculation  of  the  Ephemerides  till  1901.  This 
leaves  a  gap  of  twelve  years  of  observations  uncompared  with  the  new 
theories.  It  seemed  that  a  useful  service  would  be  done  for  astronomy  by 
supplying  the  lacking  comparisons.  In  this  work  I  have  confined  myself 
to  the  Greenwich  observations  as  the  published  positions  made  at  other 
places  are  desultory  in  character.  Desiring  to  form  normals  as  near  the 
time  of  opposition  as  possible,  I  have  not  included  observations  when  the 
time  of  culmination  was  earlier  than  10h.  During  some  portion  of  the 
summer  of  1891  the  instrument  appears  to  have  been  dismounted  ;  thus 
only  a  weak  normal  for  Jupiter  could  be  formed  for  this  year. 

It  seemed  desirable  to  reduce  the  normal  positions  to  the  standard  of 
Professor  Newcomb's  Catalogue  of  Fundamental  Stars  (Astronomical  Papers, 
Vol.  VIII,  Part  II).  With  regard  to  the  right-ascensions,  in  this  memoir 
(p.  228),  +  0*.049  is  given  as  the  correction  for  the  Greenwich  Catalogue  of 
1890.  But,  being  apprehensive  that  this  quantity  was  not  applicable  to  the 
whole  period  1889-1900,  I  have  determined  it  at  nine  different  epochs, 
getting  results  which  range  from  -f-  0".041  to  +  0'.059.  The  correction 
seems  to  have  augmented  from  the  beginning  to  the  end  of  the  period.  The 
systematic  correction  for  the  declinations  is  taken  from  the  table  on  p.  236 
of  the  same  paper,  given  as  applicable  to  the  Greenwich  Catalogue  of  1890. 
A  comparison  of  the  declinations  in  the  Greenwich  volume  for  1900  with 
those  of  the  Fundamental  Catalogue  showed  that  these  systematic  correc- 
tions have  persisted  without  marked  change  till  the  later  date. 

The  columns  in  the  following  exhibit  scarcely  need  explanation.  In 
the  second  column  the  dates  of  the  first  and  last  observations  are  given  in 
order  that  the  observations  used  may  be  readily  identified. 
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JUPITKB. 


Date 
Greenw.  M.N. 

Interval  of 
Observation 

No.  of 
Obsns. 

Mean  Dlff.  Syst. 
from  N.A.  Corr. 

Mean  Dlff.  Syst.    Positions  Resulting  from  Obsn. 
from  N.A.  Corr.              a                             S 

1 

8 

a 

ti 

h    m 

s 

o 

i       n 

1889  June  27 

May 

21-Aug.    3 

20-20 

-.032 

+  .041 

+  0.01 

+  .75 

18  13 

15.289 

-23 

15  20.84 

1890  Aug.    8 

July 

3-Sept   3 

25-26 

+  .095 

+  .046 

-0.19 

+  .69 

20  34 

41.141 

-19 

31   17.50 

1891  Aug.  22 

July 

24-Oct   17 

7-6 

+  .233 

+  .046 

+  0.28 

+  .48 

23     6 

37.239 

—   7 

17  11.14 

1892  Oct.  13 

Sept 

8-Nov.  18 

24-24 

+  .274 

+  .046 

+  1.21 

+  .35 

1   15 

31.330 

+    6 

15     5.86 

1893  Nov.  19 

Oct. 

26-Dec.  23 

26-27 

+  .327 

+  .056 

+  0.71 

+  .28 

3  36 

45.083 

+  18 

14  33.19 

1894  Dec.  31 

Nov. 

15-Jan.  30 

29-29 

+  .216 

+  .056 

+  0.58 

+  .25 

6     0 

34.102 

+  23 

14  49.63 

1896  Feb.  15 

Jan. 

14-Mar.    4 

15-16 

+  .116 

+  .050 

—  0.06 

+  .27 

8  15 

5.466 

+  20 

33  23.81 

1897  Mar.  10 

Jan. 

22-Apr.     8 

21-21 

+  .020 

+  .050 

+  1.27 

+  .33 

10  23 

8.330 

+  11 

31  28.00 

1898  Apr.    8 

Feb. 

26-May     7 

27-30 

+  .040 

+  .059 

+  1.10 

+  .42 

12  16 

2.969 

-  0 

0  13.18 

1899  May    9 

Mar. 

29-June    2 

31-34 

+  .089 

+  .057 

+  0.93 

+  .53 

14     7 

31.066 

-11 

23  24.94 

1900  June    1 

Apr. 

17-July    6 

26-26 

+  .170 

+  .OS4 

+  0.01 

+  .70 

16  14 

36.364 

—20 

20  49.79 

SATURN. 


s 

s 

// 

11 

h     m 

8 

o 

t      ti 

1889 

Feb.  16 

Jan.     8-Mar.  15 

19-19 

-.138 

+  .046 

+  0.21 

+  .29 

9  15 

23.788 

+  17 

8  56.20 

1890 

Mar.    3 

Jan.  23-Apr.     5 

22-23 

-.108 

+  .046 

+  0.59 

+  .32 

10     8 

59.738 

+  13 

15  37.31 

1891 

Mar.  17 

Feb.  12-Apr.  18 

20-20 

-.063 

+  .046 

+  0.55 

+  .35 

10  59 

53.383 

+    8 

46  31.80 

1892 

Apr.    6 

Mar.    8-Apr.  30 

26-27 

-.112 

+  .046 

+  1.08 

+  .39 

11  46 

24.704 

+    4 

11  51.87 

1893 

Apr.  11 

Mar.    4-May  13 

41-38 

-.230 

+  .056 

+  1.97 

+  .42 

12  35 

27.096 

—  0 

52  56.81 

1894 

Apr.  20 

Mar.  15-May  24 

24-26 

-.281 

+  .056 

+  2.18 

+  .46 

13  22 

23.815 

-  5 

41  19.36 

1895 

Apr.  30 

Mar.  13-June    5 

27-27 

-.314 

+  .048 

+  2.37 

+  .50 

14     8 

43.764 

-10 

7  23.03 

1896 

May     8 

Mar.  28-June  15 

37-37 

-.385 

+  .050 

+  2.36 

+  .58 

14  55 

36.495 

-14 

4  53.06 

1897 

May  16 

Apr.  22-June21 

27-27 

-.460 

+  .050 

+  2.19 

+  .65 

15  43 

28.440 

-17 

24  52.96 

1898 

June  12 

May  12-July    8 

16-16 

-.418 

+  .059 

+  1.32 

+  .70 

16  26 

21.771 

-19 

47     6.38 

1899 

June  23 

May  15-July  20 

30-30 

-.870 

+  .057 

+  1.38 

+  .72 

17  14 

55.847 

-21 

34  32.40 

1900 

July    8 

May  26-Aug.    4 

28-28 

-.304 

+  .054 

+  0.51 

+  .74 

18     2 

56.220 

-22 

28  34.65 

As  the  next  step  the  heliocentric  positions  of  the  planets  for  the  dates 
of  their  normals  were  obtained  from  the  New  Tables,  and  the  positions  of 
the  Sun  for  the  same  dates  from  Professor  Newcomb's  Tables,  neglecting, 
however,  the  small  terms  of  nutation.  Thus  were  obtained  the  apparent 
geocentric  positions,  which,  with  the  residuals  of  the  observations  are  noted 
below.  The  latter,  although  of  a  systematic  character  in  the  case  of  Saturn, 
are  small  enough  to  render  probable  the  conclusion  that  the  New  Tables 
will  represent  well  the  future  motion  of  the  planets. 

JUPITBB. 


h     m          a 

O          1              il 

s 

// 

1889  June  27 

18  13  15.331 

—23  15  21.44 

—0.042 

+0.60 

1890  Aug.    8 

20  34  41.165 

—19  31  17.32 

—0.024 

—0.18 

1891  Aug.  22 

23     6  37.219 

-  7  17  10.52 

+0.020 

—0.62 

1892  Oct.    13 

1  15  31.333 

+  6  15     6.35 

—0.003 

—0.49 

1893  Nov.  19 

3  36  45.028 

+18  14  33.32 

+0.055 

—0.13 

1894  Dec.  31 

6     0  34.087 

+23  14  49.49 

+0.015 

+0.14 

1896  Feb.   15 

8  15     5.447 

+20  33  24.07 

+0.019 

—0.26 

1897  Mar.  10 

10  23     8.369 

+11  31  27.14 

—0.039 

+0.86 

1898  Apr.     8 

12  16    2.941 

-  0    0  13.84 

+0.028 

+0.66 

1899  May     9 

14    7  31.041 

—11  23  25.77 

+0.025 

+0.83 

1900  June    1 

16  14  36.344 

—20  20  50.69 

+0.020 

+0.90 

COMPARISON  OP  TABLES  OP  JUPITER  AND  SATURN 


SATURH. 


0«.-Cal. 


k     •        • 

«         •               H 

• 

M 

1889  Feb.  16 

9  15  23.797 

+17    8  56.55 

—0.009 

—0.35 

1890  Mar.    3 

10    8  59.687 

+13  15  37.77 

+0.051 

—0.46 

1891  Mar.  17 

10  59  53.369 

+  8  46  31.74 

+0.014 

+0.06 

1892  Apr.     6 

11  46  24.667 

+  4  11  51.59 

+0.037 

+0.28 

1893  Apr.  11 

IS  35  27.108 

—  0  52  57.24 

—0.012 

+0.43 

1894  Apr.  20 

13  22  23.830 

—  5  41  19.46 

—0.015 

+0.10 

1895  Apr.  30 

14    8  43.789 

—10    7  23.19 

—0.025 

+0.16 

UN  Maj    8 

14  55  36.558 

—14    4  53.81 

—0.063 

+0.75 

1897  May  16 

15  43  28.515 

—17  24  53.65 

—0.075 

+0.69 

1898  Jane  12 

16  26  21.838 

—19  47    6.86 

—0.067 

+0.48 

1889  Jane  23 

17  14  55.918 

—21  34  33.59 

—0.071 

+  1.19 

1900  July     8 

18    S  56.227 

—22  38  35.48 

-0.007 

+0.83 
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MEMOIK  No.  77. 
Development  of  Functions  in  Power  Series  from  Special  Values. 

(Astronomical  Journal,  Vol.  XXIV,  pp.  183-128,  1904.) 

It  is  often  desirable  to  develop  complicated  functions  in  powers  and 
products  of  small  parameters,  and  frequently  the  readiest  method  for 
accomplishing  this  is  the  derivation  of  the  coefficients  from  values  of  the 
function  corresponding  to  definite  values  of  the  parameters.  In  case  we 
mean  to  retain  all  the  terms  of  the  development  corresponding  to  definite 
powers  of  each  parameter,  regardless  of  the  order  of  smallness  of  the  result- 
ing terms,  the  course  to  be  pursued  is  plain  ;  but  when  we  wish  to  retain 
only  terms  of  certain  degrees  of  smallness,  the  process  to  be  followed  is  not 
so  evident.  So  far  as  I  am  aware  there  does  not  exist  any  treatment  of  the 
subject  with  the  mentioned  limitation.  A  general  exposition  of  the  princi- 
ples involved  in  the  method  would  doubtless  demand  a  complicated  notation. 
But  the  details  of  the  process  in  a  special  case  will  readily  suggest  what 
ought  to  be  done  in  any  other.  An  example  from  astronomy  will  illustrate 
the  matter. 

Let  W  be  a  function  of  the  radii  of  two  planets.  In  Gylden's  method 
of  treating  planetary  motion  it  is  well  known  that  the  latter  are  to  be 
replaced  by  the  substitutions 

r  =  a  '      r'  :=  a>  I  +  i  COB  F1 


where  a  and  a'  are  constants  having  known  or  assumed  values,  but  the  other 
symbols  denote  variables,  YI  and  >?'  being  always  of  the  first  order  of  small 
ness.     For  our  purposes  it  will  be  more  convenient  to  write  these  substitu- 
tions thus  : 


, 
1  +  X'  1  + 


where  x  and  x'  are  of  the  first  order,  and  y  and  y>  of  the  second.  It  is 
required  to  develop  W  in  a  series  of  powers  and  products  of  the  four  para- 
meters x,  x1  y,  y1,  it  being  granted  that  all  terms  of  an  order  beyond  the 
eighth  may  be  neglected.  The  questions  are  :  How  many  special  values  of 
W  is  it  necessary  to  compute,  and  for  what  combination  of  values  for  the 
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parameters,  and  how  shall  the  elimination  be  conducted  if  unnecessary  labor 
is  to  be  avoided  ? 

First,  we  note  the  number  of  terms  in  the  development.     They  are 

1  =1  term  of  the  lero      order 

8  =8  terms  of  the  first       " 

8  +  8.1  =5  terms  of  the  second   " 

4  +  2.2  =8  terms  of  the  third     " 

5  +  2.3  +  3.1  =  14  terms  of  the  fourth   " 

6  +  8.4  +  8.2  =  20  terms  of  the  fifth       " 

7  4.  2.5  +  3.3  +  4.1  =30  terms  of  the  sixth      " 

8  +  8.6  +  8.4  +  4.8  =40  terms  of  the  seventh  " 

9  +  2.7  +  8.5  +  4.3  +  5.1  =  55  terms  of  the  eighth    " 

Sum  =  175 

It  will  be  perceived  that  the  number  of  terms  in  each  order  is  not  a  con- 
tinuous function  of  the  degree  of  the  order;  this  is  because  the  parameters 
are  not  all  of  the  same  order.  It  appears  then,  that  175  special  values  of 
W,  provided  they  correspond  to  combinations  of  values  of  the  four  para- 
meters having  a  determinate  quality,  will  enable  us  to  discover  the 
coefficients  we  are  in  quest  of.  The  elimination  necessary  in  this  method 
is  much  facilitated  when  the  several  values  of  the  same  parameter  form  an 
arithmetical  progression  of  which  one  term  is  zero;  we  accordingly  adopt 
this  restriction.  Let  us  suppose  that  the  common  difference  of  the  values 
of  the  parameters  x  and  xf  is  d,  and  that  of  y  and  y7  is  d.  Then  it  is  evi- 
dent that  our  choice  of  combinations  may  be  limited  to  those  indicated  by 
the  following  scheme,  where  to  this  is  added  an  exemplification  for  </  =  0.02 
and  <f  =  0.0025. 

-i  1  i  t      -     '      •       < 

—4  —4  —0.08  —0.08 

—3  —3  —0.06  —0.06 

_2  _2  —2  —2  —0.04  —0.04    —0.0050    —0.0050 

— 1  — 1  —1  —1  —0.02  —0.02     —0.0025    —0.0025 

0000  0.00  0.00        0.0000        0.0000 

1111  0.02  0.02        0.0025        0.0025 

2222  0.04  0.04        0.0050        0.0050 

3  3  0.06  0.06 

4  4  0.08  0.08 

Every  one  of  these  specified  values  for  the  parameters  must  be  included  in 
our  combinations ;  but  we  need  not  employ  every  combination  arising  from 
the  preceding  scheme.  For  the  latter  are  in  number  =  9x9X5x6  =  2025, 
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between  11  and  12  times  the  number  175,  which  we  have  seen  to  be  neces- 
sary. Also,  by  the  limitation  that  no  terms  beyond  the  8th  order  are  to  be 
considered,  it  results  that  certain  selections  of  combinations  do  not  afford 
independent  relations  between  the  coefficients.  We  must  avoid  such  selec- 
tions. This  constitutes  the  delicate  step  of  the  problem. 

A  system  of  175  linear  equations  with  as  many  unknowns  would  be 
unmanageable  ;  we  therefore  propose  to  break  the  coefficients,  to  be  deter- 
mined, into  groups  which  can  be  treated  separately.  It  is  evident  that,  as 
soon  as  any  group  of  coefficients  is  determined,  it  is  possible  to  estimate  the 
values  of  the  terms  of  W  which  involve  them,  correspondent  to  any  values 
we  please  of  the  four  parameters.  We  therefore  suppose  that,  in  the  treat- 
ment of  any  group,  from  the  special  values  of  W  are  always  subtracted 
the  correspondent  special  values  of  the  terms  involving  the  coefficients  of 
all  the  preceding  groups;  so  that  the  remainders  constitute  the  special 
values  of  the  function  equivalent  to  the  terms  still  to  be  determined. 

We  may  write  (using  the  symbol  A  for  the  general  coefficient), 


where  the  exponents  are  integers  not  negative.  It  is  preferred  to  determine 
the  coefficients  under  this  form  because  then  the  factors  of  the  unknowns  in 
the  equations  are  always  integers.  After  the  A  are  got  in  this  way,  the 
coefficients,  corresponding  to  the  form 


are  obtained  simply  by  dividing  each  A  by  the  factor  <?+*'  d's+i'  which 
belongs  to  it. 

The  separation  of  the  groups  just  mentioned  is  defined  by  the  vanish- 
ing or  non-  vanishing  of  the  exponents  i,  i',  j,  f.  Sub-groups  may  be  formed 
upon  the  parity  or  imparity  of  the  same  exponent  ;  by  taking  half  the  sum 
and  difference  of  two  equations  in  which  one  of  the  parameters  receives  in 
one  case  a  positive  value,  and  in  the  other  the  correspondent  negative  value, 
the  values  of  the  others  remaining  the  same,  it  is  evident  the  equations  will 
be  broken  into  two  involving  separate  classes  of  coefficients.  This  operation 
repeated  again  with  two  more  equations,  and  in  reference  to  another  para- 
meter, will  be  called  the  disintegrating  operation. 

Each  special  combination  of  values  for  the  parameters  for  each  com- 
puted value  of  W  will  be  indicated  by  writing  the  correspondent  values  of 

x        x'        y         tf 
3'     ?'     d"     d» 

in  sequence  ;  and  we  shall  number  these  combinations  in  the  order  in  which 
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they  come  into  use  from  1  to  175.  Any  four  combinations  to  be  subjected 
to  the  disintegrating  operation  will  be  bracketed.  When  we  have  occasion 
to  note  a  group  of  equations,  only  the  multipliers  of  the  unknowns  which 
are  integral  will  be  set  down ;  the  sign  will  be  indicated  only  when  it  is 
negative;  the  absolute  term  and  the  sign  of  equality  will  be  omitted. 

Group  I  is  established  by  the  condition  »  =  i'  =j  =f  =  0,  and  the 
correspondent  coefficient  of  W  is  the  value  for  the  argument 

No.  of  Comb.  £  •  j  •  §»  •  J 
1  0000 

Group  II  is  defined  by  the  condition  that  three  out  of  the  four  exponents 
vanish.  Four  sub-groups  are  formed  by  considering  which  one  of  the  four 
has  the  finite  value.  The  combinations  to  be  ueed  are  (with  the  sub-groups 
indicated), 


*mb 

Ar,um..t 

No. 
Comb. 

Argument 

No. 
Comb. 

Argument 

No. 
Comb. 

Argument 

8 

—4000 

10 

0  —4 

0  0 

18 

0 

0  —8 

0 

88 

0  0 

0  —2 

8 

—3000 

11 

0  —3 

0  0 

19 

0 

0  —1 

0 

83 

0  0 

0  —  1 

4 

—8000 

18 

0  —8 

0  0 

1 

0 

0      0 

0 

1 

0  0 

0      0 

5 

—1000 

13 

0  —1 

0  0 

80 

0 

0      1 

0 

84 

0  0 

0       1 

1 

0000 

1 

0       0 

0  0 

81 

0 

0      2 

0 

25 

0  0 

0      2 

6 

1000 

14 

0      1 

0  0 

7 

8000 

15 

0      8 

0  0 

8 

3000 

16 

0      3 

0  0 

9 

4000 

17 

0      4 

0  0 

The  24  coefficienta  of  the  pure  powers  of  the  parameters  are  obtained 
by  differencing  the  special  values  of  W  for  the  arguments  in  each  group. 
In  the  case  of  the  differences  of  odd  orders  we  suppose  half  the  sum  of  the 
adjacent  differences  to  belong  to  the  argument  of  the  function  on  the  same 
line.  Let  D*  denote  the  coefficient  belonging  to  the  nth  power  of  the  para- 
meter considered.  We  write  in  the  formulas  only  the  differences  necessary 
in  our  special  case  ;  and  thus  : 

il  D  =J  -          +     :        -     :: 


4  !  £•  =  J4  -  \  J» 

5  !  If  =  J»  -  i  J' 

6  !  jy  =  J"  -  \  J§ 
1\lf  -  £ 
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Group  III  contains  the  remaining  terms  of  W  for  which  y  =  /=  0. 
Their  number  is  ^  =  28,  and,  involving  only  x  and  x',  they  are,  in  every 
case,  divisible  by  the  product  xvi.  After  this  division  they  will  have  the 
form 


+  At 


+  Ataaf  +  A,  af* 
+  A,  afaf  +  AB  xx' 


Altxx« 


A3txx« 


In  deriving  the  values  of  the  A  we  cannot  suppose  that  either  x  =  0  or 
x1  =  0,  as  then  the  division  by  xx'  becomes  nugatory.  But  by  taking  the 
six  groups  of  four  combinations  each, 


No.  26  —1—100 
27  1  100 
28—1  100 
29  1—100 

No.  38  —2—200 

39  2      200 

40  —2      2-00 

41  2—200 


No.  30  —2  —1  0  0 
31  2  100 
32—2  100 
33  2—100 

No.  42  —3—100 
43  3  100 
44—3  100 
45  3—100 


No.  34  —1  —2  0  0 
35  1  200 
36—1  200 
37  1—20  0. 

No.  46  —1  —3  0  0 
47  1  300 
48—1  300 
49  1—300 


and  applying  to  each  of  these  the  disintegrating  operation,  we  have,  in  the 
first  place,  the  following  equations  determining  Alt  Ae,  A&,  Au,  A11}  A19: 

111  1  1-1 
1  4  1  16  4  1 
114  1  4  16 
1  4  4  16  16  16 
1  9  1  81  9  1 
119  1  9  81 

Then  by  elimination  in  order,  commencing  at  the  left,  we  obtain  the 
following  groups  : 

1015     030 

1045     500 

0500     005 

101  10 


1051 
0101 
1155 
10  10  1 
01  0  1 


0 
5 
5 
0 
10 


By  returning  on  this  elimination  we  evidently  can  get  the  values  of  the  six 
mentioned  coefficients.  Next,  it  is  plain  that  the  six  coefficients  Ay,  A1t  Av, 
AU,  AK,  Ay,,  and  again  the  group  of  six,  Ai}  Au,  Aia,  A^,  A^,  Aw  are 
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Ml 


determined  by  equations  having  the  same  integral  coefficient*  as  in  the 
group  just  treated,  the  absolute  terms  being  generally  different.  There 
still  remains  to  be  determined  the  group  often  coefficients,  A^,  At,  A+,  Au, 
Au,  Att,  AH,  A*,  A^,  Af,.  The  six  groups  of  four  combinations  afford  each 
one  equation  for  this  purpose.  Then  four  additional  equations  are  necessary. 
We  select  the  following  four  combinations  for  giving  these  equations : 


No.  50 
61 
52 
63 


3800 
2300 
4100 
1400 


As  we  know  the  values  of  18  coefficients  of  the  group  we  can  subtract  from 
the  special  values  of  FT  the  special  values  of  the  corresponding  terms.  We 
thus  obtain  10  equations  involving  only  the  last  group  of  10  coefficients. 
They  are  as  follows: 


1  1 

1  4 
1  1 
1  4 
9 
1 
9 
4 
16 
1  1 

1 

1 
4 
4 
1 
9 
4 
9 
1 
16 

1 
16 
1 
16 
81 
1 
81 
16 
256 
1 

1 

4 
4 
16 
9 
9 
36 
36 
16 
16 

1 
1 
16 
16 
1 
81 
16 
81 
1 
256 

1 
64 
1 
64 
729 
1 
729 
64 
4096 
1 

1 
16 
4 
64 
81 
9 
324 
144 
256 
16 

1 
4 
16 
64 
9 
81 
144 
324 
16 
25G 

1 

1 
64 
64 
1 
729 
64 
729 
1 
4096 

The  elimination  being  conducted  in  the  mentioned  order,  we  have  the  groups 


10510  21  5  1  0 
01015  0  1  5  21 
1  1  6  5  5  21  21  21  21 
1  0  10  1  0  91  10  1  0 

0  1  0  1  10   0   1  10  91 
8  3  80  36  15  728  323  143  63 
3  8  15  35  80  63  143  323  728 

1  0  17  1  0  273  17   1   0 
0  1  0  1  17   0   1  17  273 


1015  0  1  5  21 

1045  0  16  20  21 

0100  14  1  0  0 

1  0  1  10  0  1  10  91 

3  40  27  15  560  283  135  63 

1  0  4  10  0  16  40  91 

0100  21  1  0  0 

1  0  1  17  0  1  17  273 


0100 


0  0  14 

1 


5    0 
0    0 

001  0  0  1  14 
5  3  0  70  35  16  0 
036  0  15  36  70 
0  0  21  1  0  0 
0  0  1  21 


1 
0  0 
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0 
14 


1005 

010     0 

3  0  0  30  15     0 

3  5  0  15  35  70 

0010 

010     0 


00 


1  0  0  1  14 
00100 
1  0  0  4  14 
01000 
1  0  0  1  21 


0100 
0010 
1000 
0001 


1  21 


By  returning  on  the   elimination   the   values   of  the    10   coefficients   are 
obtained. 

Group  IV  contains  those  of  the  remaining   terms   of  W  for   which 
t  =  i'  =  0.    They  are  divisible  by  yy1;  after  which  they  take  the  form 


Here  it  is  not  allowed  to  suppose  that  either  y  or  y'  vanishes.     We  may 
take  the  group  of  six  combinations 

No.  58       0021 
59       0012 


No.  54 
55 
56 

57 


0  0 

0  0 

0  0 

0  0 


-1  —1 

1     1 

-1     1 

1  —1 


The  disintegrating  operation,  performed  on  the  bracketed  four,  gives  the 
values  of  Alt  At,  A±  besides  one  equation  between  A0,  A3,  A^.  In  the  two 
last  combinations,  by  subtracting  the  terms  corresponding  to  the  former 
coefficients,  we  have  the  three  equations, 

ill 
141 
114 

which  evidently  suffice  for  determining  At,  Aa,  A&. 

Group  V  contains  those  of  the  remaining  terms  of  W  for  which 
»'  =  f  =  o.  These  terms  are  all  divisible  by  xy,  after  which  they  take  the 
form 


A19x*y 

To  determine  these  12  coefficients  we  compute  the  values  of  W  for  the  eight 
combinations 


No.  60  —10—10 

61  10       10 

62  —1  0      10 

63  10—10 


No.  64  —20—10 

65  20      10 

66  —2  0      10 

67  20—10 
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The  application  of  the  disintegrating  operation  furnishes  for  determining 
A,,  A,,  and  again  for  A+,  AWt  two  equations  each,  which  groups  are  iden- 
tically the  same  as  far  as  the  numerical  multipliers  of  the  unknowns  are 
concerned  ;  they  are 


The  disintegrating  operation  furnishes  besides  two  equations  for  determining 
AQ,  At>  At,  A,  and  again  two  for  Alt  A+,  A,,  Au  which  groups  are  identical 
as  far  as  the  coefficients  of  the  unknowns  are  concerned.  We  therefore 
need  four  additional  values  of  TPj  and  choose  the  combinations 

No.  68      1080 

69  —1  0  3  0 

70  3010 

71  —3  0  1  0 

From  the  special  values  of  W  there  can  be  subtracted  in  addition  the  values 
of  the  terms  which  correspond  to  the  eight  previously  determined  coefficients 
of  this  group.  Thus  our  equations  for  determining  both  groups  of  four 
coefficients  have  the  form,  and,  with  those  derived  by  elimination,  are 


1111 
1  4  16  1 
1114 
1  9  81  1 


3  IS  0 
003 
8  80  0 


0  3 
40  0 


No.  78 

0  —1  —1 

0 

73 

Oil 

0 

74 

0—1      1 

0 

75 

0      1—1 

0 

0 

No.  80 

0      180 

0 

81 

0—180 

•  i 

82 

0      310 

»J 

83 

0—310 

Groups  VI,  VII  and  VIII  are  defined  severally  by  the  conditions 
i  =/  =  0,  and  f  =j  =  0,  and  t  =/  =  0;  also  the  equations  belonging  to 
them,  in  respect  to  the  integral  factors  multiplying  the  unknowns,  are  the 
same.  Hence  we  need  only  set  down  the  combinations : 

GBOCP  VI. 
No.  76      0  —3  —1 

77  0      2      1 

78  0—2      1 

79  0      2  —1 

GBODP  VII. 
No.  88—2      0 
89      2      0 
90—2      0 
91      2      0 

QBODP  VIII. 
No.  100      0—8 

101  0      2 

102  0  —8 

103  0      2 


No.  84  —1      0 

0—  l' 

85      1      0 

0      1 

86  —1      0 

0      1 

87      1      0 

0  —  1 

No.  96      0—1 

0  —  1 

97      0      1 

0      1 

98      0  —1 

0      1 

W      0      1 

0  —1 

0  —1 

No.  92       1      002 

0       1 

93—1      008 

0       1 

94      3      0  0 

0  —  1 

96—3      00 

o  —  r 

No.  104      0      1  0 

0        1 

105      0—10 

0        1 

106      0      3  0 

0  —  1. 

107      0—301 
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We  come  now  to  the  terms  in  which  only  one  exponent  is  zero.     Group 
IX  is  characterized  by  the  condition  /  =  0  ;  the  terms  are  all  divisible  by 
After  this  is  made  the  expression  under  consideration  is 


-f-  Al  x  -f- 

+  A,x*  +  Atxx'  +Asx'* 

+  As  a?  +  A,  zV  +  AB  xx12  +  Aa  x'3 


Auxy  +  A11x'y 


For  determining  these  coefficients  we  need  values  of  W  for  22  combi- 
nations.    Of  the  latter  we  choose  first  the  four  groups  of  four  each  : 


112      2 
113—2      110 

114  —2—110 

115  2—110 


No.  116       1      210 

117  —1      210 

118  —1—210 

119  1—210 

120  1       1—10 

121  _i       1—10 

122  —1  —1  —1  0 

123  1—1—10 


By  applying  the  disintegrating  operation  to  each  of  the  four  groups  we 
arrive  at  four  equations  determining  Alt  At,  Ae,  A16,  and  at  four  determin- 
ing AZ,  A,,  At,  A11}  and  at  four  determining  Aiy  An,  A1S,  AM.  These  three 
groups  of  equations  agree  in  having  the  same  numerical  multipliers  for  the 
unknowns.  Their  general  statement,  and  the  consequent  steps  of  elimina- 
tion, are 

1111  300  30 

1411  030  06 

1141  80—2 

191—1 

In  addition  four  equations  are  afforded  for  the  determination  of  the  10 


Alo,  Aw, 


Au,  Au,  A 


la, 


A.     Six 


remaining  coefficients  AQ,  Aa,  As, 

more   equations   are  therefore  needed  to  complete  the  determination  of 

these.    We  choose  the  combinations 


No.  124 
125 


2 
8 


210 
110 


No.  126 
127 
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120 


No.  128 
129 


8 

1 


1—10 
2—10 


Knowing  the  values  of  the  12  coefficients  of  the  group  previously  determined 
it  is  possible  to  subtract  from  the  absolute  terms  of  the  6  last  equations  the 
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soa 


special  values  of  the  terms  involving  these.    Thus  we  have  the  following 
equations  with  the  consequent  steps  of  elimination  : 


1 

111 

1 

1 

1 

1 

10510      0      0      00 

4 

1  16    4 

1 

1 

1 

1 

01015      0      0      00 

1 

414 

16 

1 

1 

1 

4  0  40  4    0—1—1—10 

9 

1  81    9 

1  • 

—  1 

—  1 

1 

11655      0      1      00 

4 

4  16  16 

16 

4 

4 

1 

10  10  10      0       1      00 

1  9 

1  81    9 

1 

9 

1 

1 

0101  10      0      0       10 

1  1 

919 

81 

1 

9 

1 

00000       1       1       13 

1  1 

1    1     1 

1 

2 

1 

2 

4 

3  0  15  3    0—2—5—20 

1  4 

1  16    4 

1  - 

-1 

—4 

—  1 

1 

03    0  3  15  —2  —2  —5  0 

1  1 

4    1    4 

16  • 

-1 

—  1 

—4 

1 

1 

0 

l 

5 

0      0 

0 

0 

20  0 

0  —1 

—1—10            30010 

ii 

1 

N 

I 

0 

—1  —1 

—  1 

0 

0  3 

0      0 

1       00            00—1—5—1 

0 

1 

0 

( 

5 

0       1 

0 

0 

6  0 

0      0 

100            05001 

0 

D 

5 

I 

0 

0      1 

0 

0 

0  0 

5      0 

010          -00111 

1 

i 

0 

1 

10 

0      0 

1 

0 

0  0 

0      1 

1       13            00—2—5—2 

0 

1 

0 

0 

0 

1    1 

1 

3 

0  0 

0  —2 

—5—20            00—2—2—5 

'1 

1 

0 

1 

0 

—2  —6 

—2 

0 

0  0 

0  —2 

—2  —5  0 

1 

0 

1 

15 

—8  —2 

—5 

0 

0 

—1  —  « 

—  1 

0 

1  5 

1  0 

40—3             0      15 

5 

0      0 

1 

0 

1  1 

1  3 

500             1  —  2 

0 

1       1 

1 

3 

2  5 

2  0 

8—3      0 

0 

2      5 

2 

0 

2  2 

6  0 

0 

2      2 

6 

0 

The  10  equations  are  therefore  independent  and  suffice  for  determining  the 
10  coefficients. 

Group  X  is  characterized  by  the  condition  j  =  0 ;  the  terms  are  all 
divisible  by  xa!j/.  The  process  to  be  followed  is  identical  with  that  which 
just  precedes;  the  numerical  coefficients  of  the  equations  are  the  panic;  we 
need  only  set  down  the  combinations  to  be  used  : 

No.  138      1      20      1 

139  —1201 

140  —1  —2  0      1 

141  1—20       1 

No.  149       110      2 

150  210—1 

151  120  —1 

Group  XI  is  characterized  by  the  condition  i'  =  0 ;  the  terms  are  all 
Vou  IV. -«0. 


No.  130      1 

10      1 

No.  134      2       1  0  f 

131  —1 

10      1 

135  —2       101 

132  —1 

-    0       1 

136  —2—101 

133       1 

—    01 

137      2—101. 

No.  142       1 

0  —  1 

No.  146      2201 

143  —1 

0  —1 

147      3101 

144  —1 

-0—1 

148      1301 

145       1 

—    0—1. 
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divisible  by  xyy1.     The   division  performed  the  expression  to  be  treated 
takes  the  form 

A0  +  A&  +  Atf  +  A>x*  +  Atf  +  A^xy1  +  Aty  +  A,xy 

It  will  be  found  that  the  8  coefficients  here  involved  can  be  obtained  from 
the  combinations 

No.  152       10       111  No.  156       101  —1 

153  —1  0      111  157  —101—1 

154  _i  o  —  1  1  I"  158      201      1 

155  1  0  — 1  1 J  159  —201       1 

The  first  four  give  the  values  of 

4»  +  ^2  +  ^1  >  ^!  +  At  +  As  ,   48  ,   Aj 

the  two  following  the  values  of 

A0  -f-  A 2  —  AI  ,  A1-\-  At  —  At 
and  the  two  last  the  values  of 

40  +  4^,^  +  44, 

Group  XII  is  characterized  by  the  condition  i  =  0 ;  the  terms  are  all 
divisible  by  dyy1.  The  coefficients  are  derived  by  equations  of  exactly  the 
same  form  as  in  the  preceding  group.  It  is  only  necessary  to  set  down  the 
combinations : 

No.  160 
161 
162 
163 

The  last  group  of  terms  to  be  considered  is  that  of  the  8  in  which  all 
the  exponents  have  finite  values.  After  division  by  xx'yy'  they  have  the 

form 

Aa  +  A,x  +  Aj*  +  AJ  +  Ajaf  +'  A^  +  A#  +  A,jf 

The  following  combinations  will  enable  us  to  arrive  at  the  coefficients : 


0111 
0—1       11 
0—1—11 
0       1—11. 

No.  164 
165 
166 
167 

0      11—1 
0—11—1 
0211 
0—21       1 

No.  168      1       111 

169  —1       111 

170  —1—111 

171  1—111 

The  first  four  give  the  values  of 


No.  172  11—1       1 

173  11       1  —1 

174  21       1       1 

175  12      1      1 


The  next  two  being  added  we  have  the  values  of 

A9  +  At  +  At ,  At ,  A7 

The  addition  of  the  two  last  enables  us  to  have  the  values  of  A0,  Az, 
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A  few  words  may  be  added  regarding  the  choice  of  the  elements  form- 
ing the  combined  arguments  for  the  special  values  of  W.  It  is  not  pre- 
tended that  that  adopted  in  the  preceding  is  the  best.  There  is  a  lack  of 
symmetry  which,  at  the  moment,  I  am  unable  to  remove.  The  latitude  in 
the  matter  appears  to  be  great;  as  would  be  anticipated  when  175  things 
are  to  be  chosen  from  2025.  It  is  important,  however,  to  keep  the  integers 
multiplying  d  and  d!  as  small  as  consists  with  the  condition  that  the 
selected  combinations  afford  independent  equations.  At  least,  there  is  no 
need  of  going  outside  of  the  scheme  on  page  297. 
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MEMOIR  No.  78. 

Deduction  of  the  Power  Series  Representing  a  Function  from  Special 

Values  of  the  Latter. 

(American  Journal  of  Mathematics,  Vol.  XXVII,  pp.  203-316,  1905.) 

I  have  already  treated  this  matter  in  another  place,*  but  the  exposi- 
tion there  is  by  illustration  only  and  quite  incomplete.  The  subject  needs 
a  more  general  presentation,  which  will  be  the  endeavor  here. 

The  treatment  of  the  question  is  much  facilitated  or,  in  many  cases, 
even  rendered  possible,  by  the  application  of  two  principles.  The  first  is 
the  isolation  of  groups  in  the  assemblage  of  linear  equations  through  the 
attribution  of  zero  values  to  some  of  the  parameters  involved.  The  second 
is  the  disintegration  of  the  equations  by  comparison  when  corresponding 
positive  and  negative  values  are  given  to  one  or  more  of  the  parameters. 

Here  it  is  expedient  to  adopt  a  peculiar  notation  Let  F  denote  the 
function  to  be  treated  and  x  the  general  parameter.  The  formulae  to  be 
written  in  what  follows  will  be  limited  to  the  case  where  there  are  four 
parameters  ;  the  modifications  to  be  made  when  there  are  more  or  less  will 
be  obvious.  We  use  t  for  the  general  integral  exponent  always  not  nega- 
tive, and  A  for  the  general  coefficient.  There  is  here  no  necessity  for  the 
employment  of  accents  or  subscripts  to  distinguish  quantities  of  the  same 
kind.  The  parameters  will  be  known  as  the  first,  second,  third  and  fourth. 
In  designating  any  one  of  these  all  must  be  written  ;  thus,  the  third  para- 
meter is  xVaa;0.  Accordingly,  we  write  the  equation 


where  the  i's  are  not  necessarily  the  same.  Let  subscripts  attached  to  F 
denote  the  special  values  of  the  function  correspondent  to  special  values  of 
the  parameters  ;  and,  as  we  have  to  distinguish  between  significant  and  zero 
values  for  the  latter,  let  us  suppose  that  i  always  denotes  a  positive  integer; 
consequently,  the  value  i  =  0  is  excluded  from  the  summations  2.  The 
function  I''  must  undergo  a  sort  of  differencing  in  reference  to  zero  values 
for  the  parameter;  a  differencing  which  is  more  general  than  the  ordinary, 

•Astronomical  Journal,  No.  667.     Memoir  No.  77. 
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since  it  often  involves  more  than  one  variable.    This  mode  of  operating  is, 
for  the  adopted  case,  depicted  in  the  following  system  of  equations: 


-/*««  =  >«o, 
VzV  =  /"on*  -  Ftm  =  AM, 
=  Fm.-Hm=  Ao*. 

=  /•«•  —  /UN—  A*0  —  /oooo  =  AHO  , 
=  F+t  ->«.-  AM.  -  Ftm  =  AOH>  , 


i.  ^Afctf  =  F**-     *  -M—  *oow  =    M, 
=  It*  -  A-»  -  Aon.  —  Fna,  = 


»  JU«—  J&M  -  Aw-  A-.-  Aooo-  A-o-  AM-  ^0000=  /Lo, 
s  i  *  i  i  i  i 

=  F*  n  —  /Uoo  —  **»•  —  ^orti  —  Fan  —  FQM  —  F<n*  —  /goto  =  /"-to  f 
*  i  i  i  i  i  s 

^  FI&U  —  FrtoO  —  ffCf^  ~~  FfBa  -^  Ftgn  —  ^  MM)  ~~  -^000«  ~~  ^OOM  =  ^"«0m  > 
I.  ^j'x'x'*'  =  /U.  —  A-O  —  /W  —  Ml*.  —  A»—  ^Lo—  MoO.—  /MBO=  A—, 


1 

—  ''.ooo 


1 

—  /OM>  — 


The  number  of  these  equations  is  16  =  24,  and,  generally,  if  there  are  k 

• 
parameters,  the  number  is  2*.    It  will  be  readily  perceived  that  /'  is  the 

i 
term  of  the  series  independent  of  the  parameters  ;  that  the  /'  are  functions 

of  the  single  significant  parameter  appearing  in  their  subscripts,  without  a 

s 
term  independent  of  that  parameter;  that  the  F  are  functions  of  the  two 

significant  parameters  appearing  in  their  subscripts,  without  any   terms 

• 
independent  of  one  or  both  parameters  ;  that  the  F  are  functions  of  the 

three  significant  parameters  appearing  in  their  subscripts,  without  any 
terms  independent  of  one,  two  or  all  of  these  parameters;  and,  finally,  that 

F  is  a  function  of  all  four  parameters,  but  without  any  terms  independent  of 
one,  two,  three  or  all  of  these  parameters.     Thus  each  F  of  a  definite 


310 
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superscript  involves  no  terms  included  in  the  F  of  smaller  superscripts. 
By  this  device  we  have  broken  the  system  of  linear  equations  for  the 
determination  of  the  coefficients  into  16  groups,  each  of  which  can  be 
treated  independently  of  the  others. 

It  is  not  necessary  that  the  computations  should  be  made  by  the  equa- 
tions just  written.  The  last  involves  no  less  than  16  terms,  and  labor  will 
be  saved  by  eliminating  some  of  the  F.  The  5  equations  at  the  beginning 
remaining  unmodified,  it  will  be  preceived  the  following  system  is  equiva- 
lent to  the  former  : 


•  2 


=  ffOOx  —  foOOx  —  - 


+ 

+  FOOD,, 


t  2 

FXXM  =  F  xx*  —  Fxxoo  — 

8  2 

Fxxo*  =  FXXQx  —  FtXQo  — 

8  2 

F*0xx  =  FaOxx  —  Fotex  —  F  iflftr  —  FxOxQ  + 

a  t 

Ftoux  =  Foxmt  —  Fotax  —  FozO,  —  FoaaK)  +  FfljOO  , 
4  3*1 

=  Fxxxx  —  FxxzQ  —  FxxOx  —  FxxOO  —  Frttox  —  Ftoexx  + 


These  formulae  are  not  the  unique  ones  of  their  type,  but  the  F  admit 

3  4 

two  different  forms,  the  F  three  and  F  six.  All  are  obtained  by  making 
certain  transpositions  between  the  a  and  0  of  the  subscripts.  They  need 
not  be  given  here,  as  their  employment  has  no  advantage  over  those  just 

written. 

< 

Bach  of  the  F  is  evidently  divisible  by  the  product  of  the  significant 
parameters  in  its  subscript.  The  functions  thus  obtained  may  be  considered 
as  one  step  nearer  the  result  of  elimination.  We  may  use  O  to  denote 
them.  Thus: 


1 

m 

1 


1      ' 

"•Ml 


>  etc<> 


etc.,        (?„«  = 


.,  etc., 


xxxx 


We  come  now  to  the  application  of  the  second  principle.     In  the  first 
place   consider  F  when  involving  only  a   single  significant  parameter  as 
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F**,  and  let  F+oto  and  F_m  denote  the  values  of  FM  for  corresponding 
positive  and  negative  values  of  x;  then  it  is  plain  we  shall  have 

SA  (*•>«•*•«•  =  i  [F+  w  +  r.m]  , 
of**  I  A  (**)'*•*•*•  -  HF+  m  —  F-  on]  , 

where  the  A  of  the  first  equation  are  distinct  from  the  A  of  the  second,  and 
where  it  is  now  necessary  to  allow  »  to  assume  the  value  0. 

Next,  supposing  F  involves  two  significant  parameters  as  FtMt  then 
we  shall  have  the  four  equations 

IA  (JJaf*  =  i  [F+xoo  +  F-*»], 

2A  (*•)•»•*•  =  i  [F-n»  -  F-,oo]  , 

lAx  (*•)'*•*•  -  i  [F,+«  +  F,-oo]  , 


By  taking  half  the  sum  and  half  the  difference  of  certain  of  these,  we  obtain 
the  four  equations 

P-4*  +  F—  «]  , 
F_+«  -  F-  -«]  , 
F-M»  -  F-  -oo]  , 


where  the  coefficients  A  are  distinct  for  each.  The  second,  third  and  fourth 
are  divisible  severally  by  xz°x°x°,  x°za^x*  and  xxjfzP.  By  making  these 
divisions  we  shall  be  a  step  nearer  the  result  of  elimination.  The  rule  of 
the  signs  connecting  the  form  F  in  the  group  of  four  equations  may  seem  a 
little  obscure,  but  a  consideration  of  the  successive  operations  of  taking  half 
the  sum  and  difference  shows  that  the  sign  of  each  F  is  given  by  raising  the 
signs  in  the  subscripts  to  the  same  powers  as  the  corresponding  parameters 
have  in  the  left  members  of  the  equations.  As  here,  the  even  integer  2t* 
may  be  dropped  out  of  the  exponent*,  we  perceive  that  the  signs  in  question 
are  given  by  the  expressions 

<+)*(+)',    (+)•<-)•,    <-)•<+)•,    (-)'(-)•, 
(+)'(+)•,    (+)'(-)•»    (-)'(+)*,    (-)'<-)•, 


In  case  F  involves  three  significant  parameters,  as  Fm^tt  we  have 
entirely  analogous  equations  which,  for  brevity,  we  write  as  follows  : 


=  ^  s  (  ±  n  ±  ) 
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The  connection  of  the  ambiguous  signs  in  these  equations  will  be  readily 
understood. 

In  case  F  has  all  its  parameters  significant,  there  are  16  equations 
analogous  to  the  preceding  ;  we  need  write  but  one  as  a  type  of  all  : 


Thus,  by  the  application  of  the  two  principles  of  zero  values  and  of 
pairs  of  values  of  opposite  signs,  we  succeed  in  breaking  the  system  of  linear 
equations  to  be  solved  into  several  subordinate  systems  entirely  independent 
of  each  other.  When  the  number  of  parameters  is  2,  it  is  evident  that  the 
number  of  these  subordinate  systems  is 

l.l-f-2.  2  +  4.  1  =  9  =  32; 
where  there  are  3  parameters  this  number  is 

1.1  +  2.  3  +  4.  3  +  8.1  =  27  =  33; 
and  when  the  number  of  parameters  is  4  (the  case  we  have  been  treating) 

the  number  is 

1.  1  +  2.  4  +  4.  6  +  8.  4  +  16.  1  =  81  =  3*; 

hence,  in  the  general  case,  where  there  are  k  parameters,  the  number  of 
independent  subordinate  systems  is  3*. 

After  having  shown  the  applicability  of  zero  and  parity  values  of  the 
parameters  for  breaking  the  system  of  linear  equations  into  detached  por- 
tions, it  remains  to  show  what  principles  should  guide  us  in  selecting  the 
values  of  the  parameters  for  which  the  special  values  of  the  function  are  to 
be  computed.  As  in  the  former  memoir  we  suppose  that  the  values  of  each 
parameter  are  taken  from  an  arithmetical  progression  of  which  one  term  is 
zero.  Let  d  denote  the  common  difference  in  this  progression  which, 
although  it  may  be  different  for  each  parameter,  we  designate  by  the  same 
letter,  just  as  before  we  employed  x  and  i.  Then,  in  the  first  instance,  the 
power  series  will  be  derived  in  the  form 


As  it  is  necessary  to  cut  off  the  power  series  at  some  limit,  it  is  desir- 
able to  choose  the  d  in  such  a  way  that  the  neglected  terms  should  vitiate 
as  little  as  possible  the  derived  values  of  the  A.  The  smaller  are  the  d  the 
smaller  is  this  vitiation;  but  practical  considerations  set  a  limit  to  this 
diminution.  Suppose  we  are  going  to  quantities  of  the  10th  order  of  small- 
ness  in  the  x,  and  decide  to  halve  the  d;  then,  as  210  =  1024,  it  will  be 
necessary  to  add  3  more  decimals  in  our  computations;  and  if  the  d  are 
diminished  to  a  tenth,  10  decimals  must  be  added,  which  procedure  could 
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not  generally  be  entertained.  Thus  nice  judgment  is  required  in  deciding 
on  the  magnitude  of  the  d.  As  good  a  rule  for  the  choice  as  can  be  given 
is  to  divide  the  range  over  which  the  parameter  is  supposed  to  play  by  the 
number  of  significant  exponents  it  is  to  receive  in  the  power  series.  Then 
the  selection  of  the  values  of  the  parameters  should  be  such  that,  in  a 
graphical  exhibition,  they  would  be  arranged  as  nearly  as  possible  in  a 
symmetrical  manner  about  the  origin  ;  and,  in  a  space  of  k  dimensions  if  A- 
is  the  number  of  parameters,  they  should  be  contained  within  the  ellipsoid 
who0e  axes  are  the  several  ranges. 

As  the  computation  of  special  values  of  the  function  constitutes  much 
the  larger  part  of  the  labor  incident  to  the  method,  it  is  desirable  to  insist  on 
the  limitation  that  no  more  special  values  are  to  be  computed  than  terms 
are  to  be  retained.  But  some  restrictions  must  be  put  on  the  employment 
of  the  two  principles  given  for  the  purpose  of  disintegrating  the  system  of 
linear  equations,  and  on  the  selection  of  values  of  the  parameters  for  which 
the  special  values  of  the  function  are  to  be  computed. 

If  F  is  computed  for  x  =  id,  x  =  id,  x  =  id,  x  =  id,  we  shall  call  tm 
the  argument  of  the  value  of  F.  Here  i  is  integral,  but  may  be  zero  or 
negative.  Then,  in  each  group  of  linear  equations  obtained  by  the  applica- 
tion of  the  first  principle,  it  is  plain  that  the  zeros  of  the  arguments  used 
must  fall  in  the  same  place  as  the  zero  exponents  of  the  parameters;  thus, 
when  we  are  treating  the  group  whose  type  is  [tOOi],  the  arguments  of  the 
special  values  used  must  be  of  the  type  iOOt,  where,  however,  »  can  be 
negative.  The  first  principle  can  always  be  used,  but  it  is  desirable  to  limit 
the  selection  of  arguments  in  the  following  manner : — Dividing  the  terms 
into  Division  I,  where  all  the  exponents  are  zeros,  Division  II,  when  all  but 
one  are  zeros,  and  III  where  all  but  two  are  zeros,  and  so  on;  if  we  have 
used  an  argument  such  as  iu'O  in  Division  IV,  it  is  necessary  to  use  the 
arguments  t't'OO,  t'Ot'O,  Oi'iO  in  the  preceding  or  here  Division  III,  understanding 
that  the  t  in  the  second  case  are  identical  with  those  standing  in  the  same 
place  in  the  first.  Hence  the  proper  method  of  selecting  the  arguments  to 
be  used  seems  to  be  to  commence  at  Division  I,  for  which,  in  the  case  we 
exhibit,  the  argument  is  0000,  and  get  the  argument*  for  Division  II  by 
substituting  for  one  of  the  zeros  an  integer  positive  or  negative.  Then  the 
arguments  for  Division  III  are  got  from  these  by  substituting  for  one  of  the 
remaining  zeros  positive  or  negative  integers,  and  so  on  to  the  end.  These 
integers  should  constitute  in  each  case  an  arithmetical  progression  having 
zero  near  the  middle  of  it. 

With  regard  to  the  application  of  the  second  principle,  that  of  parity 
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values,  it  often  cannot  be  employed  without  introducing  non-independent 
equations.  The  remedy  for  this  state  of  things  is  to  cut  down  the  operation 
to  a  half  stage  or  even  to  a  quarter  stage,  and,  in  some  cases,  not  to  employ 

it  at  all. 

These  matters  cannot  be  well  set  forth  without  the  help  of  an  example. 
We  adopt  that  of  the  preceding  memoir.  It  is  characterized  by  saying  that 
it  involves  four  parameters,  two  of  which  are  regarded  as  of  the  first,  and 
two  of  the  second  order  of  smallness ;  and  all  terms  above  the  eighth  order 
are  to  be  neglected.  This  demands  the  presence  of  175  terms  in  the  power 
series.  How  they  are  disintegrated  into  81  subgroups  by  the  application 
of  our  two  principles  in  shown  in  the  following  table.  As  each  term  is 
sufficiently  characterized  by  the  exponents  of  the  four  parameters,  nothing 
else  is  set  down,  and  the  terms  of  each  subgroup  are  connected  by  the  sign  +  . 
In  addition,  the  exponents  of  the  first  term  are  set  down  as  they  are,  but  the 
following  terms  of  the  line  are  divided  by  the  first  term,  as  the  quotients 
are  more  useful  than  the  terms  themselves. 


d 

Or 

3 

3 

I 

Quotients. 

!» 

B 

*2  ^* 

Ij 

a 

o 

00 

a 

I 

1 

1 

0000 

2 

2000 

+2000+4000+6000 

2 

3 

1000 

"    "     " 

4 

0200 

+0200+0400+0600 

5 

0100 

"    "    " 

6 

0020 

+0020 

7 

0010 

" 

8 

0002 

+0002 

9 

0001 

10 

2200 

+2000+0200+4000+2200+0400 

11 

1200 

«          «         «          (C          « 

6 

12 

2100 

«    «    «•    «    « 

13 

1100 

+  "    "    "    "          +6000+4200+2400+0600 

(t 

14 

2020 

« 

III 

15 

1020 

« 

16 

2010 

"  +0020   " 

17 

1010 

"    "    " 

18 

2002 

<< 

8 

19 

1002 

" 

20 

2001 

"  +0002   " 

21 

1001 

"    " 
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1 

i 

Al 

| 

Quotient*. 

s 

0 

I 

5 

88 

MM 

+0800 

9 

23 

BUM 

M 

84 

mo 

«  -fOOSO-l-0400 

25 

0110 

14        <l        «< 

86 

0803 

M 

III 

10 

87 

M 

niii-j 
QtOI 

« 

"  +0008   " 

89 

0101 

«        «        M 

80 

DOM 

11 

81 

0011 

• 

oon 

88 

0011 

-f0080   " 

84 

2220 

86 

laan 

36 

2120 

18 

87 
88 

2210 
1120 

+8000+0200 

U       II 

89 

12  10 

M       II 

40 

8110 

W       M 

41 

1110 

"    "  +0080+4000+2200+0400 

48 

MM 

48 

liM 

44 

2102 

4.r. 

2201 

ii    it 

13 

46 

1102 

14       II 

47 

1201 

II       II 

IV 

48 

8101 

II       II 

49 

1101 

"    "  +0002   "    "    " 

52 

8018 

68 

MM 

M 

1012 

86 

1021 

66 

8011 

M 

67 

1011 

u 

60 

0818 

61 

am 

15 

• 
68 

0112 
0121 

64 

0211 

+0800 

66 

0111 

u 

76 

8811 

77 

8111 

1  i* 

78 

1211 

V 

16 

79 

1121 

80 

1118 

81 

1111 

+8000   « 
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The  16  groups  in  the  table  are  the  result  of  the  application  of  the  first 
principle;  the  81  sub-groups  result  from  the  further  application  of  the 
second  principle.  It  will  be  noticed  that  14  out  of  the  81  sub-groups  do  not 
appear  in  the  table  ;  this  is  because  their  terms  are  all  above  the  8th  order. 
The  success  of  the  application  of  the  two  principles  is  well  shown  by  the 
table.  Out  of  81  sub-groups  there  is  only  one  (the  13th)  which  consists  of  as 
many  as  10  equations  and  10  unknowns;  two  groups  have  7,  and  three 
have  6  ;  and  23  groups  consist  of  a  single  equation  giving  the  value  of  one 
coefficient  each. 

The  following  table  shows  a  selection  of  arguments  which  may  be  em- 
ployed in  our  illustrative  example.  The  ambiguous  signs  must  be  taken  in 
every  possible  combination;  thus  three  in  one  argument  denote  eight 
different  arguments. 


Division. 

! 

o 

Arguments. 

I 

1 

0000 

2 

±1000 

±2000 

±8000 

±4000 

II 

3 
4 

0±1    0   0 
0   0±1    0 

0±2    0    0 
0    0±2    0 

0±3    0    0 

0±4    0    0 

6 
« 

0   0   0±1 

0    0    0±2 

±1±1    0   0 

±2±i  o  o 

±1±2    0    0 

±2±2    0    0 

±8±1    0    0 

±1±3    0    0 

1400 

2800 

3200 

4100 

7 

±1    0±1   0 

±2    0±1    0 

±1020 

±8010 

III 

8 
t 

±1   0   0±1 
0±1±1    0 

±2    0    0±1 
0±2±1    0 

±1002 
0±1    2    0 

±3001 
0±8    1    0 

10 

0±1    0±1 

0±2    0±1 

0±1    0    2 

0±8    0    1 

11 

0    0±1±1 

0021 

0012 

12 

±1±1±1   0 

±2±1    1    0 

±1±2    1    0 

2    1-1    0 

1    2-1    0 

2210 

3110 

1810 

1120 

IV 

18 
It 

±1±1    0±1 
±1    0±1    1 

±2±1    0    1 
±1    0    1-1 

±1±2    0    1 
±2011 

2    1    0-1 

1    2    0-1 

2201 

8101 

1301 

1102 

11 

0±1±1  1 

0±1    1-1 

0±2    1    1 

V 

U 

±1±1  1  1 

1    1-1    1 

1    1    1-1 

2111 

1211 

It  will  be  seen  from  this  table  that  the  second  principle  has  not  in 
every  case  been  pushed  to  its  limit.  Thus  in  Div.  IV,  Group  12,  if  we 
employ  the  8  arguments  ±l±l±10we  get  as  many  independent  rela- 
tions between  the  sought  coefficients ;  but,  if  we  annex  the  8  auguments 
±  2  ±  1  ±  1  0,  we  do  not  get  8  additional  relations  but  only  6.  This  is 
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explained  by  the  fact  (consult  the  arrangement  of  terms  in  Group  12  in  the 
first  table)  that  the  first  8  give  the  values  of  3  coefficients,  and  the  second  8 
also  give  them. 

We  will  catalogue  all  the  deviations  from  a  complete  parity  treatment 
in  the  foregoing  table.  In  Group  6,  the  parity  treatment,  here  involving 
two  steps,  haa  been  applied  only  in  six  cases,  while  four  arguments  are 
without  it;  to  have  applied  it  to  the  latter  would  have  introduced  super- 
fluous relations.  In  Groups  7-10  we  have  two  instances  of  parity  treatment 
to  two  steps,  and  two  to  one  step.  In  Group  11  one  instance  of  this  treat- 
ment to  two  steps  and  two  arguments  without  it.  In  Groups  12  and  13  one 
instance  to  three  steps,  two  to  two  and  six  arguments  without  it.  In 
Groups  14  and  15  one  instance  to  two  steps  and  two  to  one.  In  fine,  in 
Group  16  one  instance  to  two  steps  and  four  arguments  without  it. 


But  it  is  much  easier  to  comprehend  the  principles  which  should  be  fol- 
lowed in  the  choice  of  the  arguments  through  a  graphical  exhibition.  The 
175  arguments  in  our  example,  since  they  are  to  four  elements,  can  be 
represented  in  a  space  of  four  dimensions.  By  drawing  in  this  space 
3.6  =  15  planes  properly  chosen,  the  points  representing  the  arguments  will 
all  lie  in  these  planes.  We  adopt  here  for  the  coordinates  the  notation  of 
the  first  memoir,  viz.,  zx'yy'.  In  the  adjacent  diagram  the  upper  oblique 
square  with  its  two  adjacent  points  constitutes  a  table  of  contents  or  index 
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to  the  graphs  of  the  15  planes  shown  below ;  it  bears  on  the  coordinates 
y  and  y1  or  the  third  and  fourth  constituents  of  the  argument.  These 
graphs  are  placed  relatively  to  each  other  as  the  points  of  the  index  which 
belong  to  them.  By  this  device  we  are  enabled  to  represent  on  a  plane, 
sufficiently  for  our  purposes,  a  space  of  four  dimensions.  Moreover,  the 
graphs  are  placed  so  as  not  to  interfere  with  each  other,  the  coordinates 
x  and  a/  being  measured  from  the  central  point  of  the  oblique  squares. 
The  introduction  of  the  latter  into  the  diagram  has  no  other  object  than  to 
enable  the  eye  to  grasp  quickly  the  law  of  distribution  of  the  points. 

It  will  be  perceived  that  5  of  the  graphs  reduce  to  a  single  point ;  they 
may  be  called  oblique  squares  to  side  0.  Next  4  graphs  consist  of  oblique 
squares  to  side  1  and  they  all  have  one  point  exterior  to  the  square.  Again 
there  are  3  graphs  to  side  2  with  2  exterior  points.  Next  2  graphs  to  side  3 
with  3  exterior  points ;  and  finally,  a  single  graph  to  side  4  with  4  exterior 
points.  With  regard  to  these  exterior  points,  it  must  be  explained  that  the 
positions  they  may  have  in  the  diagram  are  not  unique.  Let  us  suppose  that 
the  positions  lying  nearest  the  perimeter  of  an  oblique  square  and  exterior 
to  it  are  called  the  adjacent  points;  they  are  in  number  four  times  the 
number  expressing  the  side  of  the  square,  and  they  can  be  joined  by  straight 
lines  so  as  to  form  rectangles.  Then  the  exterior  points  must  be  distributed 
in  such  a  way  that  each  rectangle  shall  receive  one  and  but  one  point  at  some 
one  of  its  angles.  It  is  not  necessary  that  a  similar  arrangement  should  be 
adopted  for  all  or  for  some  of  the  graphs  ;  it  may  be  varied  at  will.  In  the 
diagram  the  exterior  points  are,  in  all  cases,  placed  to  the  upper  and  right 
side  of  the  square.  As  to  the  arrangement  of  the  squares  in  reference  to 
the  magnitude  of  their  sides,  it  will  be  perceived  that  on  the  one  hand  the 
limit  is  a  square  of  the  side  0,  and  on  the  other  a  square  of  side  1 ;  and,  as 
we  pass  inwards  towards  the  centre,  at  every  step  the  side  augments  by  2 
but  when  we  arrive  at  the  middle  column,  it  is  only  a  half-step  on  the  right 
hand,  while  it  is  a  whole  step  on  the  left.  This  is  for  an  even  number  of 
parameters ;  for  an  odd  number,  the  half  steps  do  not  exist. 

The  number  of  points  in  each  graph  is  shown  by  the  following  scheme  : 


1.1 

1.1  +  2.3 


+  2.3  +  3.6 


-=175. 


1.1  +  2.3  +  3.5  +  4.7 

1.1  +  2.3  +  3.5  +  4.7  +  5.9 

The  regularity  apparent  in  the  diagram  is  due  to  the  tabulation  of  the  points 
under  the  headings  of  two  of  the  parameters.     However,  after  the  diagram 
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is  formed,  it  will  not  be  difficult  to  distribute  the  arguments  under  the 
headings  of  the  groups.  It  will  be  noticed  that  the  exterior  points  are 
each  a  half-unit  distant  from  the  perimeters  of  the  squares.  As  we  have 
placed  them  they  may  be  included  in  a  rectangle  having  one  more  column 
in  one  direction  than  in  the  other. 

When  we  have  the  arguments  of  the  special  values  which  determine 
the  coefficients  of  a  sub-group,  it  is  easy  to  write,  with  the  assistance  of  the 
first  table,  the  determinant  belonging  to  the  solution.  Thus,  in  Sub-group 
13  of  our  example  the  determinant  is 


IV  !• 
V.I* 
IV  2» 
2V  2» 
V.I* 
IV  3» 
4V  !• 
3V  2» 
2V  3» 
IV  4» 

IV  !• 
V.I* 

IV  2» 
2V  2« 
V.I* 
IV  3» 
4*  1* 
3V  V 
2V  3» 
IV  4» 

IV  I1 
2V  !• 
IV  21 
2V  2» 
3V  I1 
IV  31 
4*  1* 
3V  2* 
2V  31 
IV  4» 

2V 
IV 

3V 
IV 
4V 
3V 

2» 
2« 

3» 
2» 
4» 

IV  I1 
2V  1* 

2V  2« 
3V  I1 

4V  1» 

3V  2* 
2V  3' 

IV  I4 
2V  I4 

2V  24 
3V  I4 
IV  34 
4V  I4 
3V  24 
2V  34 
IV  44 

2V 
3V 

4V 

3V 

2« 
!• 

!• 
2* 

2V  I1 
IV  2' 
2V  2« 
3V  I1 
IV  31 
4V  I1 
3V  2' 
2V  3» 
IV  4» 

IV  I4 
2V  I4 
1*  24 
2V  24 
3V  I4 
IV  34 

3V  24 
2V  34 
IV  44 

V.I* 
IV  2' 
2V  2« 
3V  !• 
IV  3« 
4V  !• 
3V  2* 
2V  3« 
IV  4« 

There  is  no  need  of  proving  that  these  determinants  are  non-vanishing,  aa 
they  are  all  met  with  in  the  problem  of  drawing  a  parabolic  curve  through 
a  definite  number  of  distinct  points  in  a  space  of  two  or  more  dimensions. 
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MEMOIE  No.  79. 
Integrals  of  Planetary  Motion  Suitable  for  an  Indefinite  Length  of  Time. 

(Astronomical  Journal,  Vol.  XXV,  pp.  1-12,  1905.) 

The  desirableness  of  having  in  our  possession  a  feasible  method  for 
procuring  expressions  for  the  coordinates  of  the  planets  not  limited  to  short 
intervals  of  time  about  an  adopted  epoch  cannot  be  disputed.  The  general 
theory  of  such  expressions  is  now  well  known,  and  the  difficulties  attending 
the  subject  are  reduced  to  those  of  elaboration.  It  must  be  confessed  that 
when  all  the  parameters  involved  are  left  indeterminate  in  the  formulas  the 
latter  have  a  degree  of  complexity  that  is  truly  frightful. 

Gyld6n  devoted  the  latter  years  of  his  life  to  the  investigation  of  this 
matter.  But  he  left  everything  in  an  incomplete  state,  and  it  is  obvious 
that  he  undertook  too  much  in  endeavoring  to  provide  for  the  eight  major 
planets  of  the  solar  sytems  at  once. 

Is  it  not  likely,  that,  leaving  supplementary  efforts  for  the  future, 
a  more  satisfactory  result  may  be  attained  by  advancing  with  a  lighter  load? 
In  accordance  with  such  a  view  1  have  undertaken  to  mark  out  a  practicable 
route  in  treating  the  simplest  case  suggested  by  the  constitution  of  the  solar 
system.  Let  us  suppose  that  Jupiter  and  Saturn  are  alone  considered,  and 
that  they  are  made  to  move  in  the  same  plane.  Also  let  the  masses  of  the 
three  bodies  concerned,  the  two  constants  called  protometers  by  Gylden, 
and  the  two  constants  attached  severally  to  the  integrals  of  living  force  and 
the  conservation  of  areas,  be  known  numerical  quantities.  It  is  proposed 
to  treat  the  problem  thus  limited.  The  deviations  in  passing  from  the  ideal 
to  the  actual  case  can  afterwards  be  estimated  by  methods  similar  to 
Lagrange's  variation  of  arbitrary  constants.  It  is  evident  that  the  coefficients 
of  the  various  inequalities  brought  out  in  the  treatment  of  the  simplified 
problem  will  be  functions  of  two  indeterminate  constants,  which  we  may 
designate  by  ec  and  e0',  and  which  are  the  moduli  of  the  deviations  of  the 
orbits  from  circularity.  These  functions  admit  of  development  in  powers 
and  products  of  these  constants,  the  multipliers  always  turning  out  as 
numbers.  It  is  the  latter  circumstance  which  renders  the  treatment  at  all 
practicable.  If  we  were  to  insist  on  the  four  linear  elements,  as  well  as  the 
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masses  being  kept  indeterminate  in  the  coefficients,  we  should  find  the  latter 
incapable  of  expression. 

The  fundamental  conceptions  of  Gyldfin  are  employed  in  the  following 
treatment,  and  I  desire  to  express  my  high  sense  of  their  value,  nevertheless, 
in  the  interests  of  brevity,  many  modifications  have  been  made  in  the  ulterior 
procedures. 

The  motions  of  Jupiter  and  Saturn  relative  to  the  Sun  are  treated 
simultaneously,  that  is,  as  if  we  were  concerned  with  the  motion  of  a  single 
point  in  a  space  of  four  dimensions. 

Let  the  following  scheme  show  the  notation  for  masses  and  rectangular 
coordinates: 

MUMI  Coordinates 
San                 M 

Japiter  •  f  9 

Saturn  nf  F  if 

The  motion  of  the  planets  relative  to  the  Sun  is  bound  up  in  the  ex- 
pressions of  two  functions;  first,  T  the  living  force  deduced  by  multiplying 
half  the  product  of  every  two  masses  by  the  square  of  the  velocity  of  one 
relative  to  the  other,  adding  the  three  terms  thus  obtained  and  dividing  by 
the  mass  of  the  system;  second,  fl  the  potential  function  equivalent  to  the 
sum  of  the  three  terms  given  by  dividing  the  product  of  every  two  masses 
by  their  distance.  Thus: 


JVM  Jim  IPMH  £ 

*  "  vr  +  v  +  vr1  +  *"  +  v(r  -  ?/  +  (,'  -  *)' 

By  putting 

_  (M  +  «nQ  m  (Jr-HM)m'  mm' 

"»~  jr+m  +  m"       *~  M+m  +  m"       *  ~  M  +  m  +  W 

we  may  write 

'     <*  "     *t"_ 


But  it  is  convenient  to  have  a  form  of  this  function  consisting  of  two  terms, 
each  involving  two  coordinates.  We  get  this  at  the  expense  of  complicating 
the  form  of  fl.  Submitting  to  this,  however,  we  introduce  two  hypothetical 
planets  for  the  actual.  Let  the  coordinates  of  the  former  be  x,  y  and  f,  ;/ 

•  Th*M  •qotUont  are  Identic*!  with  thoM  adopted  by  LafrtBf*  In  hi*  AM*.  «ze«pt  thtt  h«r«  tk* 
third  coordinate  U  made  to  ranlih.  One  may  coninlt  Laplace,  MtcatHq*»  Cttntt,  fnmOn  Pmrtlt, 
LIT.  II,  Art.  9,  especially  Kqaation  (7);  Tom.  I,  p.  Ill,  Old  Ed. 

VOL.  IV.—  11 
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connected  with  the  coordinates  of  the  actual  planets  (x  being  a  constant) 
by  the  equations 

?  =  x  +  xaf,         71  =  y  +  xy>,         ?  =  x'  +  xx,         i/  =  y'  +  xy  . 

Now  consider  the  quadratic  form 

^e'  +  ^f" 

By  the  substitution  this  becomes 

(X  +  //,«•  —  2  ,«,,*]  s1  +  |>,  +  A4*'  —  2/£,x]a^ 

If  x  is  adopted  so  as  to  satisfy  the  equation 


(we  can  take  the  smaller  root  of  the  quadratic)  the  term  in  xad  will  disappear. 
Instead  of  eliminating  x  eliminate  (ta  from  the  expression,  and  put 


and  the  quadratic  form  becomes 

mr1  +  m 

This  linear  transformation  being  applied  to  the  living  force  T,  gives  rise 
to  the  expression 

|  m>  <**"  +  <¥' 

J 


or,  using  r  for  the  radius  and  v  for  the  longitude,  in  terms  of  polar  co- 

ordinates. to 

„,     m  dr*  +  rW  ,      .  dr"  +  r"dv" 
T=m  > 


But  since  we  wish  Ii  to  involve  only  three  variables,  we  further  trans- 
form by  making 


which  leads  to 

>TT_  ^  di»  +  t  r»  (d*  +  d»)'  L  „,  dr"  +  i  r"  (d<fr  - 

J 


Denoting  the  variables  severally  conjugate  to  r,  r1,  q>,  4-  by  the  symbols 
a,  i/,  u,  w,  we  shall  have 


w  =  j  m>**  +  *+  + 
The  derivatives  being  eliminated  from  T  by  means  of  these  equations, 


The  potential  function  in  terms  of  the  variables  last  adopted  is 

mm' 
Mm 


'"  " 
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Putting  F  for  H —  T,  the  differential  equations  of  the  problem  are 

dFf 

dF 
37' 

nee  - 
value  may  be  substituted  in  T,  and  thus 


dt  _      dF  dtf  d/-'  du_  dF  dw 

'Jf  —           5t»  *  it  ;*..'  *  JIT  ~  3TT   *  /(•  51  "T 

C*  ***  C*  '•*  c  .'  '*•  wV 

dr          dF  dr"  dF  d*  _  dF  df  dF 

'it         d»  '  "'t  5>"  tu  ~  du '  3T " 


But  F  does  not  contain  ^,  hence  -,-  =  0  and  u>  =  h  a  constant.    This 


Kinploying  this  in  f  the  equations  of  the  problem  are  the  independent 

system  of  six: 

di          dF         U         dF         du         dF 

~  -  " 


*r__dF         dr/=_dF         d4>__dF 

with  the  equation  w  =  h,  and  the  equation  (to  be  treated  by  a  quadrature) 

d4>  _  _  dF 

We  have  still  one  more  integral  of  the  problem,  viz.,  F  =r  O  a  constant, 
and  t  is  not  explicitly  involved  in  the  equations.  Thus  we  may  dispense 
with  t  as  the  independent  variable  and  employ  some  other  in  its  place.  It 
is  well  known  that  Gyld6n's  aim  was  to  determine  the  radius  of  each  planet 
as  a  function  of  its  longitude,  and  thus  he  adopts  the  latter  as  the  indepen- 
dent variable.  But  we  are  almost  necessitated  to  have  only  one  independent 
variable  through  the  whole  treatment  of  the  problem.  It  will  be  advan- 
tageous to  select  a  variable  already  contained  in  the  equations.  The  only 
one  suitable  appears  to  be  <p  or  the  elongation  of  the  hypothetical  planets ; 

this  like  /  can  be  regarded  as  passing  from  —  w  to  +  » ,  and  -?  never  van- 
ishes.*   It  will  be  seen  that  ft  involves  this  variable  through  the  function 
cos  $,  hence,  no  elaboration  of  this  factor  is  needed  with  the  proposed  choice. 
By  division  of  the  differential  equations  we  obtain 

dF  dF  dF 

dt  ~d~r  M  'd~rT          du  d<b 


3" 


dF                      dF 

dr 

dt          dr1  _        3? 

j  .                        • 
'/  ' 

E 

'  dT'       3^~       dT' 

3*=   ~3T 

QU                                           0tf 

*T 

•  Th«  Julian  TMT  being  the  unit  of  tlm«,  •  rede  compnUtJon  bw  flT«B  81111"  Md  MIS*"  M  tb« 
(rtaU«t  and  lea*!  Talae*  of  ?. 
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Also  we  may  write 

dF 

30  =  57 

A  simpler  form  may  be  given  to  these  equations;  by  solving  the  equation 
F  =  C,  u  being  regarded  as  the  unknown,  we  arrive  at 

u  =  W  a  function  of  r,  /,  s,  s',  0 
Then  we  may  write 

ds  _       dW         dj^  _      dW         du  _      dW 
30          9r  '        d<f>          dr  '        30          90 

dr  =   _dW         d^=_dW         dt  _    _dW 
30          9s  '        d<j>          ds  '        30         9 1/ 

to  which  may  be  added 

d<J>_  _dW 
30          dh 

The  four  differential  equations  bearing  on  the  variables  r,  r1,  s,  s'  con- 
stitute an  independent  system  to  be  integrated  by  itself.  Thus,  r,  r1,  s,  d 
will  be  got  as  functions  of  $  the  independent  variable.  The  remainder  of 
the  work  on  the  problem  consists,  first,  of  a  quadrature  executed  on  the 

equation 

dt  _    _dW 
30         917 

by  means  of  which  t  will  be  obtained  as  a  function  of  $,  and,  by  inversion,  $ 
as  a  function  of  t;  and,  second,  of  a  quadrature  executed  on  the  equation 

d<l> _  _dW 
30"         9~T 

by  which  4*  will  be  had  as  a  function  of  <f>,  and  thence  of  t. 

It  will  be  seen  that  these  operations  introduce  six  additional  arbitrary 
constants,  which,  with  h  and  C,  make  up  the  eight  demanded  by  the 
problem. 

If  it  is  thought  undesirable  to  keep  h  and  G  evident  in  the  expression 
of  W,  we  can  have  recourse  to  the  equations 

30 dF          dv h  -j-  W         dif h  —  W 

We  have  now  to  consider  the  derivation  of  W.  This  is  obtained  from 
the  solution  of  a  quadratic.  This  quadratic  is 


,  =  g(      C) 

mr*  m'r"  ^      V)      m 
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To  flimplify  the  solution  of  this  we  can  put 

1 


Whence  may  be  derived 


The  quadratic  in  Fcan  be  given  the  form 


This  equation  will  be  more  useful  to  us  in  deriving  the  value  of  For  IF  than 
the  equation  involving  the  auxiliary  angle  » . 

Since  W  involves  no  less  than  four  square  radicals,  it  is  sufficiently  plain 
that,  with  the  four  dependent  variables  r,  r1,  s,  tt,  nothing  can  be  accom- 
plished in  the  line  of  integration.  We  are  therefore  led  to  make  a  trans- 
formation of  variables  such  that  the  radicals  in  the  expression  of  IF  may  be 
got  rid  of.  GyldeVs  notions  relative  to  this  step  in  the  treatment  of  the 
planetary  problem  are  valuable,  but,  what  is  singular,  he  has  never  given  a 
philosophical  presentation  of  them.  We  adopt  the  essential  part  of  them, 
reserving  the  privilege  of  making  extensive  modifications  in  the  remainder. 

We  bear  in  mind  that  it  is  always  possible  to  study  the  form  of  orbits 
without  regard  to  the  question  as  to  what  particular  points  the  planets  oc- 
cupy at  stated  times.  To  show  what,  in 
fact,  is  at  the  bottom  of  GyldeVs  princi- 
ples, the  annexed  diagram  is  drawn.  Let 
the  curve  PlPtPt  be  a  portion  of  the  rel- 
ative orbit  of  a  planet  about  the  sun  <S'. 
Suppose  we  have  it  in  our  power  to  draw 
the  tangents  to  the  curve  at  the  points  Pt, 
Pt,  />,.  These  tangents  may  be  regarded  V  *• 

as  the  traces  of  mirrors   perpendicular  to 

the  plane  of  the  orbit,  and  SPt,  SPtt  SPt  being  rays  of  light  emanating  from 
the  Sun  let  the  directions  of  the  reflected  rays  be  />,/*,,  P^F*  P9Ft.  Next 
adopt  a  linear  magnitude  a,  named  the  protometer  by  Gylden,  and  take  the 
points  F  so  that  generally,  SP  +  PF  shall  equal  double  this.  The  fixed 
point  S  being  called  the  occupied  focus  of  the  curve,  the  points  Flt  Ft,  Ft 
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may  be  called  the  empty  foci  of  the  curve  severally  belonging  to  the  points 
PI,  Pz,  PS  and  correspondent  to  the  protometer  a.  As  the  point  P  moves 
along  the  curve  from  P1  through  P2  to  P3  the  general  empty  focus  F  will 
move  on  a  curve  starting  from  FI,  passing  through  Ft  to  Fs.  As  we  have 
drawn  the  radii  SP,  so  we  may  draw  the  radii  SF.  Note  the  general  quotient 

SF 
SP  +  PF 

of  which  the  denominator  is  constant;  this  is  called  the  eccentricity  (Gyl- 
den's  diastem)  of  the  orbit  at  the  point  P  correspondent  to  protometer  a. 
Also  the  direction  of  SF  is  that  of  the  apsides  at  P  correspondent  to  proto- 
meter a ;  and  the  difference  of  the  directions  SP  and  FS  taken  so  as  to 
augment  with  the  motion  of  P  is  called  the  true  anomaly  (Gylden's  dias- 
tematic  argument)  at  P  correspondent  to  protometer  a. 

The  properties  of  the  orbit  may  then  be  studied  in  the  path  of  the  empty 
focus  F.  There  is  nothing  which  necessitates  a  determinate  value  for  a,  but 
practical  considerations  lead  us  to  adopt  a  value  making  F  move  much  more 
slowly  than  P.  It  is  easy  to  see  that  a  value  may  be  adopted  such  that 
when  P  makes  a  movement  of  the  order  of  the  solar  mass,  F  makes  a  move- 
ment of  the  order  of  the  disturbing  planetary  masses.  If  we  have  no  other 
information  as  to  a  proper  value  for  a,  we  may  use  the  semiaxis  of  the  in- 
stantaneous ellipse  which  prevails  at  any  moment,  or  half  the  sum  of  the 
radii  at  a  perihelion  and  an  aphelion  passage  if  the  latter  are  consecutive. 
The  protometer  is  a  superabundant  constant;  if  it  is  left  indeterminate  in 
the  integrals  of  the  problem,  on  their  substitution  in  the  original  differential 
equations,  the  latter  will  fail  to  be  satisfied  unless  a  condition  is  established 
enabling  us  to  reduce  the  number  of  introduced  constants  by  a  unit.  It  is 
not  necessary,  however,  that  the  eliminated  constant  should  be  a  proto- 
meter; we  may  elect  to  remove  one  of  the  others. 

In  the  theory  of  Jupiter  and  Saturn,  by  properly  adopting  a  and  a', 
the  empty  foci  of  the  two  orbits  may  be  made  to  move  so  slowly  that, 
omitting  minor  oscillations,  they  do  not  accomplish  what  may  be  called 
a  relative  revolution  in  their  positions  in  less  than  54  000  years. 

Precisely  as  we  have  had  a  protometer  and  empty  focus  for  the  planet's 
path,  we  may  have  similar  things  for  the  path  of  F.  Here  the  protometer 
will  generally  be  smaller  than  the  first,  and  the  path  of  the  second  order 
wholly  contained  within  the  path  of  the  first  F.  In  stable  planetary  motion 
it  is  to  be  expected  that  when  the  operation  of  establishing  an  empty  focus 
is  repeated  many  times,  the  movement  of  the  last  F  may  be  small  enough 
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to  be  neglected,  and  we  thus  shall  have  an  empty  focus  as  fixed  as  the 
occupied  one  S. 

Limiting  our  attention  to  the  empty  focus  of  the  first  order,  we  Me 
that  when  we  have  adopted  a  value  for  the  protometer  and  know  the  position 
of  the  corresponding  empty  focus  with  the  longitude  of  the  planet,  we  know 
the  position  of  the  latter  in  space  as  well  as  its  velocities,  it  being,  of  course, 
assumed  that  we  know  the  value  of  W  or  V  at  the  moment  concerned. 
For  convenience  in  graphic  exhibition  we  have  supposed  in  the  diagram 
that  we  had  the  power  of  drawing  the  tangent  to  the  planetary  path  at  any 
point  It  does  not,  at  first  sight,  seem  that  the  knowledge  of  the  variable 

— 


could  be  tantamount  to  this;  but  when  it  is  noted  that 
we  see  that 


dr  _  »        dv  _  .  1  +  F 

S~5'         &=     '     mr 


dr  _       t*$  i*t 

3r  ~  A  (1  +  V)     JTTTP 

Thus,  if  we  know  the  values  of  «,  h  and  W,  the  tangent  can  be  drawn. 

It  is  apparent  from  all  this  that  the  planet  may  be  conceived  to  move 
at  each  moment  in  an  ellipse  with  a  constant  major-axis,  but  with  the  eccen- 
tricity and  the  line  of  apsides  in  constant  variation.  The  principle  of  the 
moving  empty  focus  has  been  invoked  chiefly  to  find  a  transformation  of  the 
four  variables  r,  T*,  «,  tf  suitable  for  the  purpose  of  enabling  us  to  get  rid  of 
the  square  radicals  which  appear  in  W. 

Let  us  call  the  protometer  a,  the  eccentricity  e,  and  the  true  anomaly  f 
(Gyld&n's  symbols  for  the  latter  are  rt  and  F.)  Then  we  propose  to  replace 
the  four  variables  r,  r',  «,  tf  by  the  four  f,  f,  e,  ef.  We  immediately  have 


"l+.OOf/'  "  1  -I-  /  COS/ 

and  it  only  remains  to  consider  what  functions  of  f,  f,  e,  tf  we  shall  substi- 
tute for  the  variables  $,  i/.  To  this  end  we  appeal  to  some  properties  of 
intermediate  orbits.  Let  us  put 


Then  the  potential  function  will  have  the  expression 

MB/ 

Mi*  .  Mnf  ,  1  —  * 
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For  the  intermediate  orbits  we  may  suppose  that  r  takes  the  place  of  A,  and 
/  the  places  of  A'  and  A".     By  putting 

Mm  = 

we  can  write 

n  _  A»m  ,      m       o 
'      £~~~      ~~ 
where 

*  =  - 


Let  the  intermediate  orbits  be  founded  upon  the  potential 


—          4. 

-  —  ' 


Then  it  is  plain  that  the  variables  s  and  «'  in  these  intermediate  orbits  will 
have  expressions  in  terms  of  /,  /',  e,  tl,  as  follow  : 


which  are  the  functions  we  shall  use. 
Compute  now  the  two  Jacobians 


dsdr  ,_  dJ  dr1      &  dr1 

'  -~ 


Then  the  differential  equations  in  terms  of  the  new  variables  will  be 

de  _dW  df  3W  ,de'_dW        „,<*/'- 

r^~37'       F5^-    "3?'        *-dj>-df"          **~ 
We  have 

_  m-n/fla   e  8ina/+  [2fl  +  (1  +  e8)  cos/]e  COB/_ 
=  VI—  «J~  (1  +  e  cos/)1  " 

consequently 

de  1       n/T=SdW        de'  _  1        »/ 


=  _ 
20          m'  V^o*      7~"    97 

These  equations  have  not  the  canonical  form,  but  it  is  easy  to  reduce  them 
to  it.     For  brevity  put 

1  1  „ 


in  ^  //a  m'  V  /^a7 

Then  we  adopt  the  variables  v\  and  >;'  of  the  order  of  the  squares  of  the 
eccentricities  to  replace  e  and  ef  and  such  that 
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whence  it  follows  that 


With  this  choice  of  variables  we  have  to  submit  to  the  slight  inconvenience 
of  having  half  powers  of  >?  and  rf  in  the  expression  of  W.    The  differential 

equations  become 

d*          QW         dj         dW 

~      "37'        <**  = 


"157'      2£"     37" 
The  two  protometers  a  and  a'  will  be  superabundant  constants,  but  we 
can  bring  it  about  that  there  shall  be  only  one  such  constant  by  supposing 
that  a  and  a!  are  adopted  not  in  an  arbitrary  manner,  but  so  as  to  fulfil  the 
equation 

T" '     of 

Thus  we  eliminate  C  which  is  replaced  by  the  two  constants  a  and  a'. 
This  restriction  does  not  impair  the  suitableness  of  these  constants  for  our 
purpose,  and  it  brings  about  a  marked  reduction  in  the  complexity  of  the 
quadratic  equation  which  determines  W.  Here,  with  profit,  we  may  intro- 
duce the  variable  semi-parameters 


By  putting  the  values 
«a 

into  the  expression 

pm  _  pm  _  *• 
r  "~3a      2  in 

it  becomes 


Thus  the  equation  for  W  takes  the  form 


where  the  variables  «  and  *'  have  been  eliminated  and  replaced  by  p  and  //, 
or,  what  is  the  same  thing,  by  0  and  cf.  At  first  sight,  it  might  appear  pos- 
sible to  get  rid  of  the  arbitrary  constant  h  by  putting  it  equal  to  a  function 
of  the  protometers,  and  thus  escape  having  any  superabundant  constants. 
But  h  essentially  depends  on  the  moduli  of  the  departure  of  the  orbits  from 
circularity,  hence  there  is  an  incongruity  in  supposing  that  h  depends  on  a 
and  a'.  After  the  integration  is  accomplished,  we  shall  find  that  the  differen- 
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tial  equations  are  not  satisfied  unless  a  condition,  which  may  be  put  in  the 

form 

h  =  funct.  (a,  a',  e0  ,  e'0) 

is  fulfilled.  But  we  suppose  that  the  numerical  values  of  both  h  and  C  have 
been  derived  from  observation  before  the  investigation  is  commenced.  It  is 
apparent  therefore  that  any  incongruity  in  the  values  assigned  to  a  and  a'  is 
simply  thrown  on  the  values  of  the  constants  e0  and  eV  As  the  values  of  the 
latter  are  supposed  to  be  determined  after  the  investigation  is  completed, 
we  need  not  pay  any  attention  to  the  matter. 

Employing  the  preceding  auxiliary  quantities  p  and  u,  and  putting 

^  _  laufa  ,,        ~  ~,  _  M'm'V  n        .,,  p  _  2R 

-^(l-e*),        K  =_S5_(l-e'),        x-j?f 

the  quadratic  for  V  takes  the  form 

V  +  2F  cos  2v  +  1  =  K  cos2v  +  K'  sin2u  +  Z 

=  $(K  +  K')  +  i  (K  —  K')  cos  2»  +  Z 
Let  us  make 


Then 

[F  +  cos  2v]2  =  A"  +  (24  +  M  )  cos  2«  +  cos2  2«  +  Z 

If  we  put 

N  =  A  +  coe2v    ,    N* 
we  have 

[F  +  cos  2t.]2  =  . 
whence  it  follows  that 

V-A  +  - 

f 


The  radical  in  this  expression  must  have  the  positive  sign. 

The  preceding  formulas  have  been  given  such  a  shape  that  the  greatest 
degree  of  accuracy  may  be  attained  by  the  use  of  logarithms  of  a  definite 
number  of  decimals.  We  note  that  X  is  of  the  order  of  the  planetary 
masses;  and,  in  the  case  of  Jupiter  and  Saturn,  the  numerical  value  of  cos 
2u  is  always  less  than  fc,  and  M  of  the  order  of  the  squares  of  the  eccentri- 
cities, hence  Mcos  2v  may  be  considered  as  of  the  same  order  as  X.  Thus 
Q,  always  within  the  limits  ±0.004,  is  of  the  same  order.  A  is  then  quite 
an  approximate  value  of  F.  The  computation  of  the  latter  is  facilitated  by 

2 
having  a  table  of  log  —  -  for  small  values  of  Q.     We  have  pre- 

ferred to  derive  F  instead  of  W,  because  it  is  independent  of  the  assumed 
linear  and  temporal  units  ;  to  have  W  multiply  F  by  the  constant  h. 
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It  is  proposed  to  develop  V  in  series  suitable  for  use  ID  the  further 
prosecution  of  the  subject  by  the  employment  of  special  values.  It  will  be 
found  convenient  to  have  the  development  in  two  forms.  First,  as  a  power 
series  of  four  rectangular  coordinates,  so  to  speak,  and  second  as  a  series  of 
periodic  terms  depending  on  argument*  whose  constituents  are  q>,  /and/. 
It  is  comparatively  easy  to  pass  from  one  to  the  other  of  these  forms.  We 
prefer  to  attack  the  development  by  way  of  the  first  form.  In  the  elaboration 
of  this  matter  is  seems  a  trifle  easier  to  employ  parameters  somewhat 
different  from  those  previously  suggested.  We  adopt  the  four  following: 


We  shall  then  have 

Frs 

where  the  A  are  periodic  functions  of  the  independent  variable  $,  such  that 


the  C  being  constants.  The  object  of  the  procedure  is  to  discover  the  values 
of  the  C  from  the  special  values  of  F  corresponding  to  chosen  values  of  the 
five  parameters  x,  x1,  y,  j/f  $. 

The  second  or  polar  form  for  F  may  be  given  in  terms  of  rj  and  if 
instead  of  e  and  tf;  it  is 


where  y  may  not  receive  negative  integral  values,  while  t  and  C  do.  The  A 
in  this  expression  are  constants  whose  numerical  values  result  from  the 
proposed  method. 

With  the  chosen  parameters  the  radii  have  the  expressions 


Let  us  suppose  that,  in  the  considered  development  of  F,  all  terms  of  an 
order  greater  than  the  eighth  with  respect  to  eccentricities  may  be  neglected; 
and  that  the  quantities  A  are  to  be  pushed  so  as  to  stop  with  the  term  <?„ 
cos  15$;  then  it  is  evident  that  the  number  of  constant  coefficients  (7  is 

1«  [1.5.9  -f  8.4.7  +  3.3.6  -f  4.2.3  +  5.1.1]  =  8800 

We  shall  thus  be  obliged  to  compute  2800  special  values  of  F.  But,  not  to 
be  too  greatly  appalled  at  this,  we  see  that  very  large  portions  of  the  com- 
putations involved  are  identical  throughout  certain  groups  in  the  2800  values. 
In  order  to  save  labor  we  must  arrange  our  work  in  such  a  manner  that 
there  are  no  virtual  repetitions  even  of  arithmetical  operations.  For  instance, 
having  to  make  our  computations  for  the  16  values  of  <p,  viz.,  0°,  12°,  24°, 
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.  .  .  180°,  we  notice  that  the  only  way  $  is  involved  in  F  is  by  the  factor 
cos  <£>;  hence,  when  $  is  in  the  second  quadrant,  the  terms  having  it  as  factor 
are  to  be  got  by  negativing  the  corresponding  terms  when  $  was  in  the  first 
quadrant. 

It  is  impossible  to  give  here  such  a  development  of  F  as  has  just  been 
described,  nevertheless  I  propose  to  exemplify  the  process  by  giving  some 
details  for  the  special  value  $  =  60°.  We  must  then  compute  175  values 
of  F.  First,  it  is  necessary  to  mention  the  values  adopted  for  the  masses, 
the  two  protometers  and  the  two  constants  C  and  h  added  severally  to  the 
equations  of  living  forces  and  conservation  of  areas.  Let  the  Julian  year 
be  the  unit  of  time,  and  the  Earth's  mean  distance  from  the  Sun  the  linear 
unit.  Let  us  assume  the  data  : 

Masa  in  terms  of  log  («  in  terms  of 

Sun's  mass  n  the  radian) 

Earth  innsW  1295977".4238  0.7981723029 

Jupiter          nubs;  109256".61518  9.7240226085 

Saturn  ^Vr.T  43996".08754  9.3289889243 

Whence  follow  the  values  of  the  logarithms  of  the  masses  : 

log  M  =1.5963432817    ,    log  m  =  8.576  2493  713 
log  m'  =  8.052  0767  483 

Thence  are  derived  the  values  of  the  constants  employed  in  the  preceding: 
log  /.,  =  8.575  8350  290    ,    log  /*2  =  8.051  9528  568 
log  /*"  =  5.031  4444  859     ,    log»c    =6.3418974798 
log  m  =  8.575  8349  808     ,    log  m'  =  8.051  9527  448 
log  ft  =1.5967576722    ,     log/  =  1.596  8818  368 

To  get  the  values  of  a  and  a',  we  have  the  equation  already  agreed  upon, 

^  +  &£  =  20 
a         a 

A  discussion  of  ephemerides,  derived  from  the  New  Tables  of  Jupiter  and 

Saturn,  gives 

2(7  =  0.33268  25845 

It  may  be  arbitrarily  assumed  that  the  ratio  may  be  obtained  from  the 
equation 

,  _  a'  _  P-  n" 


a  _ 

~ 


Thence  log  a  =  9.7366028224  ;  and  the  two  equations  combined  give 

log  a  =  0.716  2344  631    ,     log  a'  =  0.979  6316  407 
From  the  same  discussion  of  ephemerides  we  get 

h  =  0.37893  10781     ,    log  h  =  9.578  5602  254 
Having  now  the  values  of  the  necessary  constants,  the  formulas  for  the 
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special  value  $  =  60°  may  be  set  down.  The  special  values  of  x  and  x7  are 
selected  from  the  arithmetical  progression  —0.08,  —0.06,  .  .  .,  0.06,  0.08  ; 
those  of  y  and  \/  from  the  progression  —  0.0050,  —0.0026,  0.0000,  0.0026, 
0.0060.  Modifying  the  signi6cations  of  r  and  A,  the  following  formulas 
which  involve  constants  are  given  (the  numbers  within  brackets  are  common 
logarithms)  : 


A»    =1  +  0.00040  29904  -£-  +  0.00000  01684 
A*  =  1  +  0.00011  98120  -j^  +  0.00000  00144   -p 
A"»  =  1  —  0.64525  89745  --  -f  0.29730  73492  - 

p*=         0.9810611839  -^-  +  0.9745047801 
,»coe2«  =         0.98106  11839  -£,-  —  0.9745047801    yj- 

-     -[7.2055623  922]  S   1  +0-00040  29904  f 
^  ,'  f-  ATA-l-1) 

-[5.891  1982  364]  r    1-HmoOll  98120  -^- 
ff  ~?*~       A'(A'+1) 

4-F6.529  3022  860]  r    I-P-"™  89745  -fr- 
p»  71"      A"(A"+1) 

The  following  table  gives  the  values  of  A  and  log  M  for  the  only 
combinations  of  the  values  of  y  and  y*  that  are  used;  d'  represents  0.0026. 

Arguments 

9  * 

T      ~r  A  lofjr 

0  0  .42653  77301  599  7.680  9425  816» 
—2  0  .43244  64917  631  8.062  1565  242n 
—1  0  .4295022721059  7.913  1787  711» 

1  0  .4235524392043  7.134  7777  062n 

2  0  .4205459573717  7.3245524816 
0  —2  .4275144143044  7.879  9102  207n 
0  —1  .4270263514632  7.791  7616  788n 
0  1  .4260486484730  7.531  6407  64  In 

0  2  .4255588044701  7.302  0514  923n 
—1      —1            .42998  75246  308  7.981  1656  474« 

1  1  .4230598056562  5.5849170982 
8          1            .4200497978427  7.5466291400 
1          2            .4225665977901  7.1589463351 

—1          1  .4290164707212  7.832  4670  973» 

1      —1  .4240445004359  7.441  7078  156* 
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The  175  values  of  V  and  of  the  derived  function  G  which  serve  better 
for  the  determination  of  the  coefficients  follow ;  all  are  to  13  places  of 
decimals;  the  horizontal  lines  delimit  the  16  groups;  the  first  G  is  omitted 
as  it  is  identical  with  the  corresponding  71* 


No. 

Argument 

V 

G 

<    < 

i 

< 

1 

0   0 

0 

o 

.42607  46965  557 

2 

—4   0 

0 

0 

.42658  69065  999 

—  12  80525  110$ 

3 

—3   0 

0 

0 

.42643  33658  278 

—  11  95564  2404 

4 

—2   0 

0 

0 

.42629  88798  411 

—  11  20916  427 

5 

—1   0 

0 

0 

.42618  01784  162 

—  10  54818  605 

6 

1   0 

0 

0 

.42598  03943  278 

—  943022279 

7 

2   0 

0 

0 

.42589  56291  947 

—  8  95336  805 

8 

3   0 

0 

0 

.42581  90638  313 

—  852109081$ 

9 

4   0 

0 

0 

.42574  95984  151 

—  812745351$ 

10 

0  -Hi 

0 

0 

.42569  15912  989 

+  9  57763  142 

11 

0  —3 

0 

0 

.42577  87633  688 

+  9  86443  956$ 

12 

0  —2 

0 

0 

.42587  12863  433 

+  1017051062 

13 

0  —1 

0 

0 

.42596  97198  701 

+  1049766856 

14 

0   1 

0 

0 

.42618  69350  754 

+  1122385197 

15 

0   2 

0 

0 

.42630  72560  656 

+  1162797549$ 

16 

0   3 

0 

0 

.42643  66015  374 

+  1206349939 

17 

0   4 

0 

0 

.42657  60587  540 

+  1253405495f 

18 

0   0 

—2 

0 

.43202  73981  346 

—297  63507  894$ 

19 

0   0 

—  1 

0 

.42905  14744  700 

—297  67779  143 

20 

0   0 

1 

0 

.42309  71356  838 

—297  75608  719 

21 

0   0 

2 

0 

.42011  88635  244 

—297  79165  156$ 

22 

0   0 

0 

—2 

.42699  90167  611 

-  46  21601  027 

23 

0   0 

0 

—  1 

.42654  09550  516 

—  46  62584  959 

24 

0   0 

0 

1 

.42560  00405  323 

—  47  46560  234 

25 

0   0 

0 

2 

.42511  67793  591 

—  47  89585  983 

26 

—1  —1 

0 

0 

.42606  56238  373 

95778  933 

27 

1   1 

0 

0 

.42608  34132  997 

—   92195  478 

28 

—1   1 

0 

0 

.42630  31492  094 

—  1  07322  735 

29 

1  —1 

0 

0 

.42588  36915  790 

—   82739  368 

30 

—2  —1 

0 

0 

.42617  31408  338 

—  1  03811  608$ 

31 

2   1 

0 

0 

.42599  06615  124 

—   86031  010 

32 

—2   1 

0 

0 

.42643  44613  541 

—  1  16714  966$ 

33 

2  —1 

0 

0 

.42580  61300  834 

77387  871$ 

34 

—1  —2 

0 

0 

.42695  86133  903 

—   90774  067$ 

35 

1   2 

0 

0 

.42619  34273  162 

—   97632  607$ 

•  The  reader  is  referred   to  A.  J.,  No.  567,    »nd  Amer.  Jour.  Math.,  Vol.  XXVII,   for  further 
explanation.    Memoirs  Nog.  77,  78. 
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Wo. 

Arfnmtnl 

r 

I 

<         <         « 

i 

86 

—180 

0 

.48648  66401  477 

—    114011108 

87 

1—8      0 

0 

.48579  87061  368 

—       78610  107 

38 

—8  —8      0 

0 

.48605  61728  808 

—       98841  869} 

39 

880 

0 

.42609  17946  109 

—       90985  234* 

40 

—880 

0 

.42658  11299  314 

—    1  84886  461 

41 

8—8      0 

0 

.42578  16599  647 

—       73608  466 

• 

—3—1      0 

0 

.48689  44381  336 

—    1  13170  028| 

43 

310 

0 

.42590  71252  144 

—       80590  455* 

44 

—810 

0 

.42668  39221  886 

—    127726137 

45 

8—1      0 

0 

.42573  58809  032 

—       72645  858* 

46 

—1—8      0 

0 

.42585  83853  549 

—       86199  581* 

47 

130 

0 

.42631  12095  383 

—    1  03632  570} 

48 

—130 

0 

.42657  85136  233 

—    121434084} 

49 

1—8      0 

0 

.42570  69070  294 

—       74819  628* 

60 

380 

0 

.42600  06443  053 

—       85131  726* 

61 

830 

0 

.42619  96703  738 

—       96439  671 

52 

410 

0 

.42583  15338  857 

75757  622} 

53 

140 

0 

.42643  76450  170 

—     1  10278  772} 

64 

0      0—1 

—  1 

.4295085717572 

—       91612  087 

55 

001 

1 

.42261  31404  584 

—       93392  020 

66 

0      0—1 

1 

.42858  61411  708 

—       93227  242 

57 

001 

—  1 

.42357  26708  394 

—       97766  597 

58 

0      0      S 

1 

.41962  55137  645 

—       93468  682* 

69 

001 

8 

.42218  03787  050 

94228  911 

60 

—1      0  —1 

0 

.42924  09891  117 

+    8  40327  818 

61 

101 

0 

.42307  81172  646 

-|-     7  52838  087 

62 

—101 

0 

.42311  83237  274 

+     8  42938  169 

H 

1      0—1 

0 

.42888  20629  923 

+     7  51092  498 

64 

—8      0  —1 

0 

.42945  42659  496 

+     8  93040  971 

65 

SOI 

0 

.42306  09573  591 

-|-     7  14445  181* 

66 

—801 

0 

.42314  20669  271 

+     8  96260  210* 

67 

8      0—1 

0 

.42872  98052  077 

+     7  13009  506* 

68 

108 

0 

.48017  52952  802 

+     7  53669  918* 

69 

—  1      0      i 

0 

.48005  56058  656 

+     844197596* 

70 

301 

0 

.42304  64020  198 

+     679663534} 

71 

—301 

0 

.42316  88492  105 

+    956519151* 

78 

0  —1  —1 

0 

.42886  99701  766 

—    766876078 

78 

0      1      1 

0 

.42312  68659  512 

—    885088523 

74 

0—1      1 

0 

.42306  88639  735 

—    767049753 

76 

0      1—1 

0 

.42924  59664  401 

—    822534504 

76 

0  —2  —1 

0 

.42870  02063  061 

—    739894762* 

77 

081 

0 

.42315  82494  287 

—    857228865 

78 

0—8      1 

0 

.42304  18786  785 

—    740766035* 
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No. 
79 

Argument 
i    i    i    i 

02—10 

F 
.42945  48709  669 

G 

—  8  54184  935 

80 

0   1 

2   0 

.42006  58396  977 

—  826311732 

81 

82 
83 

0  —1 
0   3 
0  —3 

2   0 
1   0 
1   0 

.42016  74658  131 
.42319  15078  648 
.42301  60263  708 

—  7  67894  871$ 
—  8  91776  002$ 
7  16079  579f 

84 

—1   0 

0  —1 

.42667  87841  359 

+  3  23472  238 

85 

1   0 

0   1 

.42553  54568  960 

+  297185916 

86 

—1   0 

0   1 

.42567  22868  258 

+  3  32355  670 

87 

1   0 

0  —1 

.42641  76925  208 

+  2  89603  029 

88 

—2   0 

0  —1 

.42683  38236  934 

+  3  43426  782 

89 

2   0 

0   1 

.42547  74072  869 

+.  282170578 

90 

—2   0 

0   1 

.42575  35990  131 

+  3  53124  023 

91 
92 

2   0 
1   0 

0  —1 
0   2 

.42630  68649  045 
.42508  26989  054 

+  2  75113  930$ 
+  301108871 

93 
94 
95 

—1   0 
3   0 
—3   0 

0   2 
0   1 
0   1 

.42515  48692  123 
.42542  49737  198 
.42584  57440  965 

+  3  36960  036$ 
+  2  68553  039$ 
+  3  76552  359$ 

96 

0  —1 

0  —1 

.42640  64709  066 

2  95074  594 

97 

0   1 

0   1 

.42567  97523  215 

—  325267305 

98 

0  —1 

0   1 

.42552  53433  701 

—  302795234 

99 

0   1 

0  —1 

.42668  48515  369 

—  316579656 

100 

0  —2 

0  —1 

.42628  04966  680 

—  285290856 

101 
102 
103 

0   2 
0  —2 
0   2 

0   1 
0   1 
0  —1 

.42576  50630  001 
.42545  51492  114 
.42683  92013  805 

3  37685  210$ 
—  292594457$ 
3  28434  095 

104 
105 
106 
107 

0   1 
0  —1 

0   3 
0  —3 

0   2 
0   2 
0   1 
0   1 

.42516  30638  533 
.42507  31605  566 
.42585  66437  708 
.42538  90076  639 

—  329770127$ 
—  306789415$ 
—  3  51005  810f 
2  83001  061 

108 

1   1 

1   0 

.42310  58853  156 

+   72573  314 

109 

—1   1 

1   0 

.42315  03254  566 

4-   84608  117 

110 

—1  —1 

1   0 

.42308  80287  354 

4-   75546  116 

111 

1  —1 

1   0 

.42305  16036  942 

4-   65157  969 

112 

2   1 

1   0 

.42308  70161  097 

4-   67673  426 

113 
114 

—2   1 
—2  —1 

1   0 
1   0 

.42317  67229  171 
.42310  94231  961 

4-   92086  353$ 
4-   81951  505 

115 
116 
117 
118 
119 

2  —1 
1   2 
—1   2 
—1  —2 
1  —2 

1   0 
1   0 
1   0 
1   0 
1   0 

.42303  59835  544 
.42313  50711  015 
.42318  42690  634 
.42305  92346  103 
.42302  61988  561 

+   60898  343$ 
+   76833  097$ 
+   89853  122$ 
+   71613  508$ 
+   61917  123 

120 

1   1 

—  1   0 

.42906  01583  824 

4-   71770  322 
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No. 

AH 

(nmti 

It 

r 

0 

< 

i 

< 

1 

121 

—  1 

1 

< 

0 

.4294546641449   + 

83507  896 

Ml 

—  1 

—1 

— 

0 

.42904  24359  261    + 

74710  089 

123 

1 

—  1 

— 

0 

.42871  52871  682    + 

64545  325 

124 

2 

2 

0 

.42311  42982  545    + 

71553  125J 

125 

1 

0 

.42306  99606  090    + 

63351  528 

HI 

1 

3 

0 

.42316  58611  180    + 

81538  145J 

127 

1 

1 

0 

.42012  76460  949    + 

72970  945J 

IV- 

2 

1 

— 

0 

.42889  36957  902    + 

66975  928 

Ml 

1 

2 

— 

0 

.4292507517229    + 

76906224 

130 

1 

1 

0 

1 

.42560  87731  296   + 

28239  922 

131 

—  1 

1 

0 

1 

.42575  94463  515    + 

32845  370 

132 

—  1 

— 

0 

1 

.42559  09517  703    + 

29400000 

133 

1 

— 

0 

1 

.42546  64928  980    + 

25407  726 

134 

1 

0 

1 

.42554  61840  905    + 

26356  082 

135 

—2 

0 

1 

.42584  95142  874    + 

35697  541 

136 

—2 

— 

0 

1 

.42566  45095  958    + 

31800  333 

137 

2 

— 

0 

1 

.42541  34343  104    + 

23766  943 

138 

1 

8 

0 

1 

.42568  69244  747    + 

29858  160 

139 

—  1 

2 

0 

1 

.42585  31449  857    + 

34832  647$ 

140 

—  1 

—2 

0 

1 

.42551  48200  089    + 

27896  587J 

141 

1 

—2 

0 

1 

.42540  14542  605    + 

24166  680 

142 

1 

1 

0 

—  1 

.42654  96567  531    + 

27127  051 

143 

—  1 

1 

0 

—  1 

.42683  65607  230    + 

31478  283 

144 

—  1 

—  1 

0 

—  1 

.42653  18979  640    + 

28241  336 

145 

1 

—  1 

0 

—  1 

.42629  39283  270    + 

24460144 

146 

2 

2 

0 

1 

.42561  71694  733    + 

27834  530} 

147 

3 

1 

0 

1 

.42548  79163  701    + 

24693  325} 

148 

1 

3 

0 

1 

.42577  04609  992    + 

31635  453 

149 

1 

1 

0 

2 

.42512  55279  918    + 

28820  700 

150 

2 

1 

0 

—  1 

.42642  84864  186    + 

25343  846 

151 

1 

2 

0 

—  1 

.42669  06826  634    + 

28648  324 

152 

1 

0 

1 

1 

.42262  47874  148    + 

9467  885 

153 

—  1 

0 

1 

1 

.42259  99658  292    + 

11271  013 

154 

—  1 

0 

—  1 

1 

.42874  35361  705    + 

11159  250 

155 

1 

0 

—  1 

1 

.42844  55092  763    + 

9390084 

156 

1 

0 

1 

—  1 

.42352  36690  008    + 

9230  923 

157 

-1 

0 

1 

—  1 

.42362  72033  168    + 

10972  342 

158 

2 

0 

1 

1 

.42263  51464  200    + 

8750  876 

159 

—2 

0 

1 

1 

.42258  49628  601    + 

12420162| 

160 

0 

1 

1 

1 

.42260  92414  414 

11025497 

161 

0 

—  1 

1 

1 

.4226161124863 

9642193 

162 

0 

—  1 

—  1 

1 

.42843  39600  940 

9563068 

VoL  IV. -tt. 
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No. 

Argument. 

F 

o 

i    «    i 

i 

163 

0    1—1 

1 

.42874  91980  464 

10916  360 

164 

Oil 

—  1 

.42363  50324  033 

10733  551 

165 

0—1   1 

—  1 

.42351  38515  611 

9400  844 

166 

021 

1 

.42260  43481  118 

11845  194J 

167 

0—2   1 

1 

.42261  82134  327 

—    9055  463 

168 

111 

1 

.42262  19060  681 

+    1558  900 

169 

—111 

1 

.42259  48582  121 

+    1955294 

170 

—1  —1   1 

1 

.42260  40168  769 

+    1622  880 

171 

1—1   1 

1 

.42262  68459  023 

+    1309  122 

172 

1   1—1 

1 

.42859  48403  716 

+    1531  925 

173 

111 

—  1 

.42358  13051  049 

+    1505  625 

174 

211 

1 

.42263  31294  705 

+    1411  817 

175 

121 

1 

.42261  81500  213 

+    1716  0914 

From  the  preceding  data  is  derived  the  following  development  of  Ffor 
the  special  case  of  $  =  60°.     It  is  given  in  both  of  the  forms, 


F  = 


V=rAxtx"yty" 


as  the  first  more  readily  than  the  second,  enables  us  to  see  how  well  the 
development  represents  the  function  in  the  region  played  over  by  the  special 
values  of  the  parameters.  The  coefficients  of  the  first  form  are  in  units  of 
the  13th  decimal,  and  the  fraction  is  appended,  so  that  if  substituted  in  the 
linear  equations  they  should  rigorously  reproduce  the  special  values  of  V, 
In  the  second  form  the  coefficients  are  carried  to  such  a  number  of  decimals 
as  the  case  seems  to  warrant. 


Fact  A 

x  9  95887  358  VW 

x1  +       55734  500  |H 
Xs  3024  283  H 

x4  +  163 188  *M 

Xs  8  771  m 

*•  +  472  T^ 

VT  07  4009 

»  *'    6040 

«•  +  liWo- 

x"  +  10  84799  091  AV 

x"  +       36266  880  T^VilV 

x1*  +         1275  486  A 

x1*  +  42  241  -j^s1? 

z"  -H  1 447 1§ 

*"  +  48  #& 


0.42607  46965  567 

0.00497  94367  94 

0.01393  36251 1 

0.03780  35494 

0.10199  306 

0.27410  63 

0.73775 

2.1715 

5.793 

0.00542  39954  55 

0.00906  67201  3 

0.01594  3576 

0.02640  108 

0.04524  14 

0.07531 
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I.  •. 

^ 

A 

*" 

ifttt 

4-     0.1308 

X* 

wuw 

4-    0.197 

y 

—297  71813  066  k 

1.19087  25226 

y1 

3914  945  i 

—    0.062639128 

y» 

+           119  135  i 

4-    0.76246  51 

y4 

4-                  157  i 

4-     0.40320 

y* 

—  47  04232  293  } 

—    0.1881692917 

y" 

—       41984  770  i 

—    0.67175  6325 

y* 

340302| 

2.17793  81 

y"4 

2867i 

—    7.33994 

X    X' 

—       93780  675  Hill 

—    0.0234451690 

j  *** 

5193  965  H 

—    0.064924563 

*  ** 

243  845  HH 

—    0.15253026 

*  *« 

10  525  Hi 

—    0.328937 

X   if* 

433  |H 

—    0.6777 

3C    -7*'* 

is  m 

—     1.439 

x   _r*' 

HH 

—    2.3 

i1*' 

4-         6979  301  VV» 

4-     0.08724  1264 

x*af* 

4-           516  869  Hi 

4-     0.32304  323 

x'x* 

4-             30  598  fir 

4.     0.95618  8 

i*** 

4-               1  590  )H 

4-     2.4858 

x*x* 

4-                    80  Hi 

4-     6.319 

ar»ar" 

+                3Hi 

4-  15.1 

a**' 

478  942  H 

—    0.29933  92 

z*a^» 

44  994  to 

1.40606  7 

a1*" 

SIMM 

—    4.9849 

a^**4 

203  ^V 

—  15.90 

a**" 

10  to 

—  39.4 

a-*' 

4-             31  293  ylr 

4-     0.97790  7 

x*4* 

+               3418H 

4-     5.3420 

x*x* 

+                  300  H 

4-  23.50 

x*x"* 

4-               21^ 

4-  82.8 

I*!" 

—              2  008  HI 

—    3.1378 

X*  X** 

270  H 

—  21.111 

x*x* 

13  H 

—  54.5 

x*x! 

+                 131  to 

4-  10.284 

x*x* 

+              is  H 

4-  74.0 

x'x' 

7HH 

—  29.4 

y  y 

—       92493  335  } 

—     1.47989  337 

y  y" 

810  144  } 

—    5.18492  48 

y1/ 

79822 

—    0.51086  08 

y1/1 

2567 

—    6.57152 

y  y^ 

8059f 

—  20.6332 

y*/ 

4-               1908| 

4-    4.8866 

*  y 

4-     7  94380  088  H 

4-     1.58876  0177 
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Fact 

A 

A 

x  y1 

+    1064  072  ^ 

+  0.85125  80 

x  y* 

14  452  \ 

4.62475 

x"y 

44703  924  ft$ 

—  4.47039  246 

x*y* 

213  940  ff 

—  8.55763 

x*y* 

+        798 

+  12.77 

x*  y 

+    2426  062  4 

+  12.1303137 

x3y* 

24  914  Js 

+  49.8281 

x*  y 

130  322  ii| 

—  32.58067 

x'y* 

2251^ 

—225.12 

x?y 

+       7442^ 

+  93.0314 

x?y 

399  fH 

—249.77 

x'y 

7  94043  613  jj£ 

1.58807  2272 

x'y* 

1064  265  i 

0.85141  22 

x'y* 

+      14  419  f| 

+  4.61457 

x'*y 

28791  354  ^ 

2.87913  542 

x'Y 

192  587  H 

7.70351 

x'Y 

+        51.3  -fa 

+  8.22 

x'sy 

955  406  | 

4.77703  3 

x'Y 

16  158  i 

-  32.316 

x'*y 

31  920  H 

7.98024 

x'Y 

998  £ 

-  99.83 

x"y 

1114^ 

-  13.927 

x"y 

37  H 

-  22.17 

x  y' 

+  3  09681  436  £f 

+  0.61936  2873 

x  y'2 

+    4092  615  | 

+  3.27409  25 

x  y'* 

+      49  027 

+  15.68864 

x*y' 

17205  607  A 

1.72056  07 

x*y'* 

323  490  if 

-  12.93961 

x*y'* 

5189| 

—  83.037 

x*  y" 

+     920  969  ^ 

+  4.60484  6 

x*  y'1 

+      23  964  | 

+  47.9282 

x'tf 

48  800  4$ 

-  12.2002 

x*y'2 

1  645  H 

-  16.460 

aty1 

+      2  780  I 

+  34.756 

x'y' 

142^4 

-  89.35 

x'y' 

3  09524  667  £fl 

0.61904  9335 

x'y'* 

4089  869  H 

3.27165  59 

x'y'* 

48  809  H 

-  15.61917 

x'Y 

10978  473  fH 

—  1.09784  74 

x'Y1 

241  189  || 

9.64759 

x'Y' 

4189-& 

-  67.031 

x'Y 

355  319  | 

1.77659  9 

xf^tJ 

12  202  I 

-  24.4047 

2l'*f/ 

11611  1 

—  2.90292 

x'Y* 

—       5624 

—  5.623 
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r«ct 


X 

XX", 

x  x*y 
x*x-y 


*•*", 


*x-y 
xx-y* 

x 


xx-y*  - 

xx^f  + 

x  x*J  4- 

x  x"/  4- 

x  xY  — 


+ 
x'x'y     — 


I 

I 

X   X"' 

x'x' 


A 

A 

399  H 

4.998 

8H 

5.41 

73449  149  H 

+     7.34491  499 

4018  099  A 

4-     20.09049  7 

206  947  H 

+     51.7369 

8370ft 

4-  104.634 

1404  H 

—  877.7 

5490  364  } 

27.45182  4 

398  400  f} 

—    99.6002 

24405,1, 

—  305.688 

1263  |i 

—  789.8 

405  964  H 

4-  101.49123 

36048} 

4-  450.609 

1648  A 

—3530.1 

25  841  A 

-  323.015 

2768H 

—1730.6 

1328  A 

—  830.1 

395  042 

4-     15.80171 

56817 

4-  113.635 

9569 

4-  956.92 

65076 

-  130.153 

9230 

-  923.07 

14373 

4-1437.35 

1288} 

20.611 

28165  660  } 

4-       2.81656603 

1502  262  t"j 

4-       7.51131  0 

78  840  i  J 

4-     19.7102 

3017 

4-     37.712 

798  H 

-  499.2 

2074  903  | 

—    10.37451  8 

143  737  ,', 

—    35.9343 

8  889  A 

-  111.118 

759} 

—  474.8 

152  297  H 

4-     38.07443 

17  398  A 

4-  217.480 

3092 

—1932.5 

7  475  A 

—    93.440 

3405^ 

—2128.2 

1043} 

—  652.0 

559  677  } 

4-    22.38711 

46714 

4-     93.428 

4773} 

4-  477.3 

58162} 

—  116.324 

5391| 

—  539.17 

8824} 

4-  882.43 
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F»ct 

A 

A 

x  *y"     + 

8114| 

+  129.827 

x     yy1   + 

10116  126  £ 

+       8.09290  10 

0?       yy'     — 

872  393  !i 

—     34.89575 

x*     yy>    + 

72  023  & 

+  144.047 

x*       yy>     - 

5252H 

—  525.3 

x      yy*  + 

133  908  i 

+     42.8506 

**    y  y'*  - 

15  427  i 

-  246.84 

x     fy'   + 

47391 

+     15.1651 

*     2/V  - 

8490| 

-  135.848 

*    yy'  — 

10114  627  I 

8.09170  2 

x'1    yy'  - 

669  572  T& 

—     26.78289 

*"   yy1  - 

38  828  £ 

—     77.657 

x'*    yy'  — 

1927£i 

—  192.7 

x1     yy'*- 

133  323 

—    42.6634 

x'1   yy"1  — 

12  648  £ 

—  202.38 

x'     fy'   — 

47  064  i 

15.0607 

x"   yy  — 

7502^ 

-  120.036 

x  x"  y  y"    + 

1543  618  £ 

+     61.3447 

*  x"*y  y1  + 

145  548 

+  291.096 

x  x"y  y'    + 

10  767  i 

+1076.7 

x*x'  yy"    — 

177  538 

—  355.076 

x^^yy1    — 

20659 

—2065.9 

x'x'yy'    + 

17038 

+1503.8 

x  x1  fy'    + 

13  487  \ 

+  215.800 

x  x'yy"  + 

26  637  \ 

+  426.20 

In  order  to  have  For  W&s  a  function  of  the  four  variables/,  f,  >?,  »/ 
the  preceding  expression  must  be  transformed  by  making  the  substitutions 
x  V  2/fc,  -A1,  'cos/',  x1  =  v'2*Y-*'V2  COB/,  y  =  1Jcr,-Vi\  y'  =  2Jfcy  -  jfc"," 

It  is  proposed  to  accomplish  the  integrations  the  problem  involves  by 
Delaunay  transformations.  Selecting  an  argument  j  <p  +  if  +  i'/'}  jt  i  and  i' 
being  integers  prime  to  each  other,  such  a  transformation  of  the  four  varia- 
bles /,  /'  »7,  Y?  is  made  as  shall  make  the  periodic  terms  of  W  depending  on 
this  argument  disappear.  When  all  the  sensible  periodic  terms  have  been 
got  rid  of  by  a  series  of  these  operations  W  will  be  reduced  to  a  function  of 
y  and  vf  .  As  the  differential  equations  retain  their  canonical  form  through- 
out the  whole  of  this  process,  in  the  final  stage,  q  and  >/  become  constant, 

and  if  we  put 

dW_  dW_    . 

~37:  97~ 

x  and  x'  will  be  constants,  and  the  final  expressions  for  /and  f  will  be 


c  and  c'  being  constants. 
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In  accordance  with  the  principles  of  the  Delaunay  method,  the  men- 
tioned transformation*  must  be  made  not  only  in  the  function  W,  but  also 
in  four  functions  designed  to  define  the  positions  of  the  two  planets  in  the 
common  orbital  plane.  There  is  considerable  latitude  for  choice  here,  but 
the  four  functions  I  propose  are  these: 


=  (1  -  *,)-  [1+  V  **T-  *V  oo./]  , 

=  (1  -  *V)-  [  i  +  »  2-1-'  ,/  -  f  V  co./'] 

_  f*  +  W  _  Aj-  &H-'  _  Un  (o  +  *) 
~*     '  = 

w 


k  +  w_h-  ip-i-1  _ 

~SF         EuV  J      ~ 


<XM 


When  computing  the  special  values  of  For  W,  since  we  employ  the  values 
of  r  and  r1,  it  is  very  little  additional  labor  to  derive  the  special  values  of 
the  right  members  of  the  third  and  fourth  equations  of  the  just-given  group. 

dt         tty 
By  applying  the  same  method  as  for  F  we  have  infinite  series  for  j^  and  .    of 

the  same  character  as  for  the  former  quantity,  and  the  Delaunay  trans- 
formations can  be  made  in  them  in  precisely  the  same  way. 

a         a! 
When  the  latter  are  concluded  we  shall  have  —  and    ,   as  functions  of 

the  independent  variable  $;  but  before  we  can  have  t  and  •$>  as  similar 
functions,  it  will  be  necessary,  in  each  case,  to  execute  an  integration  with 
reference  to  $,  which  will  be  easy,  as  each  term  is  of  the  form 


With  this  operation  I  regard  the  solution  of  the  problem  as  completed. 
The  assertion  may  need  justification.  We  are  in  the  habit  of  using  tables 
by  inversion,  the  general  theory  of  interpolation  sufficing  for  the  purpose. 
Although  tables  of  anti-logarithms  have  been  published,  they  are  seldom 
used,  and  no  tables  have  ever  been  computed  for  furnishing  the  arc  to  a 
given  sine  or  tangent.  Let  this  notion  be  applied  to  tables  for  Jupiter  and 
Saturn;  let  them  be  constructed  so  as  to  give,  in  the  first  instance,  the  time 
at  which  the  hypothetical  planets  have  a  definite  elongation  $.  The  com- 
putation being  made  for  a  series  of  values  of  $  as  720°,  721°,  722°  .  .  .,  by 
interpolation  we  find  the  value  of  $  corresponding  to  a  definite  time;  with 
this  as  argument  we  can  enter  another  division  of  the  tables  and  get  the 

corresponding  values  of  —  and  -,  and  +;  thus  the  positions  of  the  bypotheti- 
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cal  planets  are  known;  whence  it  is  possible  to  get  those  of  the  actual.  In 
this  way  an  analytical  inversion  of  series  is  avoided. 

In  this  connection  I  must  state  my  conviction  that  Gylden's  device  of 
the  reduced  time  is  without  sensible  advantage. 

The  application  of  Delaunay  transformations  will  be  treated  in  another 
memoir. 


PKI.AI-NAY  numraUl  \:""N  :N   nii:  i  <  w.:  \;:,    BOMOH  Ml 


MRMOIR  No.  80. 
Application  of  the  Delaunay  Transformation  in  the  Planetary  Theories. 

(ThU  memoir  »pp««rt  here  (or  the  flnt  time,  t 

The  carrying  out  of  the  method  of  treating  the  theories  of  Jupiter  and 
Saturn,  proposed  in  the  preceding  memoir,  requires  the  execution  of  about 
2600  of  Delaunay  transformations.  However,  in  all  excepting  about  160, 
we  may  limit  ourselves,  as  far  as  the  determining  the  formulae  of  trans- 
formation are  concerned,  to  the  first  power  of  the  disturbing  force.  But  in 

making  the  substitutions  in  the  five  quantities  W,  -,  a  ,  y-t     ,   ,   with 

T        T        (t<f>       ll<J) 

respect  to  the  new  terms  which  arise,  having  the  arguments  on  which 
depend  the  secular  and  great  inequalities,  it  may  be  desirable,  in  some 
cases,  to  take  account  of  the  second  power.  But,  to  be  consistent,  we  adopt 
the  rule  that,  in  reference  to  r,  and  rf,  no  terms  above  4  dimensions  are  to  be 
admitted  into  W,  and  none  above  3i  dimensions  in  the  remaining  quantities. 
In  the  present  use  of  Delaunay  transformations,  the  latter  may  be 
distributed  into  three  classes;  the  determining  argument  being  fa  ±  i/±  i'f, 
we  have 

CtM     I. — When  »  and  f  are  both  even ; 

Cue  II. — When,  of  t  and  t',  one  is  odd  ; 

Case  III.— When  both  i  and  i'  are  odd. 

It  will  be  easier  to  illustrate  each  case  by  an  example  than  to  write  the 
generalized  formulae.  We  select  then  the  three  arguments  <f> —  -'/"+  2/', 
3$  +  2/—  f",  <p—/  +  f  for  treatment.  The  last  is  the  most  difficult  of  all 
the  transformations;  on  it  depend  what  Gyld6n  calls  the  elementary,  but 
which  are  more  generally  known  as  the  secular  terms.  It  is  recommended 
that  this  be  the  last  transformation  made. 

CASK  I. 

In  our  example  for  illustration  the  truncated  W  has  the  form  (the 
constant  is  omitted  as  unnecessary  for  our  purposes) 

W= 0,?  +  off  +  arf  +  *wj  +  a^"  +  aj  +  arfj  +  a,$7/«  + 

<M  V 
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We  note  that  the  a  from  ax  to  au  are  of  the  zero  order  with  reference  to 
planetary  masses,  but  that  from  a15  to  a2]  they  are  of  the  first.  In  inte- 
grating, terms  of  the  third  order  will  be  neglected.  With  regard  to  eccen- 
tricities, no  terms  of  higher  order  than  »?4  will  be  retained  in  the  expressions 
for  >7  and  vf,  nor  than  >?3  in  the  expressions  for  /  and  /'.  Wherever  con- 
venient 6  will  be  written  for  $  —  2/+  2/'. 
The  differential  equations  being 


drl_        dW       d/         _9W       W__ 
W       dtp-'-~fiJ"      dtp'        IV      d<p~        37" 

we  evidently  have  the  relation 

dtp      dtp 

The  integral  is 

rf  =  const.  —  TJ. 

Instead  of  using  this  relation  to  eliminate »/  from  the  equations,  as  Delaunay 
does,  we  allow  »/  to  stand,  keeping  in  mind,  however,  that  whenever  any 
function  as  H  is  to  be  partially  differentiated  with  respect  to  »?,  we  must 
take  the  operation 


As  our  purpose  in  making  these  integrations  is  solely  to  discover  proper 
transformations  for  the  variables,  we  need  have  no  special  symbols  for  the 
introduced  arbitrary  constants.  As  the  latter  are  to  become  variable  we 
designate  them  by  the  symbols  of  the  belonging  variables.  The  sign  of 
equality  is  to  be  interpreted  by  the  phrase  "to  be  replaced  by".  Thus 
the  equation 

y  =  57  +  function  (37), 

the  YI  in  the  right  member  is  an  arbitrary  constant,  which,  to  form  the 
transformation,  is  changed  into  a  variable.  By  this  convention  a  great  deal 
of  writing  is  saved. 

In  accordance  with  the  foregoing  explanation  we  get  two  differential 
equations  virtually  involving  but  two  variables,  viz.,  yj  and  6,  from  the 
relations 

d*      dW     dd_.,f)dW 
~  ~ 
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Written  at  length  they  are 

•  =  2[au-j-  Ow>J  +  anij'  +  a-9*-r-a-ijy +  0*^51}' sin  0  +  4o,,  TY1!!!!  20, 

|  =  1  -I-  2o,  —  2o,  +  (4o,  —  2o,)$  +  (2a,—  4o,)r/  +  (60.—  20,)^' -f  (4a,— 40,)^' 


(6au  - 
+  (20,,  —  go*)//*  +  2  [—  atf  +  o^  —  o^  +  (20*  — 

—  8o,,)>jY  -f  (2o»  —  3a,)W"  -|-  o,^  cot 


After  r  and  0  have  been  derived  from  the  integration  of  these  two  equations, 
r  will  also  be  known,  and  it  suffices  for  the  completion  of  the  problem 
that  /should  be  found  by  a  quadrature  from  the  equation 


—  [a^  -f  2<V/'/  -f  ani}"  -f  Sorf}V  +  20-W*1  +  <V/'1]  oo«  9  —  20,,^  oo«  2  8  . 
The  differential  equations,  to  be  first  integrated,  may  be  written 

=  9,  till  9  +  2$,  Bin  20, 


We  proceed  by  successive  approximations,  and,  assuming  the  form  of  the 
series  representing  the  values  of  q  and  6,  we  make 

i)  =  T)  -|-  $,  ooe  ff  +  r/t  oos  2  ^, 
tf  =  /^  +  0,  BID  0*  +  0,  iin  2  tf  ', 

where  y  =  00(^  -|-c)  and  »;  (of  the  right  member  of  the  first  equation)  and  c 
are  the  arbitrary  constants.  B0  is  a  constant  and  a  function  of  the  constants 
>•  and  yf. 

On  substituting  the  expressions  just  given  in  the  differential  equations 
we  get  the  following  which  suffice  for  determining  the  fire  constant  quantities 


=-  -*-(*,$,+  5,^)-  Q, 


"•= 
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Their  solution  gives 


__f  ,   0, 

-'-    H  -+ 


For   brevity   we   now   introduce   some  new  constants.     Putting  v  = 
1  +2  (at  —  aa),  we  make 

v&0=  —  2au,  v&!  =  —  2a16,  v63  =  —  2an,  v6s  =  —  2ai8,  v64  =  —  2a19, 

v65  =  —  2aa,,  v&g=  —  20H, 

WH  =  2a4  —  4a3,  vcj  =  4a6  —  2a4,  vcs  =  2a7  —  6a6  +  vc,J, 

vc4  =  4ag  —  4a7  +  2^0^,  vc5  ==  6a9  —  2os  +  ^Cj2, 

ha  r=  60,  A!  =  6t  +  ^ij  Aa  =  6jj  +  6002,  A3  =  63 

h*  =  l>i  +  60c4  +  bfa  -\-  bfr,  hli=bi-{-  60c5  -f  b 
Then 

=  1  +  ctf  +  (Vj^  +  CsTj*  +  c^j/  +  Cjr/2, 


+  (8*,—  2S^«—  *^», 


We  have  still  to  ascertain  the  expression  for  /.    By  the  substitution  of 

the  preceding  values  in  the  expression  for  -jf-  we  obtain 

ckp 


4  +     AA  +    A0(c4  -  2oA)     rtf  +     b6rf     cos  V 


After  integration  this  becomes 


_  jA,y+[g  MA,-  3At  +  6t-  6,)  +  1  6,]  ^'-i 


-o,        sn 
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where  (/)  is  the  constant  introduced  by  the  integration  and  /0  is  of  the  same 
nature  as  00,  but  of  which  the  value  is  not  given  because  we  have  no  need 
of  it. 

From  the  expressions  for  6  and/  it  is  easy  to  conclude  the  equation 


In  the  formulae  of  Delaunay  (Vol.  I,  p.  8  9)  we  must  make  n'  =  l,  »'"=!, 
i=2.  L  =  r-  Then  the  equations  which  connect  the  elements  conjugate 
severally  to/and  f  with  those  just  used  are 

9  =  9  +  20>'!«»       9'=$'  —  j"fli- 

Consequently,  in  order   to  have  the  canonical  form   for  the  differential 
equations,  we  must  further  transform  by  making 


Thus  result  the  following 

Formulae  of  Transformation. 
lUplaoe  9  by  ,  -  J(*.«(9  -  f  ')  +  SM*'  +  8V*.-  *iW  -  SM^"  ] 


' 


Replace  ^  by  9 


Replace/  by  /  + 


—  V)  + 


—  ^^V  ~  2A^7/"  ]  w' 


'  + 


-f  *.^  ri  oo.  (f  -  2/+  2/) 
2(f-2/+  2/). 

2  *•*"] 
Bin(f-2/+2/) 


RepUoe  /  by/  + 
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To  obtain  the  new  W  suitable  for  the  following  operation  we  must 
make  the  preceding  transformation  in  the  former  W  and  (Delaunay,  Vol.  I, 
p.  89)  add  the  following  expression 


L(7l  cos  ff  +  r»  cos  2  0')  —  f  8fllf 


equivalent  to 


+  .1  [ft,  +  ^  +  A0'  +  V  +  A4W'  +  Atf"  ]  77j'  cos  (<p  —  2/  +  2/  ) 
+      [g-  hfa  -  eO  -  g-  6,]  >?V?  COB  2  (?  -  2/+  2/'). 


CASE  II. 
In  our  example  for  illustration  the  truncated  W  has  the  form 


+  a107/ 

2  +  a^r/  +  OjoJj'2]  )})?'  *  cos  (3p  +  2/—  f) 
/  cos  2  (3?  +  2/—  /'). 


The  differential  equations  being 

din        O  *f         CM?   __^  Q rV       uf  O  vt        VLJ 

^*P         (5f  *P        r$f*  *P  vtf  *P 

we  evidently  have  the  relation 

d<f          du> 

The  integral  is 

9  =  const.  —  2if. 

Instead  of  using  this  to  eliminate  q  from  the  equations,  as  Delaunay  does, 
we  allow  >7  to  stand,  keeping  in  mind,  however,  that  when  any  function  as 
H  is  to  be  partially  differentiated  with  respect  to  >?',  we  must  take  the 
operation 


In  accordance  with  this  explanation  we  get  two  differential  equations 
virtually  involving  but  two  variables,  viz.,  »?'  and  6,  from  the  relations 


„ 

~ 
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Written  at  length  they  are 

=  [ou  +  a^  +  artf  +  arf  +  a^if  +  a^n  ]  ^  *  tin  9 


+  2  K  +  a,,  +  aj]  ify'  .in  2  9  , 
=  3  +  a,  -  2o,  +  (4,  -  4o.),  +  (2o,  -  2a,)  ?'  +  (a,  - 


+  (So,  -20.V+  (a,,—  So,.),/  +  (2ou  —  6a,, 


cos 


After  V  and  0  have  been  derived  from  the  integration  of  these  two 
equations,  >j  will  also  be  known,  and  it  suffices  for  the  completion  of  the 
problem  that  /"should  be  found  by  a  quadrature  from  the  equation 


=  -  [a,  -|-  20.5  +  0,.?'  +  3V  +  20,^' 


[ 

—  [2a«  +  So,,,  +  3a»,'] 
The  differential  equations,  to  be  first  integrated,  may  be  written 


We  may  assume 

if  =  ^  +  ij/  ooa  ^  +  5,'  ooa  2  ^, 


where  ^  =  00  (<^  +  c)  and  vf  (of  the  right  member  of  the  first  equation)  and 
c  are  the  arbitrary  constants;  00  is  constant  and  a  function  of  the  constants 
r  and  vf.  In  the  terms  of  two  dimensions  with  regard  to  planetary  masses 
the  approximation  is  carried  to  a  dimension  less  in  regard  to  »•  and  vf  than 
in  the  other  terms. 

Similarly,  as  in  Case  I,  we  have 

„'=-£.   A=J[i»v-*]' 
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Putting  v  =  3  —  2aj  +  a2  we  make 


60  =  —  a15,  v&!  =  —  a18,  v62  = 

65  =  -  020,    ^66  =  -  °21>    "67  =  - 

c1=4a3  —  a4j  vcj=2a4  —  2a5,  vc3=6a6  —  a 
c4  =  4a6  —  2«8  4-  2vcic.j  ,  vc5  =  2og  —  3a9 


^4=644-  V>44-&i' 

j 
Ag  =  2~V(2ci  —  C2)4~^«>  A7  = 

Then 

•p  ^^  1  4"  "l^  ~T"  °8^    ~T"  "S'f   "f"  "I'Jv  ~T"  "s1/  ' 


y 


' 

i          ri    f  \    i    n  2  / 

'24~  j  AoA,^8 —    =- AO  (   2A!  —  3Aj  —  26i  4~  ^2  )  ~}~  n  ^e  P?  'J 


We  have  still  to  ascertain  the  expression  for  /.     By  the  substitution  of 

the  preceding  values  in  the  expression  for  -f-  we  obtain  the  equation 

dip 

A0  4-  (A,  + 


/  +  [g  A,  (4*t  -  A,  +  62)  +  26,]  rjrf  +  A0 
"  Icos2/?'. 
After  integration  this  becomes 

«)  +  [A.+  2A,,  +  A2r/+3A,)?s  +  2A4W'  +A6'2       ^sin  V 
+  [\  h.  (6A,  -  A3  -  26,  +  62  )  +  66] 
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From  the  expression*  for  0  and  /it  is  easy  to  conclude  the  equation 

,'  (f 


In  the  formulae  of  Delaunay  (Vol.  I,  p.  89)  we  must  make  n'=l,  i'"=:i, 
»  =  —  1.  Then  the  equations  which  connect  the  elements  conjugate  severally 
to/  and/'  with  those  just  used  are 


Consequently,  in  order  to  have  the  canonical  form  for  the  differential 
equations,  we  must  further  transform  by  making 


Thus  result  the  following 

Formula  of  Transformation. 
RepUoe,  by  rt  -  '  A,V  +  2*«V  —  W  +  V«A.  -  2*,)?V 

-  2    *.  +  M  +  V+  V/'  +  A«^  +  V        *  oo. 


by  r/ 

-r-[A,  +  All!+ 

7Y«»  2(3?  +  2/- 


R*pl.o.  /  by  /  +  [ 


^/«    sin  2(3f  -|-  2/- 
Replace/'  by/'  +  *^  +  ^'  +  SV/v'  +  *^  +  SA.//,/  + 


rv.— 
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To  obtain  the  new  W  suitable  for  the  following  operation  we  must 
make  the  preceding  transformation  in  the  former  W  and  (Delaunay,  Vol.  I, 
p.  89)  add  the  following  expression 

3  (rj  cos  6'  +  y/2'  cos  20')  —  ^-  0^', 

M 

equivalent  to 


+  3  [A,  +  Al 

+  3  [A.  +  A,,  +  V/]>2Y  cos  2  (3f  +  2/-/'). 


CASE  III. 

The  difficulties  inherent  in  the  elaboration  of  this  transformation  arise 
from  the  circumstance  that  the  mean  motion  of  the  argument  is  of  the  order 
of  the  planetary  masses.  Thus  the  resulting  inequalities  are  of  the  zero 
order  in  the  same  respect,  and  it  is  necessary  to  push  the  approximation  one 
order  farther  than  would  suffice  without  this  circumstance.  Supposing  that 
the  second  order  terms  ought  to  be  considered  in  the  latter  case,  the  third 
order  terms  ought  to  be  taken  into  account  here.  This  would,  however, 
involve  very  heavy  labor,  even  if  no  terms  above  four  dimensions  in  regard 
to  YI  and  YI'  were  considered  in  W, 

Some  modification  must  be  made  in  the  previous  method,  and  the 
truncated  W  will  be  more  serviceable  when  expressed  in  powers  of  the 
cosine  of  the  argument  than  as  in  the  preceding  cases.  Thus 

n  +  agr/ 


-  a,,??  +  a,,)/  -f  titf?  +  arfjrf  +  o-^"  +  a,trf  +  a^V/  +  a^f  +  a^//1] 
cos  (?-/+/) 


cos     — 


We  have  the  relation 

d<f      d<f 
It  is  satisfied  by  supposing  that 


where  K  is  the  arbitrary  constant  and  x  a  new  variable  to  replace  YI  and  >?'. 
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Also  we  put  6  for  $  —  /+/.    When  x  is  introduced  into  W  it  become* 
divisible  by  K\  thus  we  adopt  a  new  function 

W  =  g  W—x. 
In  terms  of  this  the  differential  equations  are 

dd_     air 

~  ~~ 


By  adopting  the  following  notation 

&>  =  a»-r-«ii  *i  =  a»  +  a«  +  at»  6§=a,-f  a,  -f  «, 

*4=  «i»+<»n+  *n+<h*+<*u,  *•  =  —  1—  ai  +  a,,  6,  =  —  20,4-20,, 

*r  =  —  3a,  —  0,+  a,+  So,,  6,  =  —  4a«—  2a,,+  2all+4au,  6,  =  ,1,  —  a4  +  a.  , 
*«=3<i,—  a,  —  a,-f  3a,,    6,,=  60,,  —  2o,,  -f-  6aM  ,  &„=  —  a,  +  0,  — 

i  —  2oa     6,4=0,,—  0,,  +  a,,—  au-f-<jM,  ba=a*, 


6,^=  -20,  + 
6B=a«, 


we  have 

W  =  *,+  4,^+  i.JT'  +  it^»  +  [i,  +  J.JT+  4,  JC« 
+  [*,^  +  i,.^"1  +  i,,^]*"  -l-  [^.A"1  -(-  b 
4-  {Au  -i-        • 


[i,^  +  b.  JP]  *»  +  *>«•}  V  1  -  z'cot  « 
I*.  +  »«*'+  *B  JT*  +  [bmf+ 
{*B  +  6.  A-+  buKx  }A*'(1  - 


The  differential  equations  form  a  system  to  be  integrated  by  them- 
selves, and  they  admit  the  integral  W  =  a  constant.  The  equations  chosen 
for  use  in  the  solution  are 


"57 
Putting  y  for  Vl  —  a?  cos  9,  we  have  the  form  for  W, 


whence  may  be  derived 
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It  is  not  necessary  that  the  constant  value  of  W  should  be  represented  by  a 
single  symbol.  Having  to  derive  the  value  of  y  from  the  equation  W  =  a 
constant,  we  assign  to  it  a  form  which  will  facilitate  future  operations  ;  we 
merge  in  the  constant  the  terms  Jj  +  baK  +  b3Ks  +  b±K3,  and  then  divide 
both  members  of  the  equation  by  b15  +  bu  K  +  l^K*  +  bl9K8.  Then  we 
arrive  at  an  equation  of  the  form 


const.  =  [c,  +  c,  K+  c^E*  +  ct  K']  x+  [c,K+  ctJP  +  c,  JTJ]  a*  +  [c8Z"s  +  e,  JT8]  a?  +  cwK*  xl 


The  26  numbers  c  are  independent  of  the  two  arbitrary  constants;  their 
values  may  be  got  from  the  b  by  formulae  of  recursion  of  BO  simple  a 
character  that  it  will  suffice  to  note  the  four  following  : 


G  denoting  an  arbitrary  constant,  let  the  solution  of  our  equation  be 

etC+etC*)K>+(e,+esC  +  etC'+eu 
(eM  +  eu  C  +  ea  C")  E>  \  sf 


To  compute  the  coefficients  e  from  the  c  we  have  the  following  equations 
(for  brevity  g0  is  written  instead  of  V 1  +  e? ) : 

e,  =c,,  e,  =  c},  «,  =  #„[>„  —  2cI7e,],  et  =  ct,  e6=£0[cls  — 2c17f.,  — 2C,,*,], 
«e  =  <rtcM  —  fy0cI7fl8  —  3#cae,,  e,  =  c4,  «8  =  5r0[clj  — 2c,,e4— 2c18e,  — 2^,6,], 
e»  =  fl'J^i  —  25f0cne6  —  2^0c18e,  —  3gl  c.ae}  —  S^Jc^e, ,  e,0  =  glc^  —  2^0c17e6  —  3^cae,  —  •tyJcM«1, 


^  =  9\c-m  —  2$l  ca  ea  —  2g\  ca  eu  +  cu  e.  +  Zg9  cm  et  +  3gl  c.a  «>,  +  cn  (<?,  +  2e, 


«n  =  c,  +  c,4  e,  +  c,,  en  +  2cn  e,  en  +  c,,,  e?  -f  ca  e\  , 

c.,6,  +  cu«,,  +  eu«u  +  2c,,  («,«„  +  e,eu)  +  2c18  «!«„  +  Zcx  el  e, 


2^  c,T  e17  +  c14  e,  +  2^0  ca  «,  +  cu  «„  +  g,  CM  «„  +  2cu  («i  «is  +  «s  «n)  -f-  %o  CM  e,  «„  • 

+  2cMe,e,-|-3£r0c25e;  +  Sc.sJa.+V,^^, 
e,  +  c)5  en  +  c,,  e,,  +  ca  ej  +  2cM  «,  en  +  cs6  e  \  +  3r2J  f?  en  +  2c17  «,  e,  ,  . 
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By  substituting  the  value  of  y  just  found  we  obtain  the  expression 

-  [*»+  *-jr+*njp+  »,.j?j{  I+/ 

+  Lfi*+  (f. 
+  [/uA~1  +  (/ 

where  the  /  have  the  following  equivalents 

/•=«?.*!,,    /t  =*?.«„,    /.  =  8^.'c»,    /. 

/.  =  ty.'e..    /,  =  e,,  +  &„  «,'  ,    /.  =  c,,  -f  2c,,  «, 


«•.«.  -f  ty.cB  +  «?.<•.*,+  «ir.<-M«i  . 
/«  =  *,,*.+  6y.f.«,  +  3^/c,,  +  12y.'f,«,  ,     /„  =  «••„*„ 
/M  =  «„  -f  **„  «,,  +  2c,.  «„  +  2«r»  •,  -f  fcB 
/„  =  «*,,«u  +  2«,«,  +  2?.<rn  -f-  Oc.(^.«,, 

^,  «,'  -I- 


On  substituting  the  expression  for  y  we  find  that 

+(»tC  +  tt 

+  («,  C  -f-  «.  C«  +  «,  C-  -f  ,,.  (f)  JT  } 
,  +9. 


where  the  coefficients  g  are  determined  by  the  equations 

j.=  V  !  +  «,'.  ^  =  «•,«„, 

fi-^^.  ^,  =  2«,<,,4-2«,«,I, 

ft  = 


Suppose,  for  brevity,  we  put 


where  the  A  are  all  of  the  zero  order  with  respect  to  K.     Let  the  right 
member  of  this  be  multiplied  by  the  factor 


the  coefficients  B  having  the  same  quality  as  the  A.     The  product  is 
AB.  +  [A  A  4-  KAJA  x  +  [^A  +  KA&  + 


A]  K* 
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Let  the  B  be  determined  by  the  relations 


ASB0  +  A.B,  +  KA&  4-  KsAtBa  =  0  , 
AiBo  +  A3Bi  +  A,Bt  +  KA1Bt=  0  , 
A,B,  +  AiBl  +  A.B,  4-  A  A—  0. 

If  we  assume  that 

B<,=  h,  +  (h,  +  hsC)  K+(h4  +  hsC+  AeC2)  K*  +  (A, 
B,  =  hn  +  (A12  +  A13(7)  K  +  (hn  +  haC  +  A16Ca)  K\ 


the  coefficients  h  may  be  derived  through  the  following  formulae  of  recursion: 

=  1  , 

i/*i=0, 

'w'ii  =  0  > 

ithn  +  fl'isAi  =  0  > 

nhi  =•  0  , 

18  4-  .71^17  +  ,7i(Ais  +  S'lAi  +  9^  +  017*1  =  °  > 
i  —  *n  =  0  , 

0A  +  011*2  +  013*1  +  *JO  =  0, 
002/'7  +  01*4  +  03*2  +  06*1  -  *18  =  0  , 
002*3  +  02*1  +  20^1!  =  0, 

002*13  H-  02*11  +  010*3  +  012*1  +  2^o«l*n  =  0  , 
002*19  4-  02*17  4-  010*13  4-  #lAl  4-  016*3  4~  018*1  4~  2(7o«l*20  =  0  > 

0o2*5  4-  01*8  4-  0A  4-  04*1  4-  fy&hu  4-!20oeAi  =  0  , 

002*15  4-  01*13  4-  02*12  4-  04*11  4-  010*5  4"  011*8  4~  012*2  4~  014*1  4~  tyflflhu  +  ^9<^\1  =  0, 
00S*8  4-  01*5  4-  03*3  4-  02*4  4-  04*J  4-  07*1  4~  2^0«1*14  4~  2^4*12  4~  2^4*11  ~  *19  =  0  , 

0o8*e  4-  02*8  4-  08*1  +  ^oes^n  4-  2<7oeiAi3  +  0o2*n  =  0  , 

002*16  4-  05*11  4-  010*6  4-  012*3  4-  015*1  4-  ^lAn  4-  2j7o«3*17  4~  002*20  =  0  , 

002*»  4-  01*6  4-  02*6  4-  04*3  4-  0S*2  +  08*1  4"  2.90^8*12  4~  2^o«5*ll  4~  2^o«l*15  4"  0(>2*18  =  0, 

0o2*io  4-  0A  4-  0s*3  4-  09*1  4-  2<7o«i*i«  4-  2j7o«8*is  4-  2(7o«6*u  4-  0o2*w  =  0  . 


If  we   put  the  reciprocal  of  the  product  of  the  first  and  second  factors 
(the  negative  being  disregarded)  equal  to 

*.  4-  (4  4-  40)  K  +  (lt  +  kC+  /,C*)  K3  4- 
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the  equations  to  recursion,  for  determining  the  values  of  the  coefficient*,  are 


,/,=  0, 

4  +/.4  +/,4  +/.*,  =  0, 
4  +/,4  +/A  +M  +/.A  =  0,  4.  +/,4  +/.4  +  /,/,  =  o  , 


/,  =  o  , 

+.M  +/«A  =  «.  4.  +/,4.  +/•«;,  +/A  +/„/,  =  o  , 

,  =0,  /„  -!-/,/«  +/./„  +/ji  +/„/,  =  o, 

4.  -r-/,4t  +/^u  H-/^«  +/«4  +M  =  o  ,        4.  +/A  +/u4,  +M  =  o  , 


la  order  to  have  the  numerator  of  the  value  of  jT  expressed  in  powers 
of  x  it  is  still  necessary  to  multiply  the  preceding  expression  by 

.  +  AT5,»  +  JTlfi,**  -KffVfc*1 


This  factor,  expanded  in  powers  of  x,  Cand  /T,  has  the  expression 

F=  m,  +  (m,  4-  m,  C)  K  +  (m«  +  m.  C+  m,  C»)  Jf  -|-  (m,  +  m,  C  +  m,  C1  +  m«  C*J^» 
-H  ["hi  JT+  (mtt  +  «„  <7)  K1  +  (m,,  +  mu 


where  the  m  are  determined  by  the  relations 


4^  \gji.t  —  5l««V*u  — 


Denote  by  X  the  negative  of  the  numerator  in  the  expression  of 
it  will  have  the  form 


,,  +  «,.  O)  £•  +  (-„  H-  ih.  C  +  «„  C')  JT'J 
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where  the  n  are  determined  by  the  relations 

n,  =m1llt        n1  =  mjt  +  mill,        nf=  mj,  +  m,^, 

nt  =  m1lt  +  m,l1  +  mjl,        n,  =  mt  I,  +  m,  lt  +  m,  I,  +  m,  Z,  , 

n.  =771,2,  +  m,  I,  +  m.  Z,  ,        «,  =  wi,  Z,  +  m,  lt  +  mt  lt  +  m,ll, 

n,  =  »»,  Z8  +  m,  Z,  +  mj,  +  m,  lt  +  mt  I,  +  ra,  Z,  , 

«,  =  m,  Z,  +  m,  Z,  +  »»,  Z6  +  m,  lt  +  mtli  +  TO,  Z,  , 

n,,  =  TO,  Z10  +  wis  Z,  +  mt  I,  +  m,,,  Z,  ,        n,,  =  wi,  Zn  -f  wtu  Z,  , 

»i,  =  »»i  ^  +  m,  ^11  +  ™ii  '»  +  mu  'i  >        ".»  =  TOi  'i»  +  »'>  In  +  "»,i  ^i 

Wjl  =  m,  llt  +  m,  la  +  w,  Zu  +  >nu  lt  -f  »»„  Z,  +  mH  Z,  , 

«,5  =  OTI  ^  +  »»,  '„  +  »»,  Z12  +  7rts  /„  +  ma  lt  +  m,6  Z,  , 

»,.  =  ^  llt  +  m,  /„  +  OT,  Zn  +  mn  ls  +  »«„  ?,  +  wi,.  Z,  ,        nn  =  m,  !„ 

«„  =  mi  zis  +  «».  *n  +  ^u  '.,  +  «!•  ^11  +  *»»  '. 

«it  =  Wli  'i»  +  »"•  Zn  +  "^i  Zi.  +  ™u  In  +  m»  l, 

»»  =  "li  l»  +  mn  'IT  +  »»„  Zu  +  mw  Z,  . 

We  now  have 


_ 

^        V  A.B.  +  u,  #„ 

Let  the  quantity  under  the  radical  sign  be  resolved  into  the  factors  a  —  x 
and  b  +  x,  and  adopt  an  auxiliary  variable  4*  such  that 

*  =  i  (a  —  b)  —  }  (a  +  b)  COB  <l>. 
Then 

dx  __  . 
V(a-*)(b  +  *)~ 

The  values  of  the  two  constants  in  the  expression  for  x  are 

i  (a  —  b)  =  A  =  i  (J.  Bt  +  KA,  5.)  , 
J(a  +  b)  =  £=  </h'  +  A.B,. 

The  expression  for  h  can  be  ordered  thus 

h  =  o,C  +  [o,  +  o,(7  +  o4C"]  K  +  [o6  +  otC  +  o,C'  +  0,6"]  K>  +  [o,  +  ou 

where 

°i  =—  ^»       0,=  *^,,,        o,  =  -g,  (e,A,  +  «,*,),       o4  =  —  ff, 


ot=—g,  (c,  A,  +  e,  A,  +  e,  A,  +  J&,  A,,),    o.  =  1  AI4  ,    o10  =  J  A16—  ^  (e,  A,  +  «,  A4  +  et  A,  +  «,  A,), 


On  =  —  y.  («,  A.  +  «,  A.  +  «,  *6  +  «»  A,  +  «,  A,  +  e.  A,  +  J  gt  Au), 
ou  =  -9,  («,  A10  +  «A  +  e,  A,  +  e10  A,  +  i  &  A,.). 

Similarly 


»  <?  4-  •  • 
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where 


rf  (0,0,  4-  0,0,         0,0,  —  0,0,  — 


=  #(»,*  +**,)-*,*,.       *,,=#  (0,0,  +  «,«,+  M.  4-  J  A.)  -*,*.-*,*,. 


+  »,«.  4-  «.«.  +  «4^i  —  8»,^  —  2o,o.  —  2o,o,  -f  »*,.  — 

—  *,  «,  —  *,  «,  —  *»  *»     *,  *,  i 
+  a,o,  +  o4o,  —  80,0^  -3o,o,  —  2o,  o.-2o,o,  —  A,-  »^.(A.-  2*,)) 

-*,*.-*,  *.-*,*,-*,*„ 
+  «4o.  —  80,0,,  —  2o,«.  -  2o,o,  —  2o,o.-  *„  -  igl  (A,.  —  2  AJ) 

-*1*w-A1t.-t,4:,-*4*,, 

0,0,  +  »,«.  4-  o.»,  —  2o,  ou  —  20,0,  -  2o,o,  +  1  A,  -  J#  (A,  —  2  A,)) 

*i  *n      *i  *»     *i  *•      *•«*•• 
*»  =  ^  KOn  4-  «,»,  -f  0.0,  -f  »,».-  20,0,.  -  2o,o.  +  i  A,.—  Jrf  A,  -  *  AJ) 

-*,*„-*,  *„-*,*„ 

*.  =  #(»•<» 


Let  us  abbreviate  by  putting 
X=  Xt+ 

By  making  the  substitution 


the  differential  equation  becomes 

Wf    L        v      I     i  y      I     / » j     |      i   rj\   y      I     /  JL>  _ 

—  [ X,  4-  2UT,  4-  (3A«  +  J  A')  JT,]  *  oo.  ^ 
4-  i  [ JT,  4-  3A  Ai]  If  oo«  2  ^  —  J  JT  *•  cot  3  f. 

Let  us  write  this 

=  1  4-  0,  cos  <p  4-  20,  oos  2  $  4-  30.  MM  3 1>. 

By  integration 

0»(?  +  C)  =  V*  +  0i§in^+  ^•in2^4-"t«*1>3j>. 

Putting  ^  for  6,($  4-  c),  the  inversion  of  this  equation  is 
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From  this  may  be  derived 


+  [—  1  0,  +  f  Oft  cos  30'  +  [—  i  03  4-  6  A  —  &  Of]  cos  48'. 

By  substituting  the  just  obtained  values  we  have  expressions  in  terms 
of  4-  for  the  three  variables  YI,  Y[  and  6  ;  thus 

tj=K(\.—  k+kcos</>),        rf  =  K(l+h  —  kcoB</>), 
cos  0  =  Ky  =  g0CK  +  \  e,  +  (e2  +  «,C)  K+  (et  +  e,C  +  e6C*)  K*  +  (<•,  +  %C 

+  e^C3)  K*\K(h  —  k  cos  </>) 

\  «u  4-  («n  +  «n  C)-^  +  («u  4-  ««?  +  e^C2)^  }  iT3  (h  —  k  cos  ^-)a 

—  A  cos  ^)8  +  %&<  (h  —  k  cos  ^, 


.  T-,    .-^  -  *  -  s 

sm  a  =:  A  »J  1  —  a;2  —  w2  :=  --  ^ 

-A 

We  also  find  that 
*  =!>!  +  (p,  +paC)K+ 

PO 

where  we  have 

Pl=nl,       p,  =  nt,       p,  =  n,  +  olnl},       pt  =  nt  +  oa  nn  +  th,  n,,  , 
^,  =ns  +  0itt»  +  03«ii  +  (30i0a  +  iA8)w1,,        />.  =  »,+  J(3ol  —  1)  »„, 
j»,  =  H,  +  O6nu  +  o.n,,  +  U,nie  +  i  A2n17  +  f  A,  «„, 
P8  =  «8  +  »i  »u  +  o2n»  +  o^n  +  iA,«,,  +  (30,0,  +  J  A,)  nn, 

,—  J^A.,)n17+i(5o;—  3)»M) 


The  reciprocal  of  this  is 


where  the  q  are  determined  by 

^,7,  =  1  ,  plq,  +p,g,  =  0  ,  p,qt  +p,q1  =  0,  p^  +  ptf,  +  ptqt  =  0  , 


Pi^i  +  P»?«  +  P*  -f  PI?I  =  0  ,  piq,  +  p,q>  4-  p.?.  4-  ptq,  +  p.7«  +  M>  =  °  > 

p.?.  +  j»4«  +  p,gt  4-  p>q,  4-  p.9»  4-  p.?i  =  0  >  P'?io  4-  p,q>  +  ?.?•  4-  p^  =  0  . 
For  the  sake  of  brevity  we  write  z  for  cos  &,  and  get 


r,,  (1  -  (7»)  JT»  +  (ru  +  r,6  0  +  rlt  C"  +  r,7  C"  +  r,8  C7« 


-  jr  __.,          «  .y»  .     ,t....       « 

r        ri-°-  i  —  C"  (1  —  C")1 
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where 


,.    r,  =  -r,  +  (*,+  *.)*•„ 

,  "u  4-  ?.  "u)  +  f*  *•  •••  +0.  (*i  -  *,  *,)  r,  -f  »  f.  , 


f.'.  =  —  (»i  "»  +  °i  ?•  »»  +  «4  ?i  "••  +  (8  «!  —  *  )  *i  ?• 


r.=  -r.  -  r.  +  (t,  +  *J  r,  -  1,  r,  +  (t,  +  4,  -f-  A.  +  *•  -  *,  *,  -  jb,  *t)  r,  +  I  r.  , 
ru=  rt-  (t,  +  Wr,  _t,r,  +  (i,.-i.  +  t,  *.-»-*,*,  +  3  fc,  Jfc,  )r,  , 
r,,-  r,  -f  2  r.  +  (-  2*,  +  jfe,  -  *4)  r,  +  (jfc,  -  *,)  r,  +  (*,,  -  Jt,  -  2  k>  -f  *J  -  k\  +  k,  kt 

+  *,*,  +  «*,  jfc,)r,-Jrn, 
r»—  —  rB—  Jfl,        rM  =  —  rw—  r,r,,        «•„  =  —  ra  —  r,r,,        rM  =  —  r»  —  r,rt, 

=  —  r,  —  rB,       rM  =  —  r,, 
r.s  —  rM  —  8rH,        rM  =  —  ru, 
r»—  rM  +  r-t       r.  =  —  i  A,  y,  («,,  —  3  y,  «i)  , 

%=-*  *•  ?•  (»»  -•»•"••  »«  -  8  ?.  »w  -»*,(?,  +  »  MI)  («»  —  »?,  »;.), 

%=-J  *,?,(«»  -f3o.il.—  6yl»II»iu-12o1?,i»I1fi1,-3y,«,>l)- 
••»=-%  +  »*,  [?,—  ?,  —  »(*,  4-  *,)?,](«,,  -37.it!,)  +  r,,, 


By  eubetituting  the  foregoing  value  of  COB  ^  in  x  =  h  —  k  COB 
obtain  au  expression  of  the  form 


-f 
where 


=  0,  (o,,  —  o,)  —  i,r,  —  V,  —  *i»»—  *i«"4  —  r,, 
=0.(ott—  o,.)  —  *,r,  —  A,ft  —  *i»-|  —  *tr4  —  *ir§—  rtf 

r.—  4,^—  ru, 
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=  —  ffo  »is  —  *ii  PI  —   «  rs  —  r12  ,  p0«16  —  —  1 

=  —  £5  —  rls  ,  5-0*23  =  —  ke  ,  p0s23  =  —  k,  -j-  3ra  , 

5-08i6  =  —  kw,  5-080,  =  —  &n  +  r,s  , 

00*28  =  —  £12  —  Vis—  ri4,<W2»=  —  &is  —  Vis  —  rM,  ffflw  =  —  &14  —  (  £3  —  3£1)r,8+  3r,4—  r]6j 
5-0831=—  £15-  (k—  •  3ft,)ru+3rB—  r17,  ^832  =  —  fci6+3(fcs—  AJrjs—  3ru-f  3r16—  r18, 
5-0838  =  —  An  +  (*4  —  *a)  ''is  —  3r,5  +  3»-17  ,  5-0*34  =  —  *is  —  (3&3  —  &i)  ra+rlt  —  3r16+3r18, 
5-0835  =  —  kig  —  (Bkt  —  ij)  ris  +  r15  —  3r,7,  ^SM  =  —  k.x  +  k*  r,s  +  r,6  —  3r18, 


^0*43  =      i  +  r5 

46  =  Vl  +  Vs  +  Vs  +  *1»"4  ~  ^l  , 

5-0847  =  V  i  +  ^2  +  Vs  +  V4  +  Vs  —  ''a  ,  ^0*48  =  Vi  +  Vs  +  ^4  +  Vs  —  » 


0'0*55=  -     4^26  -  ''SOJ       SrO*56=  -  ''si  J       ^0*57  =  -  »K- 

From  the  expression  of  W,  given  at  the  beginning  of  this  case,  we  may 
derive  the  following  values  for  -4r  and  -4r-  : 


w  ,'  +  3au  ,«  ,'  +  2alt  ,,'f 
^'11  +  7a21  7 
,'  +  flso  V  ' 
-  *  [3aM  +  5a,s  ,  +  3aM  ,']  *!£-  2aM  ^  , 


+  an  •?  +  %<!„•?  r,'  +  5an  W" 


;,i  +  3aM7- 

In  the  formulae  */  1  —  a?  cos  0  has  been  replaced  by  y.     Substitute  the 
values 


then 
^  =  dl 

+  [du  +  da  K+  da  JT  +  dltZ*  +  (du  2T+  dlt  &'  +da 


lt   T-)  of 


+<*»*' 
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with  a  similar  equation  for  the  motion  of  f,  to  be  obtained  from  that  just 
written  by  accenting  the  d  and  substituting  the  divisor  1  +  x  for  1  —  x. 
The  coefficients  d  and  d'  are  determined  by  the  following  equations  : 

4  =  —  a,,d;  =  —  2a,—  a«,  dt  =  —  So,  —  2oi  —  a,,  dt  =  —  4a,,—  3ou—  2au—  aM, 
4  =  2o,  —  a4,  d,=  eo,  —  2a,,  a\  =  12au-f-3au  —  2att  —  So,,, 

*  =  —  8a,  +  2o,—  a,,d,=—  12o,.-|-3an  +  2aI1—  3au,dw=4al.— 
</„  =  —  Ja»,  «!„=  —  Jo*—  Jan,  du  =  —  foM  —  fo^  —  Jo.  , 
<f,4  =  —  Jo,,  —  fon  —  fo.— 


=  —  a,,     «  =  —  2a»  —  a,,,    »  =  —   a»  —  2a,—  am,  ^  =  2^  — 


<f,=—  a,,  d;  =  —  a,—  2a,,  <£=  —  a,—  2a,  —  So,,  <T«  =  —  a,.  —  3^  —  3au  —  4a,4, 
<  =0,  —  2a,,    d;=2a,  —  60,,    dj  =  3oi:  +  2a,t  —  3au—  12au, 

0.  —  3a,,  <£=—  3all-|-2alJ-t-3a11—  12a,,,  ^.rzo,,—  2oa  +  3a,,—  4a,4f 


=—  o»,  <£  =  —  o^—  20,,,  <4=—  a.—  2a»  — 

=2a»—  60,,,  d^=  —  o,  +  2a,—  3o»,  ^  =  —  50,,,  d^  =  —  Jo,,— 

=  fo«  —  \an,  <%,  =  —  20,,. 


By  means  of  the  previously  given  value  we  eliminate  y  from  the  just 
written  expressions  of  -j£  and  /    ,  and,  by  division,  reduce  the  numerators 


belonging  to  the  divisors  1  —  x  and  1  +  x  to  constants.    Thus  we  arrive  at 
expressions  having  the  form 


+  0".  +/» 

For      -  we  simply  accent  the.;  and  change  the  divisor  I  —  x  into  1  +  x. 
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They  andy  are  determined  by  the  relations 

ji  =  di  —  «!<*!„  .72  =  d,  —  («,  4-  «u)dn  —  «j(du  -f  d15)  —  e?dn.,jz=  —  ^d,,  —  gada  —  fythdyi, 
J4  =dt  — 


jt  =  —  (e5  4-  ««)  dn  —  eg  (du  +  d15)  —5-0  ( 


d4  —  (*,  +  «14  4-  e,8  4-  ejoHi  —  (e4 

s  —  («g  +  «n)  (die  4-  d,8)  — 

-  «i2  (da  +  dje)  —  V  fe  +  e,,)  dw  —  e?  d*  —  e,4  da,  , 

n  —  («„  +  «u)  (d12  +  d,6)  -  «3  (dis  +  d18)  —  ga  (dn  +  dw  +  do,,) 


—  S^oSidjis  —  ^Oe?  d 


M, 


65-06,  «s)  dn  —  %§e,  (d^  +  d^)  —       e    w, 

!  —  SglesdTl  —  g\d^  —  4^5e1d30,     ^'11  =  d0  —  eudu  —  e^^  —  ejdy, 
*  —  («ia  +  «n)  dn  —  «nd,,  —  (e,  +  en)  d15  —  et  (d16  +  d,8)  —  (g^  -f-  £10)  dz! 


d,  —  (^  +  «jo)  du  —  (ea  +  ««)  d^  —  e^  dts  —  (c4  +  ew  +  e,,)  d15  —  (^  +  eu)  (d,«  +  d,8) 
—  ^  (dn  +  dw  +  da)  —  (^8+^n+  fi'ie)  da]—  (^  +^10)  (da^-  d24)  —  e?  (djs  +  das  +  do,) 
-  3«?  (ej  +  eu)  dj,  —  e?  (dag  -}-  d,,)  —  eldw  , 

—  («is  +  e^)  dn  —  e^  d,2  —  (e^  +  «i3)  d15  —  e,  (dw  +  d18)  —  g0  (dw  +  dj0)  —  ( 

—  9*  (d&  +  ^)  — 


=  d,  —  (««  4-6^,)^!  —  e17d,2  —  (e,8  -\-  e17)  d!5  —  endu  —  (e2  4"  «n)  ^w  — 


ju.  =  «idn,  j»=  du,  ./a  =  («a  4~  «n)  ^11  +  «i  (^11  4"  dK 


_/»  =  d,a  —  j  «  ,  j  SB  =  ds7  ,  j  so  =  d4  —  jj  ,  j  si  =  dj4  —  .;'  g  ,  j  «  :=  d^      /9  , 
JK  ==  dw  —  j'10>  jtt  ==  "so  > 


;  =  d;  4-  («4  —  e,,  4-  ««)  ^i  4-  («2  —  «»)  (^»  —  < 

-«!(*«i—  4a+«ri 

j;  =  («,  —  «„)<,  4-  «,  «2—  di)  4-  ^0(d;6  —  d«)  4-  (2^  e,  —  g,)  e&  4- 


f,  =  di  4-  (ej—tu  4-  e,8—  e*)  dji+  ('4—  «n 

4-«i«4—  dl,4-  d;,  —  djo)  4-  (5-3  —  0ii  +Pw)  ^i  -f  (ffi  —  ^(da  —  <4) 
4-(2(7,e,  —  ^)<4  —  ^(«4  —  d») 
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<T»)  +  •,  Kl  -  < 


—  <*•)  -I-  (0i  — 


lt—  <^)  -f-  (^4  — 


„= 
/»=<  +  (««  —  ^)^i  +  «iT<iiiH-(«M 

(ffi  — 


It  is  now  necessary  to  change  the  two  preceding  expressions  from 

functions  of  x  into  functions  of  z.     First  connider  the  two  terms  of  the  frac- 

o  or 

tional  form  —    -  and  .  .     Let  the  expression  of  x  in  terms  of  z  be 

A  ~~  «C  1    ^p   X 

abbreviated  to 


then  we  have  the  fractions 
8 


and 


If  we  multiply  numerator  and  denominator  of  both  fractions  by 


in  which  we  suppose  that  Z),,  Dt,  Dt  are  severally  of  the  first,  second  and 
third  orders  with  respect  to  K,  these  coefficients  may  be  determined  by  the 
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conditions  that  the  resulting  denominators  contain  no  powers  of  z  above  the 
first.     In  the  first  case  this  gives  us  the  equations 

(1-J50)A-AA-^  =0, 

(1-JU4-44—  44^4-0, 

-AA-AA-AA-A       =  0, 
with  the  resulting  denominator 

i_  A  -[A  -(1  -A)  A]*; 
and,  in  the  second  case,  the  equations 

(l  +  ^A'  +  AA'  +  A  =o, 

(1  +  £„)  A  +  A  A  +  B,  A  +  B,  =  0, 
AA  +  AA'  +  AA'  +  A          =0, 
with  the  resulting  denominator 


We  solve  these  equations  by  approximation,  rejecting  all  terms  of  an 
order  above  the  third  with  reference  to  K.  In  the  first  case,  the  equations 
are  equivalent  to  the  three  formulae  to  recursion  : 

D-    _A  +  2AA 
"•-      B^   "BY 


in  the  second  case,  the  equations  are  equivalent  to 


For  brevity  let  the  new  denominators  of  the  fractions  be  represented  by 

1  —  B,  —  Dz  and  1  +  B,  +  Ui. 
The  fractions  then  are 

84-  3D, z  4-  8D  z*  4-  SD.tf       ,S'  +  S'D',z- 
— 1 ft       n  an  -  ,   , 

They  can  be  reduced  to  the  forms 
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where  the  U  are  constants.     The  latter  are  determined  by  the  equations 


—  DB, 


VU't 


Rejecting  quantities  above  the  third  order,  these  equations  are  equivalent 
to  the  following  formulae  to  recursion  : 

Ht  =  8'v) 


TT  - 

*•  - 


/•  _  a>  D't     J  4-  B»  a- 
7)' B~  Ht 

'-ffW       1  +  B.H. 

it  -      >     JJ, y-    ht 


All  the  constants  involved  in  these  expressions  must  be  exhibited  in 
powers  and  products  of  C  and  K.     By  putting 


we  have  for  determining  the  coefficients  t  the  relations 


*u  +  »n  '.  +  *!.'.  +  «»'•  +  «»  'i  +  (*«  —  «B)  'i  =' 


«» 


Putting  also 


the  coefficients  are  determined  by  the  relations 


Also 


.=  /.(1-(7)IJP, 


Vot.  IV.—  M 
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We  have 

A  =  A'  =  <»(1  —  C^IJT1, 
where 

^  =  *»  +  »<,  *,,-«. 
We  have 


A  =  t.»  (1  - 


1  —  •  C 
A*  =  <„(!-  01)  **  +  t»  +  t»°+t-Ct  +  t«Gt  + 

where 


Again 

A  =  -',  V  r^gr.  JT+  /M  +  <S 


(1  —  O    )> 


z>'--<  ,/j  —  c*jr  i   »«      '«.v  j'.| 

1  (1  —  <?')»  (l  —  C')J 

where 


-  «,  <»  ~  '.)      -  («,.  -  «,  «,.  -  2  «„) 

!«  *1«  «u 

=  —  ',i+  8«,J»+  ('«  —  «,'»-^+>,<»).p-(«»  —  «,«,.  —  2*18  +  8«,«  ,,)^, 

*M  *1«  *1« 

=  -  <.,  +  (3  *4  -  3  «,)  Jj  +  (<„  -  «,  <,,  -  <80  +  »,  <»)  1  +  («,  SM  +  25,,  -  2s,  sa  -  «„)  ^  , 


.  -  (3  «4  -  «,)  H  +  (/„  -  ,,  tn  -  {„ 


'„ 


DELAUNAY  TRANSFORMATION  IN  THE  PLANETARY  THEORIES  371 


*M  *l«  '       *l 


M  U 


4-  ',«,.-  «  «,.- 


1 

•|»  *U 

'.=   -<-  +   •,' 


From  the  foregoing  expressions  it  is  found  that  the  reduced  denomi- 


*     r        8     . 
nator  for  ^-     -IB 
1  —  x 


,  <.-K.g+..-M.Ct  +  <,g" jp,  1 , 

i      '    .  J 

where  the  coefficients  <  result  from  the  equations 


=  •„-!-«,<„  —  •4<I,         (,,  = 

—  «•<.. 

-•,)«.-(•.-  3%)  I, 


(„=•„  —  ( 

4—  «.)<»—  -.e.—  •,«.-»-  (3%— 
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And  the  reduced  denominator  for  -  —  •  —  is 

1  +  x 


1  +  <.  0  +  (s,  +  a.  (7,+  st  6")  K  +  (,,  +  s6  0  +  s,  6"  +  it  0") 


s">  °  +  -+  '»  C>    > 


g 

+  l  +  ^g  +  ..  +  fr.O'  +  <niC"Vl    f§ 

I*  —  °  J*  ) 

where  the  coefficients  t  result  from  the  equations 


*96=*a  +  <5»  -  Mil         <<«  =  832  -f  <S5  +  8]  <54  -  Mil         <98  =  %  +  <56  +  «1  <«  +  (  2  S2  -  S4)  <j  , 

<99   =  *H4  +  <57  +  M«6  +  2Mll  <100=826  +  <58  +  8l<57+(284  —  S2)«j, 

'lOl  =  S26  +  ^59  +  81  ^58  -  83^,  <1W  =  827  -f~  Sl  ^59  -  Mil  ^103  =  Sjg  -|-  <M  +  82  <M  -  Ml) 

']<M  —  ^B  "T"  «      "T  Sl  ^60  ~T  Sa  '55  ~T  83  ^64  -  86  <!  , 

<106  =  830  +  <62  +  8]  <61  +  82  ^6  +  M«5  +  («4  -  »i)  <M  -  (»7  -  3  85)  <j  , 

»,  —  82)  <55  -  83  <M  —  («8  —  3s6)  <t  , 

8,  <68  +  82  <58  +  83  <57  +  (84  —  S2)  <56  —  83  ^55  —  «4  ty  -f  (3«7  —  3s5)  t.  , 
34—  82)  <57  —  S3  ^  —  Sttx-\-(Sst—  3*6)  <j  , 

9  =  834  +  <66  +  8j  <65  +  88  <59  +  (*4  -  82)  <re  —  83  <57  -  84  ^  -  (387  —  S5)  ^  , 
0  =  885  +  <67  +  81  <66  +  (84  -  82)  tsg  -  83  <5g  -  84  <57  -  (3s8  -  *6)  <1  I 

,     <1W  =  837  +•  <69  +  «i  ^  -  84 


Preceding  now  to  the  determination  of  the  ZTwe  have 


Also 
where 


i> 

in 
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In  like  manner 


where 


ot  '«  +y-  '«  +  v.  <«)  j-  +  («/-  -  »«,>;)  Js  -  o«  <»  +fm  <«  ->;  <„  ->;  /j 

•|«  *!•  '| 

O'i  'n  +  fm  **  +  (*j'n  -  >i)  /„)  f  ~  On  ~  2',>n)  Js  ~  0«  'n  ~  }»  'n  —  >i  <„)  ,/ 

•M  *u  *u 


=  o-  < 


*H 


It  Is  easy  to  see  that,  for  //0,  we  have  an  expression  of  the  form 


where  the  coefficients  t  are  determined  by  the  following  equations 

«.  '»  =  —  j1  (<,  <»  -f  <n)  ->«  <-  +/.  <,  , 
. 

•«  *m  =  —     (<,  <n  +  '.)  ~  On  '-  +j.  <J 


'»  =  -  [>.<„  -f  y»'n  -A^J1 


„  <n]     -  -  On  <• 


-  -y.  <„  - 


-i-y.  '.  +y.  '.  +  <y.  -yj  <j  -i-  [(«»  -  s«,)yB  +  v  J  »  +  cy.  - 
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=        ^70  'in  —  t»  'isa  —  ^7J  ^m  —  ^n  '130 


*„  +  o»  -ya)  ^  -yM 

[('4  -  3  «,)>„  -  3  «,yn]  Jo  +  (/»  -  3/n)  ^  , 


16 


-j^-j^]  +  3  [(-«« 


—    n   at  —   v   IM  —   •*   iw  +    ui  ~  *i   uo  ~  <n»  +  *i  'us  ~  [~  Jn  *n  + 

-  Ui  <H  +>»  *«.  +  (/»  -y  j  '41  —  A  *«  —  y»  '«]  +  c-  «,ya,  +  (3 


1  —  J»  ^  • 


71 
gu 


J1-  —  y»  <«  —  Jn  *n  +j»  ta  —  tja  -*  — 
*i«  *ie 

*H  'n7  =  Sl  MJ1         ^M  *M* 

In  like  manner  we  have 

+  •  • 


;,  <r>  E+ 


— 


-1' 


where  the  coefficients  can  be  obtained  from  the  preceding  group  of  equations 
by  applying  the  following  rule  : 

Change  the  sign  of  the  whole  expression,  accent  all  they  fromy21  toy^, 
for  <3g  to  <6s  write  <B4  to  <M,  for  £,„  to  tm  write  tm  to  tm,  change  the  signs  of 
«i,  «2,  «s,  ««,  <27,  for  <iu  to  tm  write  «,fa  to  <129,  for  tm  to  <]3(l  write  tli8  to  <1M. 
Thus  we  have 
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*n 

;  <  j  +  o«  +  •,/.)  »  -y;  <,  , 


«-  <«-«,  <„  + 
«  +  0» 


+  tu  tm  +  ^  /,.  +  /.  <,.-/»-«,  <1 
„  +  a; 


+  3  [(',-  o/; 


+  3  o;->i)',, 

.+'.'»-' 
/-/.  +  o: 

'»  -l-  '«<»-<« 


/-  <«  -/•  '«]  -  C-  *,y;  4-  (3  «,  - 

~(3/*  -/«)<„ 
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t 

Si« 


In  the  next  place 

„,  +  tim  c 


. 


(1  _  C")<> 

where  the  coefficients  are  determined  by  the  formulae 


<«,  =  y»  +  s,  jn  -? —  ^1M ,      <m  =  jn  +  (5,  jn  4.  8,  y,,)  _L  _  f  m  4.  Sl  tM , 

*ie  S« 

*»i  =/«  —  2yM  +  [(«4  —  2  «,)  JM  +  s.Ja]  j-  —  <».  +  «i  <iti , 

SK 

<i7,  =  j»  —  2jn  —  [(—  «4  +  2  s.)  jn  +  2  «,  ./„]  *5-  —  tlu  +  S,  <„, , 

8u 

t™  =—2jtt  +  jK  —  [(2st  —  st)  jn  +  s,  /,,]  ^-  —  <,„  +  s,  f ,„ , 

on 
<«4  =  —  2jM  +  /„  -  [—  S,  /„  +  (2  54  4-  a,)  .;„]  ^-  —  #m  +  s,  <m  , 

Sit 

tm  =ju  +  [54/11  +  *•/«]  r-  ~~  *'"+  s«  *'«  > 

5« 

<»«  =  jn  +  ««  Jii  -p  +  «i  <u.  ,  <in  =  Jw  +  S.  Jn  —  +  «s  tut  —  tv, , 

ou  Su 

tut  =jn  +  [*e  jn.  +  «6  jit]  -~~  +  S,  tm  +  S.  tM  —  tlu  +  Si  tm  , 

Hit 

tin  =  ja  —  Bju  +  [(«7  —  3  S,)  jn.  +  St  jn]  -±+S,  tul  +  S,  tin  +  (S4  —  S,)  <„.  —  t 


/  ~~     -J         ^^_   ^    1  .     F^-B       Q    O    \    V      *     1        /  j>       __    Q    O    \    •!     T          1  [         a      /  1         n       /  I         /  a  a    ^    / 

180   ^~  Jt9  ^31       1^    L\    8  ^^  6s  J  21 1    1^    V.    7  5/J'22J    ™1          2      13S   "^~       S      182   ~T~    V^4  ^^  "S/      IHl 

^"^  03   '  ]  jo  "^~  ^140      I™    ^1   ^119   J 

^«  =  y»4  —  3yM  4-  3 _/,„  —  [(3  s7  —  3  sO/n  +  ( —  s,  +  3  s,)/,,]  —  +  Si  SIM  +  Si  fui 

+  («4  —  s,)  £,„  —  s,  Em  —  «4  tM  —  £ui  +  Si  fMo , 
tM  =  —  3/.I  +  3.;',,  —  [3  (s,  —  S,)/,,  +  3  (*,  —  «.)/«]  j-  +  *.  <i«  +  s,  tM 

oil 

tut  =  —  3j,4  4  3/1,  —  [(—  3  s,  4-  s,)y.i  +  (3  s,  —  I' s.)  ./„]  j-  4-  s,  £,„  +  sa  fu» 

"J-   (^^4  5i^   tlM  Si   CHS  ^4  Cm  ~~    titt  ~T"    ^1  ^143  » 
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| 

tu.  =  syM  — y«  —  [(—  3 A,  4-  *«)y»  +  (—  •*•  +  ••)./«•] -    f  «•  fu. 

AI« 

Also 


where  the  coefficient*  can  be  obtained  from  the  preceding  group  by  accent- 
ing all  they  from/n  toy,,,  changing  the  signs  of  the  »  from  «,  to  «,  and  that 
of /|,  and  adding  18  to  the  subscripts  of  the  /  from  tw  to  1MT:  Thus 

t u.  =  £  +  jn  ~  ,         <».  =  jm  +  Um  -  «.  J-)  ;'-  .         '»•  =  J»  +  «•  >•  J-  . 

*1«  »!•  *M 

»tja')±  —  tu.  —  at  tIM, 


tut  =  J»  ^  2j«»  -j-  [(*«  ~~  2  *t)  Jn  T  *•  J»J  "  "  ~~  'IM  ~~  *'  *'«• » 

•i« 

(»  =  y«  —  3>r  —  [(—  ««  +  2  AO  7«  -f  2  A,  >„]    '    —  <ui  —  «i<», 

An 

<„,  =  —  2j«  +  y»  —  [(2  *4  —  *t)jn  +  «•  >»]  tfj *ui  —  »•  'ui  , 


=y»  +  [*«y«  +  *ty«]  ^  —  <«  —  «i  <•«  , 

AH 

=y.  +  *.y;^  —  «i  <•-  ,     /-.  =ji»  +  *»y«j-  —  *•  '•-  ~  '«-» 


-  3«.>y;  -i-  «,yi]^-»,  <».—«.<-.—(«.—».)<•-—  <»  - 
»,  —  3«.)>»—  *  '«  -  *•  '«—(••  —  *)  *» 


yi  -  [(3  «,  -  3  A. 


You  IV. 
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t,K  =  —  3j^  +  3jn  —  [3  (S,  —  S6)  jn  +  3  (S,  —  S,)  _/,;]  -±  --  S,  tlb,  —  S,  t  u, 

016 
(.^4  ^*)  ^l&l      I      ^3  ^150  ~T~  Si  £l49  ^160  -  Si   ti6g   j 

£,«  =  —  3ju  +  3j^  —  [(—  3  s,  +  s6)  ./,',  +  3  (se  -  s.)  ./„',]  -^  —  s,  tltt  —  s,  tu, 

Sa 
(  £4         St)  tui  -\-  Si  tin  -f-  St  tua  —  tin  —  Si  t  leo  , 

t™  =  3j.t  —jn  —  [(—  3  s,  +  s.)  j,;  +  (—  3  s,  +  st)  ./,',]  -|  --  s,  ^,54 

*16 

"~  (^4         Sj^  Ins  T  Ss  tm  -f-  S4  tisi  —  tiej  —  Si  liei  . 

*.«  =  3,/«  —  ,/M  —  [s,,/,1!  +  (-  3  s,  +  s,)  J,',]  ^-  —  (54  —  s,)  tul  +s,  tut  +  st  tut  —  tlM  —  s,  tM  , 


tun  =  —  J«>  —  [5g  Jn  -{-  Si  Jti]      -  -}-  S,  tul  -\-  St  tu,  —  Ii64  —  Si  tit,  , 

Sit 

*2io  ^         Ju         S8  Jn  —  -p  St  tut  —  ties  —  Si  TIM  ,  tan  =         Si  tm,  . 


It  remains  to  turn  the  portions  of  jan^7/d)  which  are  proportional  to 
integral  powers  of  x  into  terms  proportional  to  powers  of  z.  The  mentioned 
portion  of  -^will  then  be 


,  +  «,  (7)  ^+  («4  +  M6  (7  +  w6  C")  ^T1 


where  the  coefficients  are  determined  by  the  equations 

«i  =Ju>         ««=./>>         MS  =Js  +  «i  jn  >         W4=J4  +  «2jin 
U6  =_;„  +  84;'!!  +  S1(/18  -f  8?j 

«8   =^8  +  «6jll  +  »3jl8  +  «i  jit 

"s  =>  +  *ijn  +  ««  Ju  -f-  8»ja  +  »iji5  +  28!  t,jtt  -f  sj^'w  , 

«10  =  jl<>  +  *SJ11  +  *4J18  +  «1  Jl«  +  2  8j  84J17  +  8\ja  +  8\jM  ,  Un  =  Sujn  , 

MIS  =  «i7  jn  +  Saji'i  ,         MIS  =  «is  jn  +  «n  JK  +  2  8,  s^jn  ,         w,4  =  a^ju  —  8]6%/,3  , 

MIS  =  SM^'II  -  »16  jus  -  2  8!  816-;17  ,  Mjg  =  82,  j,,  -f  8i7t/12  +  SIJJH  +  28^  8Mja  , 

Mi7  =  «22J11  +  *18  J12  +  »17  Jl»  +  «16jl5  +  2  (88  816  +  8,  8n)j17  +  2«j  8,6i/18  , 

Ww  =  *«Jll   +  «19j«  +  «18.7l3  —  »17J,2   +   8!6  (j',6  -  2^)   +    2  [(«4  -  2  82)  «„  -f   S:  8i8]  _/" 

+  28,  816</I9  +  38?  8,,,/j,,, 

M,9  =  824  ./„  +  820^,2  +  8ltja  —    8,8.7,3  —  «„  j]S  —  2  8W  j,5  —  2  [2  83  8,6  +  S,  817  —  8,  819]  f' 

—  4  8,  8,6t/18  , 

"so  =  «»  jn  —  *i9jw  +  830^13  —  «wji3  +  «i«  (ju  —  Ijw)  +  2  [(—  2s4  -f  82)  s,,,  —  s,  (s,8  —  8M)~\jn 

—  4s,  *,6i/,,,  —  6  sjf  SMJW  , 
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2  (a,  •»  — 

—  •,•»)>«  +  2  «,«,..; 


,,  +  3  «,•?..;*, 
«,,  >„  —  «ta>B  +  2  [(•,  —  «,)•„  +  «,  •„]  jn  +  2  «,  «My,,  , 
•«>„  —  ••  >»  -f-  2  [—  *,  «,«  +  •,  •»]  >„  —  2  «,  •„  ju  —  3  «,  ti>.  , 
2[—  •,  •„  +  •,  •»]>,,  —  2»,  »„>„,        «»  =  %.>!,  +  2»,« 


The  corresponding  portion  of  /  is 


where  the  coeflficienta  are  given  by  the  preceding  group  of  equations,  but, 
in  which,  the  u  andy  are  accented. 

By  uniting  to  the  preceding  portion  of  /.  the  similar  portion  which 

D 

arises  from  the  fraction  T-;  —  we  have 


C  -f  r. 


-I-  3  {  ["«  -f  »«C1  (1  -C1)  ^'  +  C*.  +  ".  C  +  .  .  +  va  C  •]  AT'  }  oo.  8  * 
+  3  r«  (1  —  C")l  K*  coa  3  f. 

By  the  integration  of  this  we  have 


,  +  «»  C  +  »„  (7'  +  « 

+  [».  +  «.  C  +  .  .  -f  «.  CT  ^—^ij!  }  •<•« 

C™)  ^  +  [w.  +  ».  C7  +  . 
3  <f. 
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The  coefficients  v  are  given  by  the  formulae 

--        —  —  V,  =  M4  --      M23 


6*16 

t;6    =  Ms  +  i  M«  +  <i»  >  v«  =  "»  -  2  M4  —  f  W«  +  <m  ,  »,  =  -  2  M5  -  f  M24  +  tm  , 

V,    =  -  2  M,  +  M.  -f  f  M28  +  <m  ,  V,  =  M5  +  |  M24  +  tlM  ,  Vu  =  M,  —  J  M,,  +  <m  , 

=  U,  +  |  M26  -  Jj'M   J?.    +  <„„  , 


-*       -  -          ' 


Vu  =  M,  —  3  M, 


fin 


«1S  =  MM  -  3  U8  +  J  M28  -  |  «„  +  Zjlt  —  +  <MO  , 

•M 

V  „  =  —  3  M,  +  3  U,  +  J  M,,  —  I  M27  +  |  M»  —  3^,  ^5  + 

111 

»17  =  -  3  M10  +  3  M9  —  f  M!9  +  |  MM  —  S./,,   *  +  <14,  , 

016 

»„  =  3  M,  -  M,  —  f  M»  +  I  Ma,  -  £  M25  +  2j,,  —  +  d«  , 

•u 

»„  =  3  M,0  -  M,  -f  J  «,,  —  J  «„  +  2>  Ji  +  <,„  , 

•u 

D,,  =  —  U,  +  |  MS9  —  J  Mr  —  J_/n  =  +  (u.  ,  f»  = 


»M  =  Mu+i/,1-2,  VffSUu-fj.S,  »,,  =  «„  +  |  W,.  +  <110  »»  =  WIT  +  <iw 

«1*  8l6 

»,.  =  M18  -  |  M,0  +  <„,  ,          r,,  =  M,,  +  <,„  ,          »„  =  Mso  +  f  «,„  +  «,„  ,          r,,  =  M,,  +  tut 


J  MM  ,  Vls  =:  yly  M,,  . 

The  coefficients  M;  are  given  by  the  formulae 

W25  =  Pi  »»  +  P«  "a  > 


»M  —  »,,)  -f  p,  »a  +  (p,  —  2Pi)  VK 
—  v»)  +  ps  (vx  —  tfc)  —  2pB  r 

%  —  «25)  +  (Pi  — 


DBLAUNAT  TRANSFORMATION  IN  THE  PLANETARY  THEORIES  381 

The  corresponding  equation  for,/7  is 

K  +  K  +  «;  c  +  .  .  +  «•;,  c*)  (1  f^ 

'        *  +  0) 


+  «;  (1  —  C1)1  *"'  «n  3  9', 

where  the  coefficients  v'  are  given  by  equations  precisely  similar  to  those 
for  t>;  it  is  necessary  only  to  accent  the  u,  accent  the  j  and  reverre  their 
signs  and  augment  the  subscripts  of  the  /  from  /,,,  to  tm  by  8  and  those  of 
'no  to  'MT  by  18  >  f°r  tne  expressions  of  »r^3  to  u^,,  simply  accent  the  v  in 
the  equations  for  wa  to  wu. 

The  portions  of  the  motions  of/  and  f,  which  are  of  fractional  form,  are 


df  _  Ht  df  HI 

fy~\  —  Bt  — 

and,  on  integration,  they  give 


The  two  radicals  in  the  denominators  can   be   computed   from  the 
equivalents 


v  (i  +  s.  4-  aj'-a-a+a  +  i 

The  last  terms  under  the  radical  signs  have  the  values 

_  Bi  +  (I  -  BJ  (2  />,  -  H)  =  [-,  (1  -  «,  <7)>  -  f!,  (1  -  <?«)]  (1  - 

-I-  [««  -r-  «.  0  +  . 


Voi.  IT.— M 
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To  facilitate  the  derivation  of  the  constants  a  we  employ  the  subsidiary 
constants  a,, . .  021 ;  then 


t^Y,         as=2(<29— 

a5=  2(^  —  ^41),         ae  =  2  (<S2  —  <i<48),         a,=  2(k  —  Ma),         a8=2<34, 
a,  =  —  2*2,     a10=  2(s,  82  —  88),     au  =  2  fa  ss  —  s4)  ,     a18  =  2s184,     a13=2(«35  — 
o14  =  2(<29  —  Mgs),        a15=2(k  —  ijy,        a,6  =  2  ((,,  —  <i  <57)  ,        o,7  =  2  (^  —  f,  <a)  , 
OK  =  2  (<S3  —  U.w),       a19=2«2,         a20=2(83  +  8i8,),         a31  =  2  (s4  -f  sl  88)  , 
022  =  02  +  «i09  —  2838839,         023=:  as  —  23^  +  O^K,  —  2838840, 
024  =  04—  28i08  +  8?  02  +  0i(a,1  —  2a9)  —  2838(84!  —  28,8), 
a,5  =  as  —  2  8j  a4  +  «?  a3  +  Q!  (au  —  2  aIO)  —  2  Ssg  (843  —  2  840)  , 
CM  =  a6  —  2  «i  a5  +  s?  a4  +  Q!  (—  2  OH  +  a9)  —  2  838  (—  2  84i  +  839)  , 
a-j,  =:  a,  —  2  81  ««  +  s?  05  +  «i  (—  2  «M  +  «io)  —  2  838  (—  2  842  +  840)  , 

«28=«8  -  2  810,  +  85^  +  «!«!!  -  283884,,  02,=  -  28,  Oj  -f-  8?  «,  +  «i  a,2  -  2838845, 

av>  =  8tlas,          «3,  =  a18  -f  at  «19  —  2835839,          «s2  =  uu  -f-  2  8t  «M  +  a,  a^  —  28^840, 

«ss  =  «i5  +  28i  a14  +  s?  «18  +  «i  («2i  —  2a19)  —  2839  («41  -  2s89)  , 

«34  =  «»  +  2  s,  a,5  +  sf  au  +  «i  (a,,  —  2  a20)  —  2  8,,  (8«  —  2  s,0)  , 

053  =  «»  +  2  B!  ale  +  s\  a,5  +  «!  (  —  2  «al  +  a,,)  —  2  8,,  (—  2  s«  +  sS9)  , 

«M=  a,8  +  2s,  «„  -f  sl  a,6  +  «!  (  —  2ais  +  aso)  —  2s,9  (  —  2s4,  +  840), 

Og7  =  «g  -j-  2  81  a,,  -j-  sj  an  -f-  «!  aai  —  2  8S8  ««  ,         Oj,  =  2  81  as  +  s  J  «18  +  Oi  a12  —  2  s,,  8«  , 

039  =  81  a8. 

We  can  put 

B.  +  B,=W+  [/SJ+/?aO+y94C2]  JT+  [/J,  +/9,6'+  .  .  +W]Z'+  [/?9+/S10C7+  .  .  +/s1,C^r§lJ  , 

where 

£l  =  *1  »  ft  =  *»  +  «88  »  /*»   =  «S  »  ft  =  ««  —  «S8>  ft  =   *S  +   *S9>  ft  =  *6  +  *«  » 

ft  =  *1  +  ««  >  ft  =  »8  +  *42  >  ft  =  «9  +  *«  '  fto  =  *10  +   S44  ftl    =    *11  +  S45  , 

ftj   =  *l.  +  S4«»  ftj  =  *13  +  547>  ft.    =   *14  +  -<i48,  ft6  =  <S15  +  *«- 

Let  us  call  the  quantity  under  the  radical  sign  in  the  expression  for 
/,  R",  then 

*•  =  [-*,  +  cry 


+  [ft,  +  ft,  0+  .  .  +  /9,7  C"»]  (1c,y, 
where 

ft«  =  -  ft"  *1«  *17  >        ft?  =   "ft  +  ft  ft"  *J6  «18>        ftg  =   —ft  +  ft  ft  —  *16S19>        ft«=  ft  ft"  516*JO» 

ft.  =  —  2ft  +  ^-281.8zl-8j,  +  a1—  8,,,      ft,=  -2/J,. 


ft*  =  2ft  +  «/»,/».  —  8ft  /9._2y9,/94  +  /9J-yn-281.«tt-2«188!0+  (1-28?)  a,-3«i, 
ft.  =  2ft  —  2ftft  —  2,9,  /?4  —  28,.  8,,  —  28,,sM-2«1a1, 

ft.=  -2ftft-«-28ie8,,  —  s;,  +  8jai  +  «?8, 

ft,  =  2  (-  ft  +  Aft  —  «„«,.  -  «IT«M)  +  «„, 

fts  =  2  (—  fto  +  ft  ft  +  ft  ft  +  ft  ft  —  »,,*»  —  *n*M—  •»„*„)  +  <*a, 


nuravoucATioM  IN  TRB  VLAiivrABi  mmmxm         sss 


—  «,.«,—*»««—«»««) 


Si  —  «•» 

^,(/»M-^»)  +-M,  4-  -»,(-a^.  +  ^  +  /»,(-»*  -f  /».)  - 

4-  «,  —  ««. 


=  «(^u-  /»•  ^4  +  A  A  +  A  A  -'-'«  -  *it»n  - 


ID  like  manner  the  quantity  under  the  radical  sign  in  the  expre*aion 
for/, 


where  the  coefficients  are  determined  by  the  equations 


^ii  —  A)  4-  <%  —  a,,  — 
A»  =  A»  H-  4  (^  —  A»)  +  «M  —  OB  — 
Ai  =  Ai  +  4  (As  —  Ai)  +  <%  —  ««  — 
At  =  A«  +  4  (,?,«  —  &,)  +  «i»  —  «•»  — 

U)  +  an  —  a.  —  o^  +  a.  , 

—  a»  —  0^4-  a,,,         ^  =  ^»  —  4  ^3»  -f-  <%  —  a,,  — 


From  the  value  of  B?  we  derive 

»Ctir  .  A. 


•,  +  0)'          (1-C71/* 

In  order  to  facilitate  the  expression  of  the  coefficients  we  adopt  the 
following  subsidiary  quantities 
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then  the  coefficients  (3  satisfy  the  following  equations 

a/j"  =  3  (2  *,  -  ft-  ft)  —  ft,  +  2s,  ft,  —  s;  fts, 

2  ft,  =  6  (ft,  ft,  +  ft,  ft8  -  ft.  ft,)  -  ft,  +  2  s,  ft,  -  s;  ft, , 

2  ft,  =  3  (ft  +  2  ft,  ft,  -  2  ft,  ft8  —  ft)  -  ft,  +  2  s,  ft,  -  «J  ft4 , 

2  ft,  =  6  (ft8  ft,  -  ft,  ft,  -  ft,  ft8)  -  ft,  +  2  s,  ft.  —  s;  ft, , 

2ft,  =  3  (ft  — ft  -  2 ft,  ft,)  —  ft4  +  2s,ft6  —  s!ft,,        2ft5  =  6ft8ft,- 

2ft.  =  —  3ft  -  ft,,        2ft,  =  -  s< ft,  -  2ft,  ft,  -  2/3J,  +  2 si  ft,  ft0, 


s1'ft8  —  6*?  ft,  -  2ft,ft,,  —  2ft,ft,  —  2(ft8  —  ft,)ft8  —  6ft.<5,  +  4,3?, 
+  2s2<5,  —  2s,  8,  +  2(1  -  si)  ft,  ft,, 

s,ft,-2ft,ft,-2ft7ftfl—  2(ft8  -ft,)ft,-2(ft,-ft,)ft 


2ft,  =  —  «J  ft,  +  4  «•  ft,  —  6  «J  ft,  +  4  s,  ft8  —  ft,  -  2ft,  ft,  —  2  ft,  ft,  -  2  (fte  -  ft,)  ft, 
-  2  (ft,  -  ft,)  ft,  +  2  fts  ft*  -  6  ft,  (2  ft,  ft,  +  ft)  -  6  /SJ,  ft8  -  12  ft.  5,  -  2  ft1, 


2ft,  =  —  *}  ft,  +  4sJ  ft,  -  6sJ  ft,  +  4s,  ft,  -ft*  -  2  ft,  ft,  -  2ft,  ft,  -  2  (ft8  -  ft,)  ft, 
-  2  (ft,  -  ft,)  ft,  +  2  ft,  ft,  +  «  ft,  ft.  -  6  (2  /?,,  /9M  ft,  +  ft2,  ft,  +  ft,  ft'.)  +  4  (3  fl,  ft, 


2ft,  =  -sift,  +  4sJ  ft,  -  6s«  ft,  +  4s,  ft,  -ft,  -  2ft,ft,  -  2ft,  ft,  -  2(ft8-ft.)  ft, 
-  2  (A,  -  A,)  /»„  +  2  ft,  ft,  +  2  ft,  ft,  -  2  (3  ft,  ft  +  6  ft,  fte  ft,  +  fl.)  +  12  ft,  (2ft,  ft, 


2/9M  =  -sJ  ft4  +  4s?  ft,  -6«!  ft,  +  4s,  ft,  -  ft,  -  2ft,  ft6-  2ft,ft,  -  2  (ft8  -  ft,)  ft, 
-  2  (/?„  -  ft,)  ft,  +  2  ft8  ft,  +  2  ft,  ft,  -  6  ft,  (ft,  ft,  +  fl.)  +  12  (2  ft,  ft,  ft,  +  fl,  ft, 


2ft,  =  -sift,  +  4s?  ft,-  6sJ  ft,  +  4s,  ft,  -  ft,  -  2ft,  ft,-  2ft,  ft,  -  2(ft8  -ft,)  ft, 
—  2  (ft,  -  ft,)  ft,  +  2  ft8  ft,  +  2  ft,  ft,  -  6  ft8  tf,  +  4  (3  ft,  ft  +  6  ft,  ft,  ft,  +  ft) 
-  6ft.  (2ft,  ft,  +  ft)  -  6/?;,ft8  +  2s;  »,-  4s,  «58  +  2  (1  —  «J)  5,  +  4s,  »,  —  34,, 


+  2  ft8  /?„  +  2  ft,  ft,  —  a  ft  -  6  ft,  (ft,  ft,  +  ft2.)  -  6  (2  ft,  ft8  ft,  +  ft  ft,  +  ft,  ft) 
+  2SJ.5,,,  —  4s,  5,  +  2(1  —  s?H  +  4s,<57  —  3»,, 


2ft,  =  -4sJ  ft,  —  8«;  /?„  +  4s,  ft,  -  ft,  -2  (ft,-  ft,)  ft.  +  2ft8  ft,  +  2ft,  ft4  +  4/4 
-  6ft,  (ft,  ft,  +  ft)  +  2(1  -si)  *„  +  4s,  *,  -  25,, 

2ft,  =  -6s;ft,  +  4s,/3M-fti  +  2ft8ft4  +  2ft,fti-6ft8fl,-|-4s,<510-2a,, 
2ft,,  =  4s,ft,-/3M  +  2ft,ft4-  2ft',-2<5,0,        2ft,  =  -ft,. 

In  like  manner  we  have 

1  .          1          i  ft'.  +  ft',  O  +  &  C*  +  ft'.  G'  v  _,_  &  +  fl,  O  +  .  .  +  ft'.  C>    K* 
B7"~—  s,  —  G'  (—sl  —  CTf~  (—  s,  —  <7)s~        r^^C" 

,  ft>7  +  ft'.g  +  •  •  +  A  C«      K> 

(—st  —  uy        (i  —  c'y 

where  the  coefficients  from  fi'm  to  @'6l  satisfy  equations  which  are  obtained 
from  the  preceding  group  by  accenting  the  /3  from  /?18  to  {3y,,  reversing  the 
sign  of  «!  and  finally  the  sign  of  the  whole  expression. 
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We  may  write  the  terms  of/and/'  we  are  considering 
/=  JaroUn  (£t»n  *f),       f  =  *1  arcUn  (J"|  Un  » 
We  have 


where  the  coefficients  y  are  given  by  the  equations 


rt=p»,      r.  =A»p      r,  =  Pi 

r.  =  Pi  '«  +  A/a  •      r.  =  A  <»  +  Pt  lm  +  PJn  •       ft  =  A  ',„  +  /»,  'm  4  A  ',«  -f  PJn  4  />  Jn  . 
r,=A'm  4-  A('i«  —  8/,J  4-A'w,  +  A>n  +  (A  ~  2  /»,)>„, 

r,  =  A  <m  -  2  A  '.«  +  A  ('«  -  2  tm)  -  *pj9  +  (  A  -  >  A);»  . 

r»  =  A  '•»  +  A  (-  2  <»  +  /,  J  -  «  A  '«  -  *  A;.  +  (—  *  P.  -f  A)y.  t 

ru  =A<m-r-A<i«  -f  A(—  2*,.  +  <»)  -f  A/H  +  (—  2A  +  A)./n. 

rn  =  A  'm  +  A  '»  +  A  *,*  +  PJ«  +  PJa  .       ru  =  A  '.T.  +  A  *»  +  A>B  . 

TH  =  P,  'm  +  P,  *m  +  Pt  tm  +  pja  , 

Tm  =  A  '.»  +  A  '«  +  A  <••  -I-  P,  ',.,  4-  A  '»  4-  A>»  4-  pja  , 

r*  =  A  *m  4-  A  «m  -  ',-)  4  A  '.»  4-  A  ('.«  -  8  '.«)  +  A  '.«.  +  A  '.«  4-  A>«  4-  (  A  ~  3^)>n  . 


=  A  '»  4-  A  (<«  -  ',„)  4-  A  Cm  -  <»)  4-  A  (-  3  <,.  +  3  /.J  -  8/»,  /„,  +  A  ('-  -  3  /.J 

4-  (  A.  -  3  A)/»  +  (-  3  A  4-  A»«  . 

=  A  '»  4-  A  Cm  —  '.n)  +  A  (',»  -  <,„)  +  3  A  '...  4-  A  (-  3  /,.  4-  3  /„)  -  3  pt  tm 

4-  (-  3^,  +  3P,)ja  +  (-  3/>,.  +  3p.)/tl  , 


4-  (-  3  A.  4-  3  A)/.  4-  (3  A  - 
=  A  '-,4-  A  ('«-',«)  4-  A  C»-'m)  -A',«4-A(3/,«  -  <»)  4-  SA<«  4  &pt-pj)a 


Tm  =  A  '«  —A  'n.  —  A  '™  —  A  '».  -  A  '»  —  A/«  —  AJ 
r«  =  A'w  -  A'M  -  P»tm—PtJm>          T.  =  A  '»• 

Also  we  have 
JT  =  n  4-  r.'C  4-  [/,'  4-  r.' 


where  the  equations  determining  the  y1  are  derivable  from  the  preceding 
group  by  simply  accenting,/,,  and>a  and  augmenting  the  subscripts  of  the 
t  by  23. 
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The  quantities  N  and  N'  are  given  by  the  equations 


sI6  «/  l-G"  +  [(tn  +  tnC+..  +  t,sCa)  (1  -  C")~l  -  (s,  +  s3C  +  s467')]  K 


By  multiplication 

t      .  r« 


To  facilitate  the  expression  of  the  coefficients  y  we  adopt  the  following 

SUBSIDIARY  QUANTITIES. 

e1  =  «?/-s,     e2  =  8?  7-4  —  28,7-s,     es  =  8?r6—  28,7-4  +  7-3,     «4=  —  28,7-5  +  7-4,      e5  =  rs, 
£6  =  s|/338,     £7  =  «?/939  —  2s1$«,     £8  =  8?/340  —  28i^89  +  /933,      £9  =  s5/?41— 
e,0  =  s]  /942  —  2«!  /941  +  /?40  ,     eu  =  «?  /943  —  2sj  ^  +  /34l  ,     e,8  =  s^  ^  —28,  /943 


e 


16=/3 


46, 


C4  =  8t  pa  —  48?  ^918  +  64  /317  -  4«t  fa  ,       &  =  —  4«J  /319  +  6  8?  /3I8  —  48l  /917  +  /3lg  , 
C«  =  68?  ft,  —  48^ 

Then 


7-32  =  f,  ^  -f-  7"2  ^  —  £2  ft6  —  8?  7-4  ft,  +  8}  ;-,  —  4  8^6  , 
fa  =  r,  (/340  —  $„,)  +  rs  ^39  —  «i  (^M  —  2ft6)  —  £2  /3n  —  %  Ae  +  8}  re  —  4«?  T?  +  6  «?  ft  , 
T34  =  n  (&i  —  Ai)  +  T2  (/9«  -  /9»)  -  «i  (fa  —  2  A,)  —  %  (&,  -  2  /916)  —  e3  ft,  —  e4  ft, 
+  s{  7-9  —  48?  7-8  +  6  s?  r,  —  4s,  re  r 

r«  =  n  (/5«  —  ^«)  +  r2  (Ai  —  A.)  —  «i  (—  2  ^  +  A.)  —  ««  (A.  —  2  AT)  —  <s  (As  —  2  Ae) 

—  «4  ft?  +  «{  Tio  —  4s?  7-9  +  6s?  ft  —  48,  7-7  +  ft  , 

r36=n(^-Ai)  +  r2^—  Ao)—  £i(—  2A9  +  A7)  —  «8(—  2A8  +  Ae)  —  £,(A»—  2A;) 

—  «4  (As—  2Ae)—  £5A7  +  «tru—  48?rio  +  68?r9—  48,7-s  4-  r?, 

m  =  n  (A4  —  ^)  +  ra  (^  -  AO  -  «i  As  —  %  (  —  2  A»  +  M  —  ^  (—  2  ft8  +  ^ 

-  e4  (ft,  —  2ft,)  —  e6  (ft,  —  2ft6)  +  8{  ru  —  4«?  n,  +  6  »?  7-10  —  4s,  r9  +  rs, 

r»  =  n  (As  —  A*)  +  r»  (A*  —  As)  —  *.  A.  —  ^  As  —  e,  (—  2  ft,  +  ft,)  —  e,  (—  2  /?,8  +  ft6) 

-  £5  (ft.  —  2  ft,)  +  s}  j-u  —  4  8?  7-12  +  6  s?  7-,,  —  4  s,  7-10  +  7-,  , 

rw  =  r,  (^  —  ft.)  +  7-,  (^  —  ft,)  —  £,  /9W  —  £3  ft8  —  £4  (—  2  ft,  +  ft,)  —  £5  (—  2  ft8  +  ft6) 

—  4s?  T-U  +  6s?  7-u  —  4s,  7-11  + 
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r«=—  r.A^ri(Ai—  AJ—  *A.—  ^Ai—  M—  2At 

i—  ri^«—  «4  A»  —  «»&•—  4»,  r«  +  n,.      r«=  —  ri  At—  «tA»  -f-  r 


i—  r«C»—  riCi 
r«=r.  (Ai—  Ai)  +  rt  0«  +  ri  ••  +  r«  «i  +  (r.  —  2r.)  «.—  r«  C.  —  n  Ci  —  (rt  —  rt)  Ci 


r-=  n  (A.—  AO  +  rt(Ai  —  A:)  +  n  «.  4-  n  «.  4-  (r.  —  2ri)  «i  —  2r,  ».  —  r.  C4  —  n 


—  ^«)  -I-  r«  *»  4-  ri  «.  -H  (r»  —  2  r,)  «.  —  2  n  I,  —  (2  r.  —  ri)  «« 
—  r«C«—  rtCi—  (r.—  r«)Ci—  (r»—  rt)Ci—  (r-—  ri) 


r«=ri(A«—  A 

4-ri*.  —  r.C«  —  rtCi  —  (ri  —  r«):4  —  (r.  —  n)  :•  —  (n.  —  r.)C»  —  (ru  —  r.)Ci 


=  r.  (Ai  —  A.)  -H  ri  (At  —  A»)  +  ri  ««  +  ri  «u  4-  (ri  —  2  n)  «•.  —  2  r«  c,  —  (2  r,  —  r.)  «, 

+  n««—  r«C7—  n  C«—  (r.—  r.)  Ct—  (r.—  rt)  C4  —  (nt—  rO  ?•—  (ru—  rt)  Ct 
—  «•;  r»  +  15  «!  r«—  20.jr,,  -f  i5^r,.—  6«,ru-|-  r-, 


4-  r4  «.  +  r.  «:  —  r«  Cs  —  ri  Ci  —  (ri—  r«)  :.—  (r.—  r?)  :•—  (n.—  rO  :4  —  (ni—  r.) 
-  (rB  —  r»)  Ci  —  (r»  —  m)  :•  4-  «t  rn  -  6*^  r»  4-  15«J  r»  —  20^  r»  4- 


r«=r.  (Ai—  Ai)  4-  ri(/9»4—  At)  4-  r.«u  4-  r*<u  +  (n—%r*)  «»—  2r,  *..  —  (2r.—  ri)  «M 
4-  r4  «»  4-  r»  «•—  riC*—  (rt—  ri)  Ci  —  (r»—  r?)  C«—  (r..  —  r»)  C$—  (rn  —  r.)  C4-(r«-  r-)  Ci 

—  (r»—  ru)C»4-r«Ci+«?ra—  «*?ri.4-i5*tr»—  2o«jri,+i5«;ri.—  6-ir,,+r-, 

M  +  r»  'a  4-  n  «u  4-  (r§  —  2ri)  «u—  2r4  «»—  (2ri  —  rt)  «n 
ri)Ci—  (r.—  ri)Ci—  (r»—  r.)C«—  (ru—  rt)Ct—  (rn—  r»)C4 

—  (rw—  r.O  Ci  4-  rn  C»  4-  ruCi  4-  •?  r«  —  «•!  r«  4-  15«?  r»  —  20«j  r«  +  »•!  r» 


r«=ri(Ar—  At)4-rt(Ai—  A4)4-rt«i«4-r4«»4-(r.—  2ri)'M  —  2r4«B—  (2n—  rt)«« 
4-  r4  «u  4-  rt  «w—  (r.  —  r?)  Ci  —  (rw—  rt)  Ci  —  (ru  —  rt)  Ct—  (r*—  r»)  Ct—  (r»  —  rn)  C4 


rt4=n  (As—  Ai)  4-  r»  (Ai  —  A.)  4-  rt  '-  4-  (ri  —  2j-i)  «.  —  2r<  ««  —  (2n  —  rt)  «» 
4-  rt  «a  4-  rt  «n  —  (r»  —  r«)  Ct  —  (rn  —  r»)  Ci  —  (r»  —  rw)  Ci  —  (r«  —  r«0  Ci  4-  ru  C4 
4-r»Ct—  «?r»—  6«? 

r»=n(Ai—  Ai)4-r.(Ai—  »9 

—  (r..—  r.)Ci—  (r»-rii)Ci—  (r»—  ru)Ci4-r«C.4-r»C4— 


—  (r«—  r»)Ci 
—  (ru—  m)Ci4-r«Ci4-r*Ct4-  i5«Jr«—  20^r».4-  i6-Jr»—  ««ir«4-r«, 

r«=  r.  (Ai  —  A.)  4-  r»  tf.—  Ai)  —  (2rt  —  n)  ««  4-  n  «u  4-  n  «»-  (ru—  r«)  Ci  4-  r«  Ct 
4-ruCi—  20«?r»4-i6^rt4—  6«,r»4-r». 

r«=—  n^  +  rtO^—  A.)4-r4«.t4-r.'u4-raCt4-riiCi4- 

r.=—  nA.—  r^  +  rt'ii  +  r-Ci—  *»ir»  +  r»>      r«=— 
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In  like  manner 

M'  _  rl  +  r',0  j,  r'»  +  ri,C  +  --  +  r»Ct  K  ,  rn  +  r«g  +  ..  +  r«  Ou 
T?'     -sl  —  V~  (—  «,  —  G')3  '    (—  «,—  Cf)5(l  —  6")1 


where  the  coefficients  y'  are  given  by  equations  similar  to  those  of  the  pre- 
ceding group  ;  it  is  necessary  only  to  accent  the  y  and  the  /?,  change  the 
signs  of  «j,  /3|6>.  ./3i9  and  the  sign  of  the  whole  expression. 
By  multiplication  of  the  factors  we  find 


. 


i  r7.  +  - 
i 


To  facilitate  the  expression  of  the  coefficients  we  adopt  the  following 

SUBSIDIARY  QUANTITIES. 


/         1    —  / 

'7»  >        *11  'SO  ' 

The  values  of  the  coefficients  are  then 


-  816  Ae  +  81  ^TO  >  7*88  =  -  816  pit  +  *1  ^11  -  2  8j  tjo  , 

—  S16(/918  —  /916) 


T70  =  —       »  +  81/18«1S4—  «s,  7-7i  =  g,/,,  —  84,  7-72 

7-73  =  «16  ^39  —  /5l6  <7t  —  A,  <70  +  «1  <75  —  4  8?  <,4  , 

r74=«»(j9«—  As)—  A6<n  —  ^«<n—  09  —  j9w)  ^  +  <!  <76  —  4  s?  <75  +  6  8?  <70 

r?5  =  816  (/941  —  /9a)  —  j916  ^  —  /917  «„  —  0?18  —  /916)  t,,  —  0519  —  /3I7)  <70  +  «J  ^  —  4  «? 

+  6  8?  <75  -  4  «!  ^74  , 

r,6  =  «M  (/?«  —  /940)  -L.  /?„  «a  —  (J9M  —  /?16)  «„  —  (/?19  —  /917)  <,,  +  /9n  4,0  +  s<  <78  —  4  8? 

T-  "  *1  '16  -  4  81  <-5  -{-  £74  , 

rT7  =  «16  (/?«  —  ft,)  —  (/9I8  —  /916)  <„  —  (/?,,  —  /917)  <„  +  fa  in  +  fa  «,0  +  8}  <re  —  48? 


8  =  «„  (^M  —  /?«)  —  (fa  —  fa)  ta  +  fa  <T2  +  A»  «n  +  8?  <«o  —  4s?  *„  +  68?  ^8  —  4^  «,7 
=  »w(fa  —  fa)  +  fata  +  fatn  —  48^8,,  +  6«?  e^—  48,  i,8  +  tj,  , 

n  +  6s?  <so  —  4s,  t^  +  <„,  ,         ^si  =  —  *ie  ^45  —  4  8, 


1»8—  28J8,)  ^19  —  8\  86 
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—  2., 

-e.»«,  +  4«lt,, 

r«=£»  —  «i  A*  —  •?  •.  Ai  +  (•?  «t—  2«,  «J  (At  —  AO  +  («?•,—  2«, 


•,)  ,9,.  +  (—  2«,  •, 
(•,  —  %), 
=  ,9.  —  »,  /<«  —  (•?  ^  —  2«,  t,  -f  H)  ^»  —  (—  2^  «, 


+  «.  «»  —  Ci  ^  —  C»  **  —  Ci  >>.  4-  •?  <•  —  6^<« 
—«»)  4-  «.«n  4-  «.<»—  Ci^—  Ci>it—  Ci>it—  CA 

,,, 


r.  =  «•.  (At  —  Ai)  —  <i  <«  — 


^  (.-6.,  «.-!-(„, 

=«^(A4  —  At)  —  «.«»  —  «,  <w  +  «,.(<«  -«n)  -I-  «n 
—  CiA—  C.^.—  Ci^-Ci^—  C.^,—  C:^—  :.^,+*t 


r«  =  »M  (Ai  —  At)  —  «.  ta  —  «,.  'n+  «n  (<»  —  tn)  +  «„(<»  —  <„)  -f  «„  tn  +  t,4  <»  — 

—  Ci^-Ci^—C.^—C. 
+  15^  <.-6«,  («  +  «., 

r»  =  «i«  (A*  —  Ai)  —  «»  «T»  —  '11 


m  =  «••  (At  —  Ai)  —  «a  <»—  *»  'n  —  «M  (<r,  —  <n)  —  ••  (fe  —  «»)  —  «»  «n  —  Ct  ^,,  — 


=•„  09.  -  AT)  —  «B  <»—«•,««  -i-  «»(««— 

—  :.>".  —  Ct  -li  — 

You  IV.  -87 
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6  =  8W  (/9M  -  /?5g)  -  £14  <7J  -  £W  <77  4-  £16  (<T3  -  <7l)  -  C4  Al  -  Cs  ^10  -  Ce  ^9  -  &  ^8  -  Cs  ^7 

-  20  8?  <9,  +  15  $  V,  —  6  s,  t*  +  ^  , 


J'los  ==  —  8ie  poo  —  eie  ^ra  —  Ce  "U  —  C?  Ao  —  Cs  *t  —  6  8t  ^  -j-  4o  > 

fiat  =  —  «ie  &i  —  C?  "u  —  Cs  *io  4~  ^91  >       Tuo  ==  —  Cs  *u  >       Tm  ==  /*«  —  £o  8t  4~  Ci  *s  —  *i 

^m  =  /34S  -  S,  /9«  -  «6  «3  -  «7  »2  +  Cl  *6  +  C2  *5  —  «1  5J3  —  6  Sj  >J,  , 


sJ«10  —  15s}«9, 

4  =  /9SO—  8^49-f  «68,  —  £7(84  —  82)  —  £88s  — 

+  C4  85  —  8^4  +  6s^s—  15at  7i  +  20  *»  ij,  , 

5  =  /951  —  »,  /9W  —  «6  (—  2  «4  +  »a)  +  2  e,  «3  —  e8  (s4  —  2  8a)  —  £9  83  —  £,„  8-j  +  Ci  (—  2  «7  +  s5) 


«  =  ^B  —  81  /?«  —  «6  8»  —  £,  (—  284  +  82)  +  2£8  S8  —  £9  (84  —    282)  —  £10  83  —  ea 

+  Ci  (—  2s8  +  86)  +  Cz  (—  2s,  +  «5)  +  Cs  (8s  —  286)  +  C4  (»7  —  285)  +  C 

—  »i  ^e  +  6  «i  7s  —  1  5  s}  ft  +  20  s\  ya  —  15  s?  r/,  +  6  8t  ft  , 

7  =  ^  -  8!  /3M  -  £6  84  -  £,  83  -  £8  (  -  2"84  +  82)  +  2  £9  83  -  £10  (84  -  2  S2)  -  £n  83  -  £12 

+  Cl«7  +  C*(—  2%  +  It)  +  Cl(—  28,  +  85)  +  C4  (*8  —  28,)  +  C5(87—  2S6)  + 

—  a"  f7  +  6a?  ^,  —  15st  ft  +  20s?  ij4  —  158?  ft  +  68i  ft  —  ft  , 

8  =  ^  —  s,  fin  —  e,  84  —  £8  s8  —  e9  (—  2s4  +  8,)  -f  2£]0  83  —  £„  (84  —  2s2)  —  e,2  83  — 

Cs(—  2s8  +  •,)  +  C4(—  2s,  +  86)  +  C5(»8  —  2s6)  +  Co  (8,—  2s5) 


TlW  —  Pat  -  8j  /?B1  -  £8  84  -  £9  83  -  £10  (  -  284  +  82)  -f-  2£n  83  -  £12  (84  —  2«j)  -  £1S  83  -  £u  82 

+  G  8s  +  Cs  87  +  C4  (—  288  +  86)  +  Cs  (—  2s,  +  86)  +  Ce  (<k  —  2s6)  +  C,  (•,  —  2s5) 
+  Cs86  —  «?  ft  +  68?  ft  —  158}  ft  +  20  sf  ft—  15sl  ft  +  6s,  ft  —  ft  , 

Yi»  =  /9s6  -  8,  /?„  -  £9  84  —  £10  8,  -  £„  (  -  284  -f  82)  +  2  EUJ  8,,  -  £18  (84  —  2s2)  -  £u  88  —  £15  82 
+  C3  88  +  C«  87  +  C5  (-28,  +  86)  +  C,  (—  28,  +  85)  +  C,(«8  -  286)  +  C8  (•,  —  2  85) 

—  8?  fto  +  68?  ft—  158}  ft  +  208?  ft  —  158?  ft  +  68t  ft  —  ft  , 

7-121  =  /957  —  S,^—  £1084  —  £U8,  —  £„(—  284  +  82)  +  2£138,—  £14(84  —  28.2)  —  £1583  —  £1682 

+  C4  88  4-  C»  8,  +  Ce  (—  288  4-  86)  4-  c,  (—  287  4-  85)  4-  Cs  (%—  2s6)  —  <J  9ll  4-  6s?  ft0 
-158tft4-20s?ft—  15»?ft  4-6*,ft  —  ft, 

^us  =  /9B8  —  8,  /957  —  eu  84  —  £12  83  —  £„  (—  2s4  4-  «2)  4-  2  £,4  83  —  e15  (s4  —  2s.,)  —  £16  83  4-  fr  s8 
4-Ce8,  4-  Ci  (—  28,  +  «„)  +  Cs(—  2«7  4-  «s)  4-  6«?  fti—  15s}  fto  4-  20s?ft 

—  15  8?  ft  4-68!  ft  4-  ft, 

ria  =  ^M  —  81  As  —  £«  84  —  e,8  8S  —  e]4  (—  2«4  4-  82)  4-  2  eu  «s  —  £„  («4  —  28,)  4-  Ce  «8  +  C?  81 

4-  Cs(—  2«8  4-  ««)  —  15«1  fti  4-  20s?  /;,„—  15s?  ft  4-  6  8t  ft  —  ft  , 
fM  =  /9W  —  8,  /9W  —  £y,  84  —  e14  83  —  £15  (—  2  «4  4-  82)  4-  2  £16  88  4-  C7  88  4-  Cs  8,  4-  20  s?  ft, 

—  15  s?  ft0  4-  6  8,  ft  —  ft, 

r«  =  /?«  —  8!  &„  —  £14«4  —  £15  «,  —  £16(—  284  4-  82)  +  Cs  «8—  158?  ft,  4~  68,  ft0—  ft, 
Tl26  ^  —  8,  /?M  —  el5  84  -  «16  83  4~  6  8,  ft,  —  )J10  ,  f^  =  -  £«  84  -  ft,  . 
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Similarly  we  have 


-•.-<?  (-'.-c')1 

f  r; + .  • + >y* + (r« + • . + r*  f*>  ^ 1  -  ^ 

.  r;+..  +  r^g"  +  (n..  +  ..-l-r.VgM)VT^: 


where  the  coefficienta  /  are  given  by  equations  similar  to  those  of  the  pre- 
ceding group ;  it  is  only  necessary  to  accent  the  (3,  change  the  signs  of  the 
(  and  augment  their  subscripts  by  22,  change  the  signs  of  *,,  tu,  Ju,..Jlt 
and  finally  the  sign  of  the  whole  expression. 

We  have  now  fulfilled  the  task  of  integrating  the  differential  equations 
of  Case  III.  It  must  be  mentioned  that  the  arbitrary  constants  C  and  A' 
are  not  the  conjugates  of/  and  f.  If  new  terms  are  added  to  W  the 
differential  equations  determining  C,  K,f,f  are  (using  the  Poisson  symbols) 
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MEMOIK  No.  81. 
Remarks  Supplementary  to  Memoir  No.  79. 

(This  memoir  appears  here  for  the  first  time.) 

The  Protometers  of  Jupiter  and  Saturn. 

Further  reflection  has  led  me  to  the  conclusion  that  the  values  of  the 
protometers  of  Jupiter  and  Saturn  given  in  Memoir  No.  79  are  not  the  best. 
The  moduli  e0  and  e'0  of  the  departure  of  the  orbits  from  circularity  having 
evidently  but  little  influence  on  the  average  values  of  the  radii  r  and  r1,  it 
is  thence  suggested  that  the  well  known  periodic  solution,  where  the  planets 
always  cross  the  line  of  syzygies  at  right  angles,  will  afford  us  satisfactory 
values  for  the  protometers. 

Provided  we  agree  to  neglect  quantities  of  the  order  of  the  squares  and 
products  of  the  planetary  masses,  the  treatment  of  this  question  is  exceed- 
ingly simple,  as  no  integrations  are  required. 

It  is  plain  that  the  terms  of  the  potential  function  £1  involving  the 
variable  <J>  have  an  influence  on  the  mean  values  of  r  and  r'  only  to  the 
extent  of  quantities  of  two  dimensions  with  respect  to  planetary  masses. 
Hence  they  may  be  set  aside.  Thus  we  may  put 

0  __  Mm      Mm'        1     mm'     I 
1 


r  r1  2    1  —  x~rr^  ' 

r 
where  If  denotes  the  same  function  of  -7  that  Laplace's  lf}  is  of  a.     With 

this  value  of  the  potential  function  it  is  plain  the  planets  may  move 
uniformly  about  the  Sun  in  circles,  and  our  task  is  only  to  discover  the 
values  of  the  constant  radii.  As,  in  this  case,  s=  0,  s'  =  0,  and  T  involves 
the  squares  of  these  quantities,  we  may  put  «  =  0,  s'  =  0  in  T  and,  making 
q  and  q1  the  variables  conjugate  to  v  and  v',  thus  have 

T-   -LSL       J_2* 
~2m    r*    ~  2m'  r1*' 

Making  F  =  £l  —  T,  we  have  six  equations  for  the  problem,  viz., 


-          n-  dv        l    ?       dv' 

~dr'         ~  dr"      dt          '     ~dt'    "'      dt  ~   in   ~F'      dt 
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With  regard  to  the  last  two  equations  the  observations  furnish  us  with  the 

l  3L     „'-    1 
•-'        * 


The  first  and  second  equations  are 

3F          Mm         1     mm!    1    dftf  .     1 

3r  :      ~?~     TT^lr~aF'     m 


Mm'        1    mm'/       l.w         1   dW\        I    f 

"'r6'     -~-~'("*- 


Eliminating  q  and  <f  from  these  by  means  of  the  preceding  equations  we 

"'ve 


Thus  the  values  of  the  protometers  satisfy  the  equations 

1     mm'     .  dbf 

m  n-  a*  =  Mm  —  -  a*    ,  *  , 

21  —  x       da 


We  assume  log  a  =  9.73655498,  which  employed  in  the  preceding 
equations  leads  to 

log  a  =  0.7162325165,  log  a'  =  0  9796775356. 

Meliorations  produced  in  the  value*  of  the  protometers  by  the  inclusion  of 
terms  o/tioo  dimensions  with  reajyect  to  planetary  masses. 

It  seems  so  important  to  have  the  most  serviceable  values  for  the 
protometers  that  we  do  not  hesitate  to  determine  the  corrections  arising  from 
considering  the  terms  of  the  second  order  with  respect  to  planetary  masses. 

Here  it  is  more  convenient  to  employ  the  four  differential  equations  of 
the  second  order.  For  brevity  we  will  put 


Then  these  equations  may  be  written 

y  —  y      ~ m(y  --  Y1)^ 
+  ^ 
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Since  the  first  terms  of  the  first  members  of  the  first  and  second  equa- 
tions can  have  no  non-periodic  terms,  it  follows  that  the  two  functions 
u  1    dR          u! 

fr-  y*—  mar  and  ^ 

y—y1  y  —  y 

have  no  non-periodic  terms.  These  conditions  determine  the  protometers. 
Let  us  put 

r  =  a  (1  +  u),  r'  =  a'  (I  +  u'),  y  =  n  (1  +  s),  /  =  n'  (1  +  «'), 

it  being  understood  that  u,  «',  s,  s',  are  to  have  no  non-periodic  terms. 
Before  we  can  reduce  the  two  foregoing  expressions  to  a  manageable  form, 
it  is  necessary  to  know  the  values  of  u,  u',  s,  s'  correct  to  quantities  of  the 
first  order.  In  this  case,  the  third  and  fourth  of  the  differential  equations 

reduce  to 

d(s-\-2n)_       n        a    dR 
dty         ~  n  —  n'  /t/m 


n1       a'    dR 


They  are  immediately  integrable  and  give 


n  „ 

S    4-     2tt    =  -         -  /  --  lln  , 

n  —  n 


where  R0  denotes  R  divested  of  its  non-periodic  term.  Eliminating  s  and  s' 
by  means  of  these  equations,  the  first  and  second  of  the  differential  equa- 
tions become,  to  a  like  degree  of  approximation, 

n2  na          1         "     BR          2n 


cPu'  n'2         ._  n'2          1    o!  f  2  37?0      n  +  n1    p  ~| 

-V"" n  -T"    ; rn>  W   —  ^~~    7 Tv"o      ~i        /  I    ^    ~^\ *i      —         /  Gtitn    I  • 

rf<^)2  '   (n  —  n ')2  (n — n'Yfjfm'a  |_     3a   ;  n — n'       J 

These  linear  differential  equations  with  known  final  terms  are  immediately 
integrable.     Put 

r  n  n' 

L,      — —  __   A         I        n/ 

L,  — —  »-— i?     "*~  n n     ' 

then  the  functions 

should  have  no  non-periodic  terms.    Developing  the  indicated  multiplications 
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and  throwing  out  the  terms  which  have  no  non-periodic   parts,  the  first 
function  becomes 


and  the  second 


an«  .VR,  ,    t  an'f  ,?/?,.        .dlt,]  , 
-  a*  -5-*  +  «  —  -  a'  3  - , r  +  a*  -5-    u', 
pm       da*  (tin  L     «r  du  J 


afnn  a^ 
ft'm'   a 

The  form  of  the  function 


a 


s 


«-  00 


mm'     1    V""*  ,.n          .. 
-7-   >     61°  cos  id>. 
1  —  *  a'  ^^ 


In  the  numerical  elaboration  the 
begin  with  the  argument   log  a  =  9, 
common  logarithms  of  the  coefficients 


data  of  Memoir  No.  79  are  used.     We 
.73655.     In   the   following   table   the 
are  given : 

**** 


i  /n 

a-** 

cPbP 

a/?0 

(_•/ 

3as 

1. 

if. 

(i  •  %  • 
dc 

//Ml  * 

H  Ml 

uin 

0 

0.33848 

9.64420 

9.93156 

1 

9.79272 

9.90764 

9.87985 

6.51314n 

6.96019 

7.36175ft 

1 

9.41079 

9.77981 

0.01959 

5.60317 

5.79219 

6.21197 

3 

9.07149 

9.59756 

0.02114 

5.26387 

5.78964 

6.21352 

4 

8.75208 

9.39254 

9.94935 

4.94446 

5.58492 

6.14173 

5 

8.4442 

9.1749 

9.8351 

4.63663 

5.367S 

6.0275 

6 

8.1440 

8.9491 

9.6935 

4.3364 

5.1415 

5.8859 

7 

7.8491 

8.7177 

9.5329 

4.0415 

4.9101 

5.7253 

8 

7.5582 

8.4821 

9.3585 

3.7506 

4.6745 

5.5509 

f. 

u. 

u'. 

t. 

f  . 

£• 

1 

6.44438n 

6.87524 

5.03128 

6.18861ft 

6.08662n 

2 

6.72751n 

6.16915 

7.05502 

6.66359n 

7.34459ft 

3 

6.74575n 

5.53323 

6.15263 

6.15868ft 

6.52513ft 

4 

5.15910n 

5.02485 

5.63930 

5.75984ft 

6.04822» 

5 

4.6787  n 

4.6794 

5.2252 

5.4062  n 

5.6561  » 

6 

4.2511  n 

4.1715 

4.8572 

5.0766  « 

5.3031  ft 

7 

3.8554  n 

3.7885 

4.5153 

4.7614  n 

4.9720  n 

8 

3.4812  n 

3.4233 

4.1899 

4.4568  ft 

4.6554  ft 
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The  parts  of  the  non-periodic  terms  of  the  two  functions  mentioned 
above  may  be  set  down  as  follows: 

Non-periodic  term  of     3«2  —  2us  —  s2 


2s  + 


— 

um  3aJ 


" 


c-u 
da  J 


Sum 


=  +  0.00000  05110 
=  +  0.00000  08837 

=  —  0.00000  02705 

=  —0.00000  04966 
=  +  0.00000  06276 
=  +  0.00000  09378 
!•  =  — 0.00000  16774 

—  —0.00000  02296 

«'=— 0.00000  19428 
"J 

Sum  =—0.00000  29120 

The  small  terms  arising  from  the  non-periodic  portion  of  R0,  viz., 


3«'s  —  2u's'  —  s'2 
i/+  2s'  --  ?_ 


3a 


"   ^-,  —  fa8  d^  +  2a2    ,-0 
fjfm'  a  \_      da-  da 


a 


a 


are  still  to  be  applied  to  the  quantities  pm  and  (I'm1,  in  consequence  of 
which  the  logarithm  of  the  first  is  augmented  by  0.00000  00524,  and  the 
logarithm  of  the  second  is  diminished  by  0.00000  02114.  Hence  we  have 
the  equations 

[8.02387  99252]  a3  =  [0.1  7259  27054]  —  [6.628421-5]  Ja8 


[6.70993  18580]a'3  =  [9.64841  98186]  +  [6.6284215]  J     fy0)  + 

We  assume  that  log  a  =  9.73655558,  and  thus 

log  a  =  0.71623  26249,          log  a'  =  0.97967  70438, 
which  regive  the  value  of  log  a  employed. 

On  Certain  Properties  of  the  Function   W. 

When  the  masses  of  the  planets  vanish  the  variables  y  and  r?  become 
constant  ;  thus  we  should,  in  that  case,  have 

dW  dW 

~  Q> 
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and,  in  any  other  case,  they  should  be  of  the  order  of  the  planetary  masse*. 
This  is  not  immediately  apparent  from  the  form  of  W.    Terms  of  the  form 

A  cos  (•/+•'/') 

are  still  present  in  IF  after  we  have  made  71  =  0,  where  A  is  seemingly  of 
the  zero  order  in  reference  to  planetary  masses. 
In  the  case  where  R  ==  0,  putting 

1  nWa       n  mVu'o7       V 

=  » 


a 

the  quadratic  determining  F  becomes 


whose  solution  gives 

_     -  (ti«  —  ua)  +  ^{ag^-  a'u*)*  +  [(aT+  a')J  -  4]  M!M  -' 

«*  +  M" 

When  the  planetary  masses  vanish  not  only  7^  =  0  but 

a  +  a'  =  2, 

and  the  value  of  F,  reducing  to  a  —  1  or  1  —  a',  becomes  a  constant.     Rut  it 

dW          3W 
would  be  a  mistake  to  suppose  that,  on  account  of  this,  -*     and   -,  , 

vanish.     We  have 


and  this  expression  must  be  considered  as  of  the  order  of  the  planetary 
masses.  It  follows  that  all  the  terms  of  F  which  arise  from  the  term 
[(a  +  a')1—  4]  tiV  under  the  radical  sign  are  at  least  of  the  same  order. 
All  the  coefficient*  of  these  periodic  terms  of  F  then  have  the  factor 

m  V/ua  +  m  \f(Ja'  —  2A  —  *i  —  vf. 


II'  ic 

Thus  the  derivatives^,  and  A-  are  of  the  order  of  the  planetary  masses. 


M- 

But  when        and  -,  are  formed,  the  derivative*  of  this  factor  are  —  1   in 


each  case,  and  the  factor  is  lowered  one  dimension  in  respect  to  planetary 
masses.     With  the  values  of  the  constants  involved,  given  in  Memoir  No.  79, 

the  mentioned  factor  is 

0.00094  15897—  >?—»7'. 
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MEMOIR  No.  82. 

Development,  in  Terms  of  the  True  Anomaly,  of  odd  Negative  Powers 
of  the  Distance  between  two  Planets  Moving  in  the  Same  Plane. 

(This  memoir  appears  here  for  the  first  time.) 

Developments  of  these  quantities  in  terms  of  the  mean  anomalies  are 
familiar  enough,  but  Gylden's  method  of  absolute  orbits  requires  develop- 
ments in  terms  of  the  true  anomalies.  The  latter  are  far  simpler  and  easier 
to  obtain  than  the  former.  Gylden  has  treated  this  subject  himself,*  but 
his  formulae  are  not  so  ready  in  the  application  as  the  tabular  method  here 
proposed. 

Employing  the  notation  universally  in  use  and  $  denoting  the  true 
elongation  of  the  planets,  s  one  of  the  numbers  ~)  ~f  -|,  &c.,  we  have 


(a1  N2*      /a' V  f  f  r2  ~|  ~  * 

y\  J  \  /  /  7"'  7"'^ 

*—  J 

=K7)"<2co^t)coBi>' 


where  B(^  is  the  same  function  of  -7  that  Laplace's  6<()  is  of—  r  =  a.     The 

T  T 

approximate  value  of  -7  being  a,  any  function  of  -7  can  be  expanded  in  a 

rp 

series  of  ascending  powers  of  -7  —  a  by  Taylor's  Theorem.     And  as  we 


consequently 

i          d*h(t>  /  a! 
»  "  °*       ' 


i          d*h(t>  /  a!     r  \B 

D(i>  —  V         „»  "  °*    (  '     _L  __  \\ 

*•  -  2,  nl"    da-   i,  r1    a  )' 

n  ==U 

For  brevity  we  write  bj?  for  —  a"  ^^  .     Then 


T 


'    r  2 


*  OrbUet  Abtoluei,  Tom.  I,  pp.  357-385. 
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Suppose  now  that  we  decide  to  cut  short  the  infinite  series  at  quantities 
of  the  8th  order  with  respect  to  the  eccentricities.  This  limitation  enables 
us  to  use  a  remarkable  abbreviation  in  the  notation.  We  put 

*f=bf>  —      bi«+      hi"-      0^  +      bi«-       bi«>  +      bi»-    b?>+      bi«, 
JTi<)  =  bl<)—    2bi°  +    Sbi"-     4bi°  +    Sbi0-     6bJ"  +    7bi"  —   8bi", 
'  =  b;0-     3bi"  -I-    6bi"  —  lObi"  +  15bi«—  21b;°  +  28bi°, 
10bi°  — 


Then 


+  .  - . .  +  K\ 

When  we  compute  the  values  of  the  bj°  we  will  naturally  be  led  to 
adopt  fewer  decimals  as  i  and,/  increase  ;  no  attention  need  be  paid  to  this 
circumstance  in  computing  the  K,  beyond  taking  care  to  make  the  multipli- 
cations and  additions  without  throwing  away  any  decimals. 

It  is  thus  seen  that  the  development  we  seek  depends  on  the  expansion 
of  integral  powers  positive  and  negative  of  the  radius  in  terms  of  cosines  of 
integral  multiples  of  the  true  anomaly.  It  is  well  known  that  the 
coefficients  of  these  terms  are  expressible  rationally  in  terms  of  the  two 
quantities  e  and  Vl  — «*.  The  briefest  and  most  elegant  exposition  of  this 
subject  is  given  by  Laplace.*  But  the  expression  of  these  coefficients  in 
powers  of  e  is  more  suitable  to  our  purposes;  and  the  easiest  way  to  arrive 
at  the  latter  form  is  by  applying  the  binomial  theorem  to  both  factors  of 


and  then  substituting  for  the  powers  of  cos/  their  expressions  in  terms  of 
cosines  of  multiples  of/.     By  this  method  the  following  table  of  the  expan- 

(T   \* 
—  J    has  been  derived  ;  it  reaches  from  n  =  —  9  to  n  =  8,  and  the 

coefficients  being  generally  fractions,  all  those  falling  in  the  same  column 
have  been  reduced  to  a  common  denominator,  always  a  power  of  2.    The 


OflMte,  Llr.  II,  Chap.  Ill,  Art.  1«. 
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latter  is  placed  in  the  third  line  of  the  table.     No  signs  are  written  unless 
negative,  and  vacancy  must  be  understood  as  0. 


(t*  \  n 
— J . 


cos  Of. 

cos/. 

cos  2/. 

n.  tf>. 

«'. 

e*. 

e«. 

e8. 

e. 

«s.    e'. 

e'. 

e». 

e*. 

e«. 

«». 

2 

8 

16 

128 

1 

4     8 

64 

2 

2 

16 

16 

—9  1 

54 

2034 

22S34 

746235 

9 

576  8406 

323100 

36 

450 

22284 

95211 

—8  1 

44 

1394 

13484 

387235 

8 

424  5272 

176408 

28 

294 

12628 

47719 

—7  1 

35 

917 

7553 

188776 

7 

301  3143 

90587 

21 

182 

6685 

22099 

—6  1 

27 

573 

3961 

85248 

6 

204  1758 

43104 

15 

105 

3243 

9258 

—5  1 

20 

335 

1910 

34960 

5 

130   905 

18600 

10 

55 

1400 

3400 

—4  1 

14 

179 

824 

12640 

4 

76   416 

7040 

6 

25 

512 

1040 

—3  1 

9 

84 

304 

3840 

3 

39   162 

2208 

3 

9 

144 

240 

—2  1 

5 

32 

88 

896 

2 

16    48 

512 

1 

2 

24 

32 

—  1  1 

2 

8 

16 

128 

1 

4    8 

64 

0  1 

1  1 

—  1 

—   1 

—   1  —    5 

—  1 

1    1 

6 

1 

5 

4 

2  1 

—  1 

1 

—   1  —    5 

9 

4    2 

8 

3  - 

•  1  - 

-   35 

61 

3  1 

—   3 

—   2  —    9 

—3 

6    3 

12 

6  - 

-  3  - 

132 

375 

4  1 

2 

—   7 

4  - 

17 

—4 

4    8 

24 

10  - 

-  5  - 

-  388 

1507 

5  1 

5 

—  10 

10  —   35 

—5 

—  5    20 

50 

15 

5  - 

-  970 

4715 

6  1 

9 

—   6 

—   26  —   75 

—6 

—  24    36 

120 

21 

-  2142 

12453 

7  1 

14 

14 

—   56  —   175 

—7 

-  56    42 

308 

28 

14  • 

-  4284 

29057 

8  1 

20 

62 

—   92  —   439  —8 

—104    8 

712 

36 

42  - 

-  7908 

61653 

cos  3/. 

cos  4/. 

cos  5/. 

cos 

e/. 

cos 

If- 

cos 
8/. 

w. 

e». 

e*. 

«'.   e*. 

««. 

««.     e'. 

e'. 

e«. 

««. 

e1. 

e8. 

4 

16 

64   8 

16 

32     16 

64 

32 

32 

64 

128 

—9 

84 

3654 

83916  126 

2524 

27279    126 

4788 

84 

774 

36 

9 

—8 

56 

2072 

41384   70 

1204 

11431    56 

1848 

28 

226 

8 

1 

—7 

35 

1085 

18641   35 

511 

4214     21 

595 

7 

49 

1 

—6 

20 

510 

7440   15 

183 

1296     6 

144 

1 

6 

—5 

10 

205 

2500   5 

50 

300     1 

20 

—  4 

4 

64 

640    1 

8 

40 

—3 

1 

12 

96 

—2 

—  1 

0 

1  — 

1  - 

-1—11 

1 

1  —  1 

—   3 

1 

1 

—   1 

1 

2  — 

4 

2 

8    5 

1 

— 

1  —  6 

—   8 

7 

4 

—   8 

9 

3  — 

10 

15 

24   15 

—   6 

— 

9—21 

28 

6 

—  36 

45 

4  

20 

40 

40   35 

—  28 

— 

21  —  56 

56 

84 

—  6 

—  120 

165 

5  — 

35 

70 

70   70 

—  70 

— 

35  —126 

210 

210 

—  60 

—  330 

495 

6  — 

56 

84 

168  126 

—  126 

— 

63  —252 

604 

462 

—198 

—  792 

1287 

7  — 

84 

42 

420  210 

—  168 

— 

147  —462 

924 

924 

—462 

—1716 

3003 

8  —120  —  120 

888  330 

—  132 

— 

363  —792 

1320 

1716 

—858 

—3432 

(M35 

The  columns  of  integers  in  this  table  can  be  tested  by  differences.     The 
order  of  differences  indicated  by  the  exponent  of  the  power  of  e  the  integers 
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multiply  should  bo  constant.  This  property  may  be  used  to  prolong  the 
table  to  powers  of  —  beyond  the  limits  —  9  and  8. 

As  a  sufficient  illustration  I  give  the  development  of  -  -  derived   from 

the  preceding  table.  The  length  of  the  ezpansion  is  reduced  to  nearly  half 
by  the  device  of  an  ambiguous  sign  in  some  of  the  arguments;  this  is  to  be 
taken  in  each  way  in  succession. 

It  may  be  desirable  to  get  rid  of  <p  the  true  elongation  of  the  planets; 
this  we  may  do  by  substituting  for  it  the  expression  /— y-f-rt  — n*  =/—/*  + y 
where  y  would  be  a  slow-moving  argument. 


»  e" 


-     <- 

X  [1  +  7e"  +  'JV«  +  '?«*  +  **<?*] 


X  [1  +  10*"  +  f  ^  +  f^  +  « 


[1  +  A  ^-l^-  ','«•-,«<] 

X[l-f  y^  +  ^^ 


X  [1  +  22««  +  •£  e'*  -f-  ««  «"  -I- 

-i-  ?-e*  —  ?  e«—  s;<| 

X  [1  +  27«*  -|-  »V«  -f  «F  e«  -r  7^?<1  }  cos 


-I-  JTi"[-3-f-f«»  +  ;e44-  ,1 

+  £••«  [—  4  +  «*  -»-  «*  +  ;  x]  C 


-  7—  14««  +  ^  ««  -r-  U<|  [1 
?>  [-  8  -  26«»  +  «•  +  •  <1  [1  +  27*«  +  "J  V 
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[3  +  »  e»  +  £e"  +  —         - 

[4  +  19e'2  4  52e'4  4  1  10e'B]  [1  +  Oe2  —  -f  e*  —  4  <f] 
[5  +  f  e*  +  f  e'*  +  f  e'8]  [l  4  e2-  -JV—  ^e*] 
[6  +  51e»  +  "•e'*  4  '-f  e78]  [l  +  A  e2  -  4  e*  —  j_e«] 

[7  +  »v2  +  ^^  +  ^e'«]  [i  4  •*»—»**  _  »«•] 

4  J5T<7<>  [8  -f  106J*  4  659e"  +  ?fl  e'8]  [l  +  Te2  +  f  e4  -  -Le8] 
[9  +  144e'2  +  *f  e'4  +  ^e'6] 

X  [l  -H  10e2  +  -«  e4  —  f  e8]  }e'  cos  (/'  +  ty) 
[-J-  +  Oe2  —  ^  e*  +  |  e«]  [i  +  4  e«  +  4e'«  +  »  e'«] 


§  e8]  [l  +  -|  e'2 


[3  —  f-  e2  -  -  f  e<  +  ™  e6]  [l  4  7e'2  +  II9  ^  + 

[5  --  -f-e2  -  f  e1  +  '-f  e6]  [l  +  lOe'2  +  f  e'4  +  f  e'6] 


f 


+  JT<"  [f-  +  Oe2-  ^e4  4-  ^e8]  [l  +  f  e»  +  fe'4  +  7 
4  jsr?'  [14+  7e2  —  10471  e4  +  ^V]  [i  4  22^  4  T  ^  + 
+  J5T  [18  4  2le2-^e*  +  64|?e8] 

X  [1  4  27e'2  4  ^e'4  +  ^e'6]  |  e2  cos  (2/+  i«^) 

+  i  ]  ^i°  [-  l  +  f  e2  +  1  e4  4-  ^  e8]  [2  +  4e'2  4  Ce'4  +  8e'8] 
+  K?  [-  2  4  e2  +  i  e4  4  i  e8]  [3  4  ^e'2  4  ^e'4  4  f  e'6] 
4  K$  [—  3  4  i  e*  4  f  e4  4  ^6  e8]  [4  4  1  9e'2  4-  52e«  4  HOe'6] 
4  K?  [—  4  4-e2  4-  e44le6]  [5  +  f  e'2  +  T^'4  +  ^e'8] 
4  ^^0  [—  5  -  -J-  e2  4  ^  e4  4  fj  e8J  [6  4  5  le'2  4  8f  e'4  4  ^  e'6] 
4-  KV  [-  6  -  6e2  +  -|-e4  +  f  e8]  [7  4  ^e'2  4  T«'*  +  ^  ^] 
4-  JT'"  [—  7  —  Ue2  +  ?  e4  4  £  e8]  [8  +  lOSe'2  4  659e'4  +  ^e'6] 
4-  -ff  «  [-  8  —  26C2  4  e4  4  f  e8] 

X  [9  +  144e'2  4  "fV4  4  ^5  e'8]  \  ee'  cos  (/±  /'  +  t 

+     i^)[|4-e'2+-|-e'442e'8]  [1—  4.  e'-^-e4  -^  e«] 
+  ^J)  [1  +  f  e1*  +  9^  4  15e'6]  [i-.Ae2--^  e4-Are8] 
4-  JTi"  [3  4  f  e'24-  32e'4  4  65e'8]  [1  +  Oe2—  f-e4  —  -fe8]  " 
+  K?  [5  4  1  e'2  +  f  e'4  +  f  e'8]  [1  4-  e2  -  1  e4  -  i  e8] 
+  JTi«'[2+'«  era4^?e'4  +  4f9e'8]  [l  4-  4  e»-4««—  f  e8] 
4-  ^  [f  +  91  en  4-  "f  e'4  4  T*'6]  C1  +  I  e2—-  fe4  -  £  e8] 
+  Kf  [14  +  147e'2  4  f  e'4  +  ^V]  [l  4  7e*  4-  -f  e4  —  4  e6] 
4  JST  [18  4  225e'2  +  K471  e'4  +  ^  e'8] 

x  [1  4-  lOe2  4  T  e4  —  f-  e8]  f  e'2  cos  (2/  4  t 
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-14  +  V+  VO  [!  +  ? 
+  T^+M  [l  +  22««  +  «V] 
?  [-  30  -  -$e» 


[3-  f  «»-  »««]  [4  +  19«"  +  62C"]  +  A'i'>  [6-  J  «»-  « 

X[5-|-f«" 
'i"[»  +0«'-««« 
X  [7  +  ?«•+ 


-H7e>  —  ^f4]  [8 

[18  +  21««  —  W4n  e4]  [9  +  1  44«    -h  «     co« 

»-A'«0[-2  +  «l  +  -I-1] 


7  —  14«*  +  ?  e1 
[-  8  —  26e»  +  «*]  [18  -f  226««  +  "^e'4]  }  «s«  cos  (/±  2/  + 


i°  R 

T'0  [21 
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+  J  {  ^"[--i  --  k*-i*l  P  +  4e'2+  6e'4]  +  JK™  [-1+  -|  e*  +  f  e4] 

X[3+  »<s»  +  Me' 
+  JTi°  [-  f  +  fX  +  |  e4]  [4  +  19e'2  +  52e"] 

+  ff«  [—  5  +  4-e2  +  -f  e4]  [5  +  f  e"  +  «•  e' 


f 


O  [6 


-"'  [-  1  4  +  I1  e2  +  «-  e4]  [7  +  ^  e'2  +  «'«  e'4] 
[—  21  +  "  e2  +  f  e4]  [8  +  lOSe'2  +  659^] 
f  [-  30  —  »  g»  +  uigt]  [9  +  144e'2  +  4-f  e'4]  }  eV  cos  (3/±/  +  t» 


X 


f 


X[5+  fe'2+l^V4] 
|p  [f  +  A  e2  +  f  e4]  [i5  +  f  e'2  +  «V«] 

+  JTtf'  [^  +  Oe2  —  if?e4]  [«  +  91e'2  +  «f  e'4] 
?'  [14  +  Te2  —  M1  e4]  [14  +  147e'2  +  ?£V4] 
+  JTJP  [18  +  21C2  —  ^e2]  [18  +225e/2+  ^e'4]  f  eV2  cos  (2/±  2/'+t» 

-«'  [-  2  +  e2  +  ie4]  [-J  +  -f  e'2  +  -f-e'4] 

-f  #!,«  [-  3  +  \  e2  +  -I  e4]  [l  +  4e'2  +  10e'4] 
+  « 


')  [_  6  —  6e2  +  4-  e4]  [f  +  »«  e'2  +  »«  e'4] 

+  ^?>  [-  7  —  1462  +  f  e4]  [14  +  f  e'2  +  ^  e'4] 
»  [-  8  -  26e2  +  e4]  [21  +  ^f7e'2  +  ^fe'4]  }  ee'8cos  (/±  3/'  +  t» 

ie's+Ae'4]  [i+oe2-le4] 

|  +  f  e'2  +  |  e'4]  [l  +  e2  -  f  e4] 


. 


+  ^'T"  [-»-  +  ?  e'2  +  T  e'4]  [l  +  Te2  +  f  e4] 

+  *T  [?  +  ^e'2  +  2^e'4]  [1  +  10e2  +  -fe4]  f  e'4  cos 

+     I  *T[-  A-^e2]  [1+4  e'2]  +JTff>  [-4  --4  e2]  [1  +  4  e'2] 

+  tf«>  [-  fs  +  Oe2]  [1+Te'2] 
i1'  [-1  +  le2]  [1  +  10e"]  +  ZJf>[-f  +5  e2]  [l  +^e12] 

+'»C-f  -HflCi  +  ffl 

?'  [—  »  +f  e']  [1  +  22^]  +  .fiT'"  [-f  +  if  e2] 

X  [1+  27e'2]  }  eBcos 
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+  A-i"  [£--!<]  [4 
K  i«  R  -  |  f\  [5  +  ?  t 


+  /ry>  [?-  ?e»]  [8  +  106e"] 

X  [9  -I-  144««][  eV  co«  (4/±  /'  +  »*) 

ft  I  ^  I*  [—  I--  -  A  fl  Ci  +  e^  +  JTi"  [-  1  +  M  [  i  +  ;  o 

+  /fi<>  ["  t  +  X  **]  [3  +  S 
+  JTi«[-6  +  i<]  [5-1-  ?»«]  +]Tfi[-S  +  -^  [jf 


X  [18  +  22fte"]  [  e'c"  cos  (3/±  2/'  -f 
41  *¥\\~\f\  [I  + 


B  +  f  <]  [5  + 

[18  +  21e«]  [21+^e"]}  e'c^cos  (2/±  3/'  -f-  « 


-f  JTi0  [—  8  -  26e*]  [«  +  «  e«]  }  ec"  cos 


?  [?-  +  'IT  «"]  [i  +  io<l  f  «"  cos  (s/'  + 


H-  frfl  [i  +  »o«T  +  ^B-  M  [1  + 


?  [-?  +  T,1*1]  [8+  106e"] 


VOL.  IV.— »« 
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+  4Jm4-  +  *mi  +  m*f>[-8-+^][J-  +  i*f] 

+  ^>K-lez][3  +  fe 

+  JTW  [»  -  -fe2]  [5  +  f  e'2]  +  Kf  [$  -  «  e2]  [»  +  >f  e'2] 
+  K?  [f  -  f  e2]  [f  +  91e'2]  +  -£?>  [f  -f  e2]  [14  +  1476'2] 

+  ^  [»«_  »  e«]  [18  +  225e«]  \  e*  e'2  cos  (4/±  2/'  + 

+  i  W[-l+i<]  tt  +  M  +  ^PC-i+M  [l  +  4e«] 

c<>_  2--      ** 


»  [-  »  +  »  e»]  [6  +  fe"]  +  JTjp  [-  14  +  £e2]  [£  +  f  e'2] 

+  ^°  [—  21  +  £  e2]  [14  +  259e'2] 
—  30  —  f  e»]  [21  +  J-f  e«]  }eV8  cos  (3/±  3/+  t» 
[3—  f  e2]  [i  +ie'2]  +  K?  [5-|  e2]  [4  +  f  era] 
[»  +  A  «.]  [»  +  »  e«]  +  JT  «>  K  +  o^]  [«  +  «>  e«] 

>  [14  +  Te2]  [f  +  fe'2J 

+  JT<«  [18  -f  21e2]  [f  +  f  e'2]  |  eV4  cos  (2/=b  4/'  +  i$>) 
-4  +  «"]  [i  +  Ae'2]  +  2T<«[-  5-Ae2]  [f  +  \J*] 
[-  6  -  6e2]  [|J.  +  »  e'2]  +  ^«  [-  7  -  Ue2]  [f  +  f  e'2] 

+  tf  «  [-  8  -  26e»]  [f  +  Jfe'2]  [ee'8  cos  (/±  5/'  +  i*) 

fe2] 


[~  «  [1]  +  *F  [—  H  [1]  +  ^°  [—  fr]  [1]  +  ^  [-  «  [1] 
[-  ffl  W  +  ^  E-  *]  [1]  +  ^P  [-ffl  [1] 


ti]  [2]  +  ^i«[i]  [3]  +  JSTO]  [4]  +  ^«[f]  [5]  +  ^[^]  [6] 
[7]  +  ^[f]  [8]  +  ^'[?]  [9]}e66'  cos  (6/d=/  + 

+  ^t-  4-]  [|]  +  ^[-5]  [3]  +  *$°[—  f]  [5] 
[-»][«]  +^)[-f][f]  +^H)[_.][14] 

+  £?[—"]  [18]}eBe'2  cos  (6/±  2/'  + 

+  *  i^m  m  +  ^w-]  w  +  *m]  ti]  +  ^t?]  t-?] 

+  ^T-f  1  [14]  +  ^'m  [2i]fe4e'8  cos  (4/±  3/'  + 
+  i  i  JTl«  [-  A]  [4.]  +  jr  jo  [_  5]  [|]  +  K?  (-  f]  [  »]  +  *Jf>  [-  1  4]  [«] 

+  K?  [-  21]  [»]  +  JT<<>[-  30]  [f  Jfe8^  cos  (3/±  4/'  +  i 
+  4  WM  [A]  +  ^?'m  [f  ]  +  JTf  [f  ]  [2]]  +  JTP[14]  [-f] 

+  JTf  [18]  [f  ]}e2e'B  cos  (2/±  5/ 
P  [-  5]  [^]  +  ^«>  [-  6]  [J]  +  ^?>  [-  7]  [-L] 

+  ^«[-  8]  [2A]}ee'«  cos 
[^]  [1]  +  JTi°[i]  [1]  +*m]  [!]}«"  cos 
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+  \  x?  uj  co  -i-  AT  [,y  M  +  AT  w  [i] 

+  AT  us  to  +  ma 


+  ft  i  AT  [-  i]  [2]  4-  AT  C-  J  1  [3]  +  AT  [-  ft]  [4]  +  K  i"  [-  »]  [6] 

+  AT  L-m  c«]  +  AT  c-  T]  [?]  +  AT  c-  ta  [»] 

+  AT  c-  n  c»]  t  ev  COB  (?/±/'  -i-  •*) 

+  4  1  T  Ci]  H  ]  +  A-i«  [i]  [4]  +  *¥  [«  W  +  AT  [-]  [6] 

+  A-i«  RH  cvj  +  AT  rai  cv]  +  AT  K>]  [u] 

-h  AT  [?]  [18]  }*V  cos  (6/±  2/'  +  i^>) 

[-  i]  [|]  -i-  AT  [-  a  [i]  +  AT  [-  4]  [4] 

[-«  W  +  A-i«  [-  ^]  [»]  +  A"i"  [-  -]  [14] 

+  *V  [-  "]  [aijfe'c-cos  (6/±  3/'  -H  i*) 

+  *  i  A-;-  ci]  [«  +  AT  CM  en  +  xv  m  m  +  AT  m  L?] 

+  AT  R]  [«]  +  A-i"  [?]  [7]  f  e'e"  cos  (4/  ±  4/'  -»-  ^) 
+  i  {AT  [-  6]  [i]  4-  AT[-  ?]  [i]  +  AT  [-  14]  [•] 


4-  *  i  ATI*]  [ii  +  ^.°B]  ti]  -»-  AT 

4-  AT[18]  [£]f«V«  COB  (2/±  6/'  4 
4-  *  {  AT[-6][i]  4-  A-^[-7][i]-  KV[- 
4     {A 
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MEMOIE  No.  83. 
On  the  Construction  of  Maps. 

(This  Memoir  appears  here  for  the  first  time.) 

Maps  being  used  for  a  great  variety  of  purposes,  many  different  methods 
of  projecting  them  may  be  admitted;  but  when  the  chief  end  is  to  present 
to  the  eye  a  picture  of  what  appears  on  the  surface  of  the  earth,  we  should 
limit  ourselves  to  projections  which  are  conformable.  And,  as  the  construc- 
tion of  the  reseau  of  meridians  and  parallels  is,  except  in  maps  of  small 
regions,  an  important  part  of  the  labor  involved,  it  should  be  composed  of 
the  most  easily  drawn  curves.  Accordingly,  in  a  well  known  memoir* 
Lagrange  recommended  circles  for  this  purpose,  in  which  the  straight  line 
is  included  as  being  a  circle  whose  centre  is  at  infinity. 

The  circles  which  represent  the  meridians  must  then  all  pass  through 
the  projected  points  of  the  poles.  The  parallels  must  be  represented  by  a 
system  of  circles  intersecting  the  former  orthogonally.  It  is  plain  the 
centres  of  the  latter  system  of  circles  all  lie  in  the  straight  line  which  is  the 
projection  of  one  of  the  meridians.  If  the  projection  of  a  parallel  is  to  pass 
through  a  given  point  on  a  projected  meridian  the  centre  of  the  circle  is 
found  by  the  intersection  of  the  tangent  to  the  meridian  at  the  point  with 
the  rectilinear  meridian,  and  thus  the  parallel  in  question  can  be  drawn. 
However,  in  practice,  we  should  not  depend  on  the  graphical  construction, 
employing  rather  the  simple  trigonometric  formula  for  getting  the  length  of 
the  radius. 

When  we  consider  the  utmost  variety  in  this  mode  of  projection,  we 
see  that  it  is  readily  divided  into  three  species,  characterized  thus  : 
I.  The  projection  of  neither  pole  at  infinity, 
II.  The  projection  of  one  pole  only  at  infinity, 

III.  The  projection  of  both  poles  at  infinity. 

In  the  first  species  both  meridians  and  parallels  are  represented  in 
general  by  circles,  the  exceptions  being  one  projected  meridian  and  one 
projected  parallel  having  each  an  infinite  radius.  In  the  second  species  the 

*0euvret,  Tom.  IV,  p.  635.     As  far  as  possible  the  notation  adopted  here  is  identical  with  that  of 
Lagrange. 
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meridians  are  projected  into  straight  lines  all  passing  through  the  projected 
pole  and  the  latter  point  is  the  centre  of  all  the  circles  forming  the  pro- 
jections of  the  parallels.  In  the  third  species  the  projected  meridians  form 
a  system  of  parallel  straight  lines  and  the  projected  parallels  another 
system  of  parallel  straight  lines  intersecting  the  former  orthogonally.  The 
three  species  are  exemplified  by  the  following  three  figures : 


Flo.  1. 


fio.  » 


In  Fig.  1,  exhibiting  the  first  species  of  our  mode  of  projection,  the 
projected  meridians  all  pass  through  the  projections  of  the  poles  P  and  1''. 
The  straight  line  PP  is  the  projected  meridian  which  has  an  infinite  radius. 
If  we  bisect  the  distance  Pf  and  at  the  point  of  bisection  draw  the  per- 
pendicular straight  line  we  have  the  projected  parallel  which  has  an  infinite 
radius.  Along  this  line  are  situated  the  centres  of  all  the  circles  forming 
the  projected  meridians.  If  j  denote  half  the  distance  PPt  a  the  angle 
which  the  projected  meridian  makes  at  either  pole  with  the  rectilinear 
meridian  and  d  the  distance  of  the  centre  of  the  representing  circle  from 
the  mentioned  point  of  bisection,  we  have 


•tan«' 

The  graphical  construction  of  this  is  apparent  at  once. 

The  centres  of  the  circles  representing  parallels  of  latitude  are  situated 
on  the  rectilinear  projected  meridian.  If  we  adopt  a  system  of  rectangular 
coordinates  with  P  for  origin  and  the  rectilinear  projected  meridian  as  axis 
of  x,  the  equation  of  the  projected  meridian  which  makes  a  right  angle  at 
P  with  the  axis  of  x  is 


Let  it  be  proposed  to  draw  the  projected  parallel  which  crosses  the  axis  of  cr 
at  a  distance  £  from  P,  and  let  b  denote  the  distance  from  P  of  the  centre 
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of  this  projected  parallel  measured  in  the  opposite  direction.     Then  the 
equation  of  this  parallel  will  be 


The  intersection  of  these  two  circles  must  be  orthogonal.  Calling,  therefore, 
the  left  members  of  the  two  equations  U  and  V,  this  demands  that 

dx     dx          dy     dy          ' 
or  that 

(x  —  8)  (x  +  6)  +  y*  =  o. 

We  may  take  x,  y,  b  as  the   unknowns   in   the  three  equations,  and  their 

solution  gives 

& 
j  = 5 

or  the  proportion 

has  place,  and  from  this  b  may  be  readily  constructed.  When  £  exceeds  5, 
b  is  negative  and  must  therefore  be  measured  from  P  in  the  opposite 
direction.  When  £  =  8  we  have  the  rectilinear  projected  parallel. 

Figures  2  and  3  do  not  require  any  explanation  as  to  the  mode  of 
constructing  them. 

We  now  have  it  in  our  power  to  draw  as  many  meridians  and  parallels 
as  we  choose,  but  we  have  said  nothing  as  to  how  they  correspond  with  the 
like  curves  on  the  surface  of  the  earth.  It  will  be  seen  that  this  question 
has  not  an  absolute  reply  but  depends  on  the  interpretation  of  the  formulae 
involved  which  admits  considerable  latitude.  Let  us  suppose  that  the 
whole  surface  of  the  map  is  divided  into  infinitesimal  rectangles  by  drawing 
the  meridians  and  parallels  sufficiently  near  to  each  other.  If  we  fix  the 
correspondence  in  any  way  which  permits  the  sides  of  these  infinitesimal 
rectangles  to  have,  all  over  the  map,  the  proportions  indicated  by  the 
equation  of  the  earth's  surface,  the  projection  is  a  conformable  one.  It  will 
be  seen  that,  setting  aside  a  constant  multiplying  all  the  formulae  and  which 
indicates  the  general  scale  of  the  map,  in  Species  I  we  have  two  arbitrary 
constants  at  our  disposal,  in  Species  II  only  one,  while  there  are  none  in 
Species  III. 

The  principal  object  of  this  memoir  is  to  advocate  the  giving  to  these 
disposable  constants  such  values  as  shall  reduce  as  much  as  possible  the 
variation  of  scale  throughout  the  map. 
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Let  $  denote  the  normal  or  geographical  latitude,  p  the  radius  of  the 
parallel  and  t  the  perpendicular  distance  of  the  point  considered  from  the 
plane  of  the  equator  and  a  and  b  =  aV  1  —  t*  the  equatorial  and  polar  semi- 
diameters  of  the  earth,  the  equation  of  the  earth's  surface,  free  from  X  the 

longitude,  is 

a1         «• 

=  1. 


This  equation  is  satisfied  by  putting 


^x'l    -sin'*' 

where  it  is  easy  to  be  convinced  that  <p  has  the  geometrical  definition 
assigned  to  it.  The  length  of  a  degree  along  the  parallel  belonging  to  lati- 
tude $  is  (we  adopt  the  degree  as  the  unit  of  angular  measure) 

n         •/  cos  q> 
fad"  Vl—fni?t' 
By  differentiating  we  obtain 

—  i*)  sin  $        <h       a(\  — 


The  element  along  the  meridian  d»  is  then  given  by  the  equation 


And  the  length  of  a  degree  along  the  meridian  which  belongs  to  the  lati- 

tude 6  is 

n        a  (!->*) 


180  (H  -  e1  sin1 

These  two  quantities  are  important  in  map  construction.  In  computing 
them  Clark's  dimensions  of  the  earth  may  be  used  which  are 

a  =  20  926  202  feet  =  3963.295833  miles. 
6=20854896  "  =3949.790720  "  , 
e  =  0.082483218. 

In  establishing  the  formulae  of  correspondence  of  the  curves  on  the 
map  with  those  on  the  surface  of  the  earth,  in  case  the  projection  is  to  be 
conformable,  it  is  indispensable  to  have  an  auxiliary  variable  which  with 
Lagrange  we  denote  by  9.  This  satisfies  the  differential  equation 

d6     d» 
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In  the  following  prosecution  of  the  subject  it  is  more  suitable  to  employ 
the  colatitude  z  rather  than  $  the  latitude.  We  suppose  that  s  is  counted 
from  the  pole  towards  the  equator.  Then  the  differential  equation  being 
integrated  on  the  condition  that  6  and  z  are  to  begin  together,  we  have 

I  +  ecoszV!          z 
-- 


,       / 
=  ( 

\ 


i  . 

1  -  6COSZ/  2 

Having  now  this  auxiliary  variable  the  distance  southward  from 
the  projected  north  pole  to  the  point  where  the  parallel  of  z  crosses  the 
rectilinear  meridian  is  given  by  the  formula 


5,  c  and  g  are  arbitrary  constants.     This  equation  shows  the  correspondence 
between  parallels  on  the  map  and  those  on  the  earth's  surface. 

With  regard  to  the  meridians,  if  we  denote  longitudes  on  the  earth's 
surface,  counted  from  any  meridian  eastward  as  of  one  sign  and  westward 
as  of  the  opposite,  by  "k,  and  suppose  that  the  rectilinear  meridian  on  the 
map  corresponds  to  the  principal  meridian,  and  denote  by  u  the  angle  the 
projected  meridian  makes  at  either  pole  with  the  rectilinear  meridian,  the 

formula  of  correspondence  is 

u  =  c/l. 

These  two  formulae  embody  the  whole  theory  of  conformable  projection 
in  the  case  we  treat.  If  they  are  substituted  in  the  differential  equations 
which  belong  to  this  subject  the  latter  will  be  found  to  be  satisfied  ;  and  a 
little  additional  consideration  will  make  it  evident  that  they  are  as  general 
as  possible.  As  Lagrange  has  shown  c  may  be  limited  to  positive  numbers. 
Also,  if  the  crossing  of  the  parallel  given  by  the  quantity  £  is  limited  to  the 
one  which  is  between  the  two  poles,  g  is  also  positive. 

The  projected  coordinates  measured  southward  from  the  north  pole  as 
origin  are  given  by  the  equations 


*  cos 
' 


-     J° 


+  200*  COB 
00°  Bin  ( 


cos 


And  the  scale  which  belongs  to  any  point  of  the  map  is  given  by  the 

formula  r___ 

_  2c05  VI  — e*  cos2z        0J 

m  —  ~JT       ~sm^          q*+  2o0ecos(c^)-r-0!!e> 


ON  THB  CONSTRUCTION  OP  MAPS  413 

The  right  member  takes  the  indeterminate  form         when  *  =  0,  but  this 

defect  is  remedied  by  dividing  numerator  and  denominator  by  tan  --  . 

The  formula)  just  given  are  adapted  to  Species  I.    In  Species  II  g  and  A 
are  both  infinite,  but  their  ratio  is  finite.     Hence  /  being  a  new  constant 

we  have  fae 

C  —Jr. 

The  equation  for  correspondence  of  longitudes  remains  unchanged.    The 
scale  becomes 


.  cf  Vl—  •'COB*  i.. 

fn  —  ~—  i  (I* 

a  sine 

In  Species  HI,  since  both  poles  are  at  infinity,  we  are  under  the 
necessity  of  measuring  distances  from  another  point.  The  equator  serves 
this  purpose  in  a  symmetrical  manner.  This  projection,  generally  known 
as  Mercator's,  is  characterized  by  the  condition  c  =  0.  The  formula)  for 
this  Species  are  easily  derived  from  those  given  for  the  first  Species  by 
making  c  infinitesimal.  Those  handy  for  use  are 


where  X  is  in  degrees,  B  depends  simply  on  the  scale  of  the  map,  M  the 
modulus  of  common  logarithms,  log  B  denoting  the  common  logarithm  of  6; 

common  logf     u)  =  2.1203383211.     The  scale  at  any  point  of  the  map  is 
the  scale  at  the  equator  multiplied  by  the  factor 

—  <*  COB*g 


Mi]  : 

With  regard  to  the  scale  m  it  must  be  noticed  that  6  and  /  are  linear 
magnitudes.  In  the  formula)  for  m  therefore  £  and  a  or  /and  a  must  be 
expressed  in  the  same  linear  unit.  We  thus  obtain  the  fraction  tho  scale  of 
the  map  is  to  nature  ;  it  is  customary  to  take  unity  for  the  numerator  of  this 
fraction*.  If  one  prefers  to  say  the  scale  is  so  many  miles  to  the  inch  the 
denominator  of  the  fraction  must  be  divided  by  63360  the  number  of  inches 
in  a  mile. 

We  come  now  to  the  question  of  advisable  values  for  the  disposable 
constants  in  the  formulas.  In  Species  I,  these  are  two,  viz.,  y  and  c.  In 
this  connection  the  principle  of  Tchebichefi"  *  that  a  map  constructed  on  • 

•  Air  U  enutnirtioo  dtt  cmriu  9*yr«j>Aifw«.     Ae*J.  Set  81  P«Urabomrf.    Bill.  XIV,  colt.  MT-MI. 
1866. 
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conformable  projection  is  the  best  possible  when  the  scale  is  constant  along 
the  whole  boundary  of  the  map  seems  the  most  satisfactory  that  has  been 
suggested.  It  differs,  it  is  true,  from  the  few  hints  thrown  out  by  Lagrange, 
who  proposed  the  notion  that  the  variation  of  the  scale  should  be  zero  in  all 
directions  about  the  point  forming  the  centre  of  the  map. 

On  account  of  the  form  of  the  pages  of  our  books  the  vast  number  of 
published  maps  are  bounded  by  rectangles.  When  the  meridians  and 
parallels  are  to  be  represented  by  circles,  the  principle  of  Tchebicheff  can- 
not here  be  fulfilled,  nevertheless  we  may  have  an  approximation  to  it. 
I  propose  that  the  scale  shall  be  the  same  at  the  middle  points  of  the  four 
sides  of  the  rectangle  bounding  the  map.  This  gives  two  independent 
equations  for  the  determination  of  g  and  c. 

Before  we  give  the  equations  notice  must  be  called  to  the  circumstance 
that  the  poles  are  singular  points  in  the  projection,  the  meridians  in  the 
map  in  general  do  not  meet  at  the  poles  under  the  same  angles  as  their 
correspondents  on  the  globe.  They  do  this  only  when  the  exponent  c  of 
projection  has  unity  for  its  value.  If  c  exceeds  unity  there  will  be  a  lap 
over  at  the  poles,  and,  if  it  falls  short  of  it,  a  hiatus.  This  is  no  incongruity 
to  the  mathematician,  but  nevertheless  offensive  to  the  common  eye. 
Therefore  we  must  lay  down  the  principle  that  if  either  or  both  poles  are  to 
be  shown  in  a  map  we  must  put  c  =  1,  that  is,  adopt  the  stereographic  pro- 
jection. However,  the  great  number  of  maps  do  not  show  either  pole  ;  here 
we  are  at  liberty  to  choose  the  value  of  c.  In  the  following  discussion  we 
limit  ourselves  to  this  case  ;  moreover  we  suppose  that  the  rectilinear 
meridian  divides  the  map  into  two  symmetrical  halves. 

Let  us  adopt  the  subscripts  (0),  (1)  and  (2)  to  distinguish  quantities 
belonging  to  the  middle  points  of  the  upper,  lower,  and  lateral  lines  bounding 
the  map.  We  suppose  that,  before  the  map  is  constructed,  we  have  chosen 
the  values  for  ZQ,  zl  and  z,  the  colatitudes  belonging  to  the  mentioned  points. 
It  is  true  that  in  the  case  of  z%  it  is  generally  difficult  to  imagine  what 
should  be  its  value  in  order  that  a  definite  region  may  just  fill  the  contour 
of  the  map  ;  but  the  difficulty  of  forming  and  solving  the  transcendental 
equations  is  greater. 

Preceding  equations  give  the  following  relations  : 

,_ 

~ 


For  brevity  let  us  put 


t  _          sin%  ,  _          sin  Zj  2  _          sin  z% 

~  '     mi~  ''     "^"—e2  COB'S.,' 
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which  are  all  known  quantities.     Comparison  of  the  values  of  m  at  the 
three  point*  gives 


But  A,  can  be  eliminated  from  the  last  member  by  means  of  the  equation 

,      g$  cos  (<*,)  +  6?  $  «! 

V  +  '-¥1  cos  (oL)  +  *'  ~  :/  +  »       ;/  4-  '<  ' 
which  affords 

f  +  ^00.  (*.)  +  «.  .fc  +  lft 

For  convenience  let  us  adopt 

£  =  ,<      jJs*,,     ^  = 

Then  the  comparison  of  the  values  of  m  becomes 

*•<»  -n»-  m«^  +  AJ)i- 

*  "^    inr? 

The  first  of  these  relations  gives 


_  OTpA/.  —  MI*} 

"-'  m,-!^;  ' 
The  second  relation  will  give 

*t.+o 

Substituting  in  this  the  just  obtained  value  of  >;  we  get 


.  •H(l-y)  A._^;  (1  -  *0 

-^-r^;'     "-  «h-m^,:    ' 


consequently 

yf  _    ft* 

nvii,  =  wj*,'.  _- 

From  this  is  derived 
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Comparison  of  this  with  the  former  value  of  r,  gives  us 


j  —  w»0  hf/        m0  wt!  —  m|/V c  fi? ' 

an  equation  from  which  c  can  be  determined  by  the  tentative  process,  and 
g  follows  from  its  value  just  given. 

In  Species  II,  as  we  have  only  one  constant  at  our  disposal,  viz.,  c,  we 
determine  it  from  the  condition  that  the  scale  should  be  the  same  at  the 
ends  of  the  central  meridian  of  the  map.  That  is,  the  equation 


V 1  —  e8  008%  /v,  _  V 1  —  e2  cos2Zj  ac 

: (70 : PI 

sm  za  sm  Zj 

must  be  fulfilled  ;  whence  we  have  for  the  determination  of  c  the  exponential 
equation 


,  e  _  sin  zl     1 1  —  e*  cos2z0 
1       sin  z0  \  1  —  e*  cos'zj ' 


In  all  the  trials  I  have  made  of  the  Tchebicheff  principle,  c  has  never 
turned  out  greater  than  unity.  One  example  may  be  given  for  the  sake  of 
illustration.  Desiring  to  construct  a  map  of  South  America,  and  counting 
z  from  the  South  Pole,  it  was  supposed  that  the  limits  given  by  the  values 
Z,,  =  34°,  zl  =  102°,  z.j  =  73°  would  include  the  whole  of  this  continent  in  a 
rectangular  map.  These  data  conduct  to 

log  eo  =  9.4866077,     log  ^  =  0.6056371,     log  h.z  =  0.3834652   ' 


m 


log— J  =  0.1 209441,     log-      -  =  0.1111990. 
7/i0  //IO"M 

Thence  there  is  concluded 

c  =  0.945576,     log  g  =  0.2054407. 

It  is  very  evident  that  if  the  region  to  be  included  in  a  rectangular 
map  is  of  nearly  equal  extension  in  the  directions  of  longitude  and  latitude 
c  will  be  found  to  be  pretty  close  to  unity.  And  c  becomes  smaller  as  the 
map  deviates  more  from  the  square.  It  is  of  interest  to  determine  what  c 
becomes  when  the  dimension  in  the  direction  of  longitude  is  reduced  to  the 
last  degree.  In  this  case  we  do  not  know  the  value  of  z,  and  an  extra 
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equation  must  be  brought  in  to  render  the  problem  determinate.    The 
comparison  of  scales  gives  the  equations 


The  extra  equation  demanded  is 


We  eliminate  (7  from  these  equations  by  means  of  its  value 

-fi.mJi;—  mihi 
1  nij-rooV  ' 

The  two  equations  which  remain  are 
in,  +  mfo  _       w, 

h^d;         '  %  ' 

—  h\)  O't  =  m,  [fl{  (m,  —  mjt*)  +  %  (mjtj  - 


It  would  be  troublesome  to  pursue  the  elimination  further,  but  having  a 
suspicion  that  the  proper  value  of  c  in  this  extreme  cai>e  is  zero,  we  substitute 
this  value  in  the  second  equation  and  it  is  rendered  an  identity.  The  first 
equation  then  gives  for  the  determination  of  z,  the  relation 

—r-  -,     =  i(m0  -|-  m,)1. 

V  1   —  f  COST  Z* 

To  inquire  what  the  Tchebicheff  principle  gives  when  the  dimension  of 
the  map  in  the  direction  of  latitude  is  diminished  to  the  last  degree  is  quite 
unnecessary  as  it  is  obvious  that  such  a  map  could  only  include  a  fiegment 
of  the  equator,  when  the  projection  that  is  proper  is  Mercator's.  If,  bow- 
ever,  we  are  willing  to  depart  from  the  rectangular  boundary  for  a  map,  we 
can  have  one  for  an  extremely  narrow  strip  along  a  parallel  by  cutting  it 
from  the  developed  surface  of  the  cone  which  envelops  the  earth  along  that 
parallel.  This  map  would  have  the  form  of  a  segment  of  an  annulus.  In 
like  manner  the  map  of  an  extremely  narrow  strip  along  a  meridian  can  be 
got  from  the  surface  of  the  cone  to  elliptical  base  which  envelops  the  earth 
along  that  meridian.  In  the  annular  map  along  a  parallel,  the  exponent  of 
projection,  neglecting  f,  is  c  =  cos  z. 

All  that  has  been  said  regarding  terrestrial  maps  will  apply  u  well  to 
maps  of  the  stars,  provided  we  make  e  =  0,  and,  as  the  notion  of  a  scale  in 
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terrestrial  maps  is  altogether  out  of  place  in  celestial  maps,  we  substitute  the 
phrase  "so  many  degrees  to  the  inch." 

As  the  reseaus  of  meridians  and  parallels  in  maps  of  large  regions  in  all 
our  atlases  are  unpleasant  to  the  eye  of  a  mathematician,  I  append  a  map 
of  Asia  constructed  on  the  stereographic  projection.  On  investigation  it  was 
found,  in  accordance  with  the  Tchebicheff  principle,  that  c  in  this  instance 
differed  from  unity  inappreciably. 
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MEMOIR  No.  84. 
Dynamic  Geodesy. 

(Tbli  Memoir  appear*  her*  for  the  flrtt  time.) 

The  formulae  which  have  been  proposed  for  representing  the  intensity 
and  direction  of  gravity  over  the  earth's  surface  do  not  well  satisfy  the 
observations.  It  seems  that  more  complex  formulae  are  needed.  The  notion 
that  all  observations  should  be  reduced  to  sea  level  has  long  prevailed.  It 
is  not  necessary  to  regard  the  surface  of  the  ocean  as  forming  a  more  natural 
boundary  to  the  mass  of  the  earth  than  the  land-surface.  The  endeavor  in 
this  memoir  is  to  elaborate  a  theory  of  gravity  which  dispenses  with  the 
idea  that  we  must  know  the  elevation  of  the  place  of  observation  before  we 
can  make  comparisons.  The  boundary  of  the  earth's  mass  may  be  looked 
upon  as  a  surface  oft-times  discontinuous  but  nevertheless  having  an  equa- 
tion, so  that  to  a  given  longitude  and  latitude  always  corresponds  a  unique 
point  on  that  surface.  Thus  a  table  to  double  entry  might  be  formed  giving 
to  the  arguments  longitude  and  latitude  the  three  rectangular  coordinates 
of  the  point  with  reference  to  the  earth's  centre  of  gravity.  Of  course  the 
earth  thus  viewed  must  have  no  precipices  or  caves.  But  the  actual 
precipices  and  caves  of  the  earth  have  only  the  slightest  influence  on 
gravity,  and  the  first  at  least  can  easily  be  avoided  by  pendulum  observers. 

In  order  to  have  a  starting  point  for  the  construction  of  a  theory,  an 
ideal  earth  is  conceived ;  its  mass  is  equivalent  to  that  of  the  actual  earth, 
the  mass  of  the  ocean  and  atmosphere  being  omitted,  its  boundary  it  a 
sphere  and  it  is  centrobaric.  Its  radius  is  equal  to  that  of  the  actual  earth 

in  the  latitude  whose  sine  is  -j- ,  so  that  the  volumes  are  nearly  equal. 

The  intensity  of  gravity  is  constant  over  the  surface  of  this  sphere.  In  all 
numerical  work  the  radius  of  this  sphere  will  be  taken  a*  the  linear  unit, 
and  the  temporal  unit  is  so  taken  that  its  mass  will  be  a  unit;  consequently 
the  value  of  gravity  over  the  surface  is  also  unity.  We  proceed  now  to 
notice  the  deviations  of  the  actual  from  the  ideal  earth.  The  most  impor- 
tant of  these  are  produced  by  the  earth's  rotation. 
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PART  I. 
The  Effects  of  the  Earth's  Rotation  on  its  Figure  and  on   Gravity. 

Were  the  matter  of  the  earth  in  a  state  of  perfect  fluidity  no  asperities 
could  exist  on  its  surface  nor  any  irregularities  of  density  in  its  interior. 
The  latter  would  be  a  function  of  the  pressure  and  temperature.  On  the 
other  hand,  were  the  matter  absolutely  rigid,  hydrostatics  could  not  be 
appealed  to  for  the  decision  of  its  figure.  However,  it  is  plain  that  the 
earth  leans  towards  rigidity  sufficiently  for  the  preservation  of  the  asperities 
and  irregularities  of  density  and  is  sufficiently  viscous  for  hydrostatics  to 
furnish  a  fair  approximation  to  its  figure. 

If  we  suppose  our  ideal  earth  to  receive  a  motion  of  rotation  about  a 
fixed  axis  the  consequence  will  be  that  the  matter  will  move  away  from  the 
axis. in  the  mode  shown  in  the  adjacent  diagram.  Let  AO  be  half  the  axis 
and  APBO  a  quadrant  of  a  meridian  section  of  the  ideal 
earth.  The  rotation  will  cause  the  curve  APB  to  fall 
into  the  position  CPD.  Five  stream  lines  are  drawn  to 
exhibit  the  direction  of  motion  of  the  matter.  The 
motion  ceases  when  the  gravity  becomes  normal  to  the 
surface,  or  if  by  reason  of  momentum,  it  overshoots  this 
mark,  there  is  a  tendency  to  return,  and  friction  may  be 
supposed  to  bring  about  a  permanent  state.  The  stream  lines  have  been 
constructed  from  the  cubic  a?y  =  e8,  (x  being  in  the  plane  of  the  equator). 
This  curve  has  the  axes  of  coordinates  for  asymptotes  and  gives  a  node  at  P, 

the  sine  of  whose  latitude  is  -7=-.     There  is  no  motion  of  the  matter  at  P. 


This  is  sufficiently  accurate  to  give  a  rude  notion  of  what  occurs. 

We  now  proceed  to  the  determination  of  the  permanent  state  of  the 
earth.  As  the  earth  is  evidently  symmetric  in  regard  to  its  axis  of  rotation, 
we  are  exempt  from  considering  longitudes  ;  thus  calling  the  radius  r,  the 
sine  of  the  latitude  p,  and  V  the  potential  for  points  not  interior  to  the 
mass,  we  have  the  partial  differential  equation 


For  points  interior  to  the  mass  we  assume  that  the  potential  includes  the 
centrifugal  force,  which  adds  to  it  the  term  -^^(1—  ps),  if  !Tis  the  time  of 
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revolution.     After  this  addition  calling  it   F.  the  equation  of  Poisson  is 
transformed  into 


where  p  denotes  the  density.    For  the  latter  we  adopt  the  value  given  by 

%     j 

the  differential  equation  dp  =  -r—  •  -  ,  p  being  the  pressure,  and  m  a  con- 
stant. Substituting  for  dp  its  value  pdV  and  integrating,  we  have 
p  =  V+  a  constant.  Here  we  may  modify  the  signification  of  ?  by 

including  in  it  a  constant  such  that 

4.(,  -£)-*« 
Thus  the  differential  equation  becomes 


These  two  partial  differential  equations  are  in  terms  of  polar  coordinates, 
but  they  are  briefer  and  more  suitable  to  our  purposes  if  we  ezprens  them 
ia  terms  of  rectangular  coordinates  in  the  plane  of  the  meridian.  Thus 
making 


we  have 

-«. 

•"-» 

Let  q  be  used  for  5J  tad  ^=  F  -f  ga?.    For  determining  gravity  at  points 

on  the  surface  of  the  earth  it  is  indifferent  whether  we  differentiate  partially 
F  or  F.    Hence  the  equations 


are  satisfied  by  these  points.    Hydrostatics  furnishes  the  additional  equations 

P  —  »  conaUnt,         F  —  ft  constant, 

which  are  also  satisfied  by  the  same  points. 


vou  iv.—  n 
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The  first  thing  to  be  done  in  the  treatment  of  the  question  before  us  is 
to  integrate  (1)  and  (2).  Here  recourse  must  be  had  to  infinite  series.  In 
regard  to  (l)  it  will  readily  be  found  that  it  is  satisfied  by  each  of  the 
following  expressions: 


ft  =  (a?  -  ISz'y'  +  Maty*  -  W)  (a*  +  y')~v, 


which  may  be  continued  as  far  as  we  please.  As  the  differential  equation 
is  linear,  taking  a  series  of  constants  bQ,  blt  .  .  .  ,  a  more  general  integral 
will  be 

V=  J0F0  +  ft,  F,  +  JaF,  +  JSF,  +  .  .  (3) 

Although  this  is  not  the  most  general  integral  of  (1),  it  has  sufficient 
generality  for  our  purposes. 

Next,  treating  (2),  we  find  that  it  is  satisfied  (putting  r  for  Vx2+  if) 
by  each  of  the  series  of  expressions 

F0  =  r-1  sin(mr), 

f,  =  r-i  (-  IJ  Bin  (mr)  (*'  -  2  y)  , 


=  r~1    j~r       8in  (mr)  C«*  -  18  xt  f  +  24  a»  y*  -  ^  f)  , 


which  may  be  continued  as  far  as  we  please.     Taking  another  series  of 
constants  a0,  a1?  .  .  .  ,  a  more  general  integral  of  (2)  will  be 

f-a»ft  +  «Ifl  +  a,f,  +  a,f$  +  ..  (4) 

As  before,  this  expression  has  sufficient  generality  for  our  purposes.     To 
equations  (3)  and  (4)  we  add  the  equation 

9=^->  =  0.  (5) 


The  following  three  equations 

h  5, 1^  +  J,  F,  +  . . .  =  0, ' 
ft-   .  « 

(6) 


+  qx>  +  baV,  +  b.V,  +  b,V,  +  b,f,  +  . . .  =  0, 
+  <*„?,  +  a, f,  +  a,  F,  +  a,  ft  +  . . .  =  0, 
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are  satisfied  by  the  surface  of  the  earth,  but  it  is  obvious  they  cannot  be 
unless  certain  relations  are  established  between  the  a  and  b.  The  number 
of  these  relations  is  always  two  less  than  the  number  of  the  constants 
a  and  b  taken  into  consideration.  This  is  plain  from  the  circumstance  that 
the  mass  of  the  earth  and  its  density  when  subjected  to  no  pressure  are  data 
that  must  be  afforded  by  observation.  The  treatment  of  the  subject  is 
greatly  facilitated  by  the  fact  that  a,  and  /-,  are  of  the  ith  order  with  respect 
to  the  centrifugal  force.  We  propose  to  carry  the  approximation  HO  as  to 
include  the  third  power  of  this  force.  As  />.,  is  the  mass  of  the  earth 
equivalent  to  unity  with  our  units,  this  demands  the  consideration  of  the 
seven  constants  <%,  a,,  a,,  a,,  6,,  6,,  bf  The  number  of  arbitrary  constants 
in  equations  (6)  is  ten  ;  eight  therefore  are  to  be  eliminated,  and  eight  inde- 

pendent relations  are  needed.     If,  for  -™r  =  z,  we  substitute  a  special  value 

in  equations  (6),  the  left  members  will  be  reduced  to  functions  of  r.  The 
solution  of  these  equations,  regarding  r  as  the  unknown,  ought  to  show  that 
they  are  satisfied  by  the  same  root.  Thus  the  equating  of  the  three  roots 
affords  two  equations,  and  by  assuming  four  values  for  z,  eight  equations 
result,  serving  to  determine  the  superfluous  constants  of  M,  B',  a0,  a,,  a,,  a,, 

&»,  &i,  *«,  V 

The  selection  of  the  values  of  z  is  not  indifferent  ;  such  values  should 

be  taken  as  will  bring  about  the  largest  degree  of  independence  in  the 
resulting  equations.  Advantage  may  be  taken  of  the  vanishing  of  the 
expressions 


for  certain  values  of  z.     The  equations  in  z  are 


Their  roots  are  all  real  and  positive,  and  have  the  values 

s  =  0.5, 

n  =  0.130693605,    t  =  2.8693064, 

«  =  0.060376924,    1  =  0.776823357,    1  =  6.662799719. 

In  addition  the  values  z  =  0  and  z  =  »  are  worthy  of  consideration.  The 
four  values  selected  for  z  and  the  subscripts  employed  to  distinguish 
quantities  belonging  to  them  are  :  z  =  0.5,  subscript  (0)  ;  z  =  0.0,  subscript  (,); 
i—  oo,  subscript  (,);  z  =  0.776823357,  subscript  (,). 

When  »  is  even,  denote  r1"1  (  *f  -^j*1*  (mr)  b^  /«•  and  when  '  is  °M> 

denote  r1  (4-  ~  Y«n  (mr)  by  /,.    In  the  prosecution  of  the  investigation 
\  or    r  / 
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we  shall  need  the  values  of  the  ft  as  far  as  /,  for  certain  values  of  the 
argument  r.     Here  we  have  the  equations  to  recursion 

/,  =  -  p-/.  -  «'/. .      /,  =  -  5/,  -  •»'/, , 
/.=  -£/,-«'/*.       /,=  -13/, -</•,, 


the  law  of  progression  is  obvious.  In  spite  of  their  great  simplicity  they 
are  very  unsuitable  for  accurate  computation.  The  value  of  m  we  adopt  is 
2.5  or,  in  arc,  143°  14'  22'.0156.  Thus^  commencing  with/0  and  /i  true  to 
ten  decimal  places,  when  /,  is  arrived  at,  not  more  than  three  decimals  can 
be  depended  on.  It  seems  that  the  readiest  method  of  obviating  this  diffi- 
culty is  to  employ  the  series  in  powers  of  r.  We  have 


About  twelve  terms  of  these  series  give  fairly  approximative  values.     The 

computation  is  facilitated  by  taking  the  terms  two  by  two.     For  brevity  we 
use  the  following  notation 

(0)=/.,  (I)=/i, 

(!!)=/„  (III)=/.  +  2(II), 

(IV)=/4,  (V)=/.  +  *(IV), 

(VI)  =  ft>  (VII)  =  A  +  6  (VI). 

For  the  value   m  =  2.6  and  with  the  argument  —    we    have    the 

following 

TABLE  OF  VALUES  OF  (0),  (I),  &o. 

~f~'                  (0).                              A.  A'.                                  (I).                            A.                   A*.             A'. 

0.998  0.59326  20026  -2.60359  17678 

+260  69402  +112  58665 

0.999   5958689428  —37389     6024669013         +88520 

260  32013  113  47185       —747 

1.000  5984721441  37404     6013311828           87773 

259  94609  114  34958        741 

1.001  6010716050  37419     6001876870          87032 

259  57190  115  21990        748 

1.002  6036673240  37431     5990354880          86284 

259  19759  116  08274 

1.003  60625  92999  59787  46606 
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(ID. 

A. 

A*.            (III). 

A. 

A*. 

A» 

0.998 

4.07167  5929 

4.05742 

ora 

-406 

6105 

+516 

1649 

0.999 

06760  9824 

-1071 

2411 

-521  IS 

1.000 

063542648 

406 

7176 

1016 

06769 

1948 

510  9537 

51810 

+302 

406 

8192 

505 

7727 

1.001 

05947  4456 

961 

07274 

9675 

51511 

406 

9153 

500 

<   !  | 

301 

1.002 

05540  5303 

906 

07775 

5891 

51210 

407  0059 

495 

5006 

1.003 

05133  5244 

Mti  i 

'  -  <: 

(ivx 

A. 

A«.            (V). 

A. 

A». 

A«. 

0.998 

3.03925  146 

10.34081 

205 

-103 

4062 

-313 

8352 

0.999 

3.02891  084 

+4166 

30942 

853 

+10403 

102  9896 

312 

7949 

—45 

1.000 

3.01861  188 

4150 

27814 

904 

10358 

102 

5746 

311 

7591 

43 

1.001 

3.00835  442 

4136 

24697 

313 

10315 

102 

1610 

310 

7276 

42 

1.002 

2.99813  832 

4120 

21590 

037 

10273 

101 

7490 

309 

7003 

1.003 

2.98796  342 

18493 

034 

(VI,. 

A. 

A» 

(VII). 

A 

. 

A«. 

0.998 

0.90297  7 

5.03036 

6 

—502 

3 

-271 

96 

0.999 

89795  4 

+28 

5.00317 

0 

+180 

499 

5 

270 

16 

1.000 

89295  9 

32 

4.97615 

4 

165 

4963 

268 

51 

1.001 

887996 

35 

4.94930 

3 

147 

492 

8 

26704 

1.002 

883068 

37 

4.92259  9 

134 

489 

1 

26570 

1.003 

87817  7 

4.89602  9 

The  equations  we  use  for  discovering  the  values  of  the  constants  are 

HOV)!«,-H(VI).a,  -°. 


+  fft  +     +     +     + 

*  +  (0), «.  +  (II), «,  +  (IV), «,  +  (VI),  a, 
00,0,  +  (VII), a,  - 


+  (0),  -  2  (II),  a,  +  |  (IV),  a,  -  V  (VI),  a, 


B  +  0.56280216  q  rj  +  ^  -  0.31159352  ^  -  1.1419890  ^ 

&  +  (0%  «,-  0.31  169352  (II),  a,  -  1.1419890  (IV),  a, 

(I),  a,  -  0.311  .  .  (Ill),  a,  -  1.141  .  .  (V),  a,  -  1.12560432  q  r*.  + 


=  0, 

-a, 
=  o, 
-o, 

=  o, 


-  3  (OJ11  .  . 
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In  the  following  work  a  value  of  q  has  been  adopted  such  that 

log  q  =  7.23728  13257. 

In  order  to  have  the  equations  to  be  solved  linear,  a  preliminary  investiga- 
tion has  been  made  leading  to  the  following  values  of  the  constants : 
B  =  —1.00115  01595,     B'  =  —0.22953  20069,     a0  =  0.38353  06679, 
a1=      0.0002768007,     a2  =      0.0000001308,     6X  =  0.00054  86250, 
62  =      0.00000  10969. 

In  addition  it  has  been  assumed  from  induction  that 

a3  =  0.00000  00001,     6,  =  0.00000  00020. 

With  these  values  of  the  constants,  the  arguments  for  entering  the  preceding 
tables  are 


-  =  0.99887  14383,         -  =  1.00225  18904, 

Whence  result  the  following  values 

(0),= 


-  =  1.00035  12904. 


(0)j=        0.5955339995 
(II)  1  =        4.068132630 
(IV)  l=        3.03023791 
(VI)1=        0.898597 

(!),  =  —  2.6026111420 
(111)!=        4.061921746 

(V)t=  10.31345741 
)i=        5.006655 

The   corrections  &r1} 
\ 


0.6043205706 
(II)  2  =        4.054380175 
(IV)  2  =        2.99557149 
(VI)2  =        0.881832 

(I)2  =  —  2.5987438968 
(111)2=        4.079008822 

(V),=      10.20808966 
(VII)2  =        4.915894 


0.59938  57360 
4.06211  3643 
3.01500  381 
0.89121  2 


(0)5  = 
(H)3  = 
(IV).  = 
(VI),  = 

(!),  =  —  2.6009304800 
(111),=        4.069474566 

(V),=      10.26718546 
(VII)  3=       4.966703 


,,  &r3  need   be   considered  only  in  the  terms 
,       — ,         -  and  the  quantities  (0)  and  (1).     From  the  first  group  of 

'  1  '2  '8 

equations  we  derive 

B  =    -1.00115  13041 4  +  $fi,+  B  *s> 

B'  =   —0.22953  40559  +  5.58262a2  +  1.449a8  +  1.1929236,  -f  1.1456, , 

a0  =  [9.5838031899]  --  [0.612514]a2  —  [0.1336]a3  —  [0.299569]62  —  [0.2818]63, 

serving  to  eliminate  B,  B',  a0  from  the  remaining  nine  equations,  which 
thus  become 

—  0.00054900504—  [9.9975]8ri  +  [9.99852  879] 6t  +  [0.30779  69] 62 

+  [0.2313]  63  =  0, 
+  0.00110  05862  6  —  [0.0019]8r2  —  [0.30396  065] b1  +  [0.57215  85] 62 

—  [0.4048]  68  =  0, 
+  0.00017  12384  6  —  [9.9995]8r8  —  [9.49404  603]  6,  —  [9.02921  85] 62 

+  [9.8519]63  =  0, 
-  0.00112  68766     —  [9.9987]8ri  +  0.00585  662  +  0.005563  +  4.06813  26a, 

+  6.17268  8a2  +  1.53760,  =  0, 
+  0.00224  30670     —  [9.9995]8r2  —  0.01165  862  —  0.01146,  —  8.10876  03at 

+  11.09463  9a2  —  2.195a,  =  0, 
+  0.00035  03930     —  [9.9991]8r,  —  0.00182  162  —  0.00186,  —  1.26572  83at 

-  0.31643  3a2  +  0.634a,  =  0, 

—  0.00277  85822     —  [0.1574]8r1  +  2.98985  4426,  +  10.15958  662  +  11.9256, 

+  4.06192  17o,  +  20.97752  5a2  +  8.547a,  =  0, 
+  0.00554  68095     —  [0.1616]8r2  —  6.04062  5466!  +  18.66416  562  —  17.7836, 

-8.15801  76di  +  37.86979  4aa  —  12.196a,  =  0, 
-f  0.00086  50773     —  [0.1593]8r,  —  0.93576  606&!  —  0.53559  662  +  4.9766, 

-  1.26802  190!  —  1.06783  2a2  +  3.537o3  =  0. 
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The  elimination  gives  the  following  values  of  the  unknowns: 

£  =  —1.0011501641,  W  =  —  0.28953201336, 

«,=      0.3835306706,  o,  =     0.000*7  68006  8, 

a,=      0.00000013078,  a,  =      0.00000000005, 

6,=     0.00054862507,  6,=     0.00000109701, 

6,  =      0.00000  00033  9,  8r,  =  —0.00000  0001  1  1, 

•r,  =  —0.00000  00057  4,  «r.  =  —0.00000  00047  5. 

The  addition  of  the  corrections  to  the  provisional  values  gives  the 
following  values  of  r,  -  —  ,  and  com.  log  r  : 

r.  -  .  log  r. 

r,  1.00112983566  0.99887143941  0.0004904044 
r,  0.99775  31635  1  1.00225  18961  7  9.999  0231  134 
r.  0.99964882833  1.00035129514  9.9998474613 

From  the  values  of  r0,  r,,  rt,  r,  are  derived  the  following  expressions  for 
r  and  common  log  r  in  terms  of  p  the  sine  of  the  geocentric  latitude  : 

r=  1.00000  171301  +  0.00112647002(1  -  3  /.') 

+  0.000001649810  (I  -  10/.'  +  Y*«)  +  0.000000002947(1  -  21  *'  +  63**  -if*  V) 
=  1.0011298358  -  0.00339  59700  /*'  +  0.00001  94335/1*  -  0.00000  01  362  ff, 
log  r  -  0.00000  05235  +  0.00048  93759  (  1  -  3  /.') 

+  0.0000005042(1  -  10^'  4-  V')  +  0.0000000008(1  -21  /.'  +  63/.*-*fi^) 
=  0.00049  04044  -  0.00147  31873  /•'  +  0.00000  59355  /•*  -  0.00000  00392  ?. 

The  values  of  the  component  --  for  the  four  values  of  p,  viz.,  /*,, 


u,.  u,,  u3,  were  next  computed  and  the  results  are  : 

for  *,  ,    —0.99769  16866,  for  ^,  ,    —0.99593  02672, 

for/s,     —1.0012021106,  for/^,    —0.9982396845. 

For  the  other  component  we  have  the  equation 


The  values  of  the  factor  within  the  brackets  for  the  special  values  of  p, 

P*t  Pi.  Mi»  P«  are 

for  r±  ,    0.00675  05005,  for  /.,  ,    0.00675  66636, 

for  i^  ,    0.00673  82341,  for  ^  ,    0.00674  85836. 

From  these  data  it  is  easy  to  deduce  the  values  of  the  actual  gravity  0  for 

ft*  ft  i  ft*  ft-    They  are» 

for  to  ,    0  =  0.99769  67615,  for  *  ,    0  =  0.99893  02672, 

for  to  ,    0  =  1.00120  21106,  for  *  ,    0  =  0.998*4  5*97$. 
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From  these  values  we  derive 

G  =  0.99768  95187  -  0.00175  92433  (1-3  /*')  -  0.00000  35526  6  (1  —  10  n*  +  ^  /) 

-  0.00000  00082  4  (1  -  21  /*'  +  63  /*«  -  ifJ-  /.«) 
=  0.9959302672  +  0.00531  34295  /S  —  0.00004  19668  /»'  +  0.00000  03807  /A 

Calling  the  geocentric  and  geographical  latitude  severally  6  and  &, 

tf  =  6  +  696".8755  sin  2  0  +  1".3957  sin  4  8  +  0".0039  sin  6  6. 
By  means  of  this  formula  we  derive 

V.  8.  log  r. 

22°  30'  22°21'48".1916  0.0002772633 

45       0  44    48  23  .1253  9.999  7602  471 

67     30  67    21  46  .2741  9.9992397428 

We  can  now  deduce  log  r  as  a  periodic  function  of  ff: 
log  r=9.999  7585  033  +  0.000  7336416  cos  20'—  0.000  0017447  cos  40'  +  0.000  0000  038  cos  6^. 


From  special  values  of  —*  —  we  derive   the   values  of  G  for   evenly 
spaced  values  for  &  (Via  chosen  in  order  to  have  a  verification) 

6'.  G. 

0°  0.99593  02672 

22£  0.99669  85847 

45  0.99855  87244 

67^  1.00042  63297 

90  1.00120  21106 

Thence  we  get 

G  =  0.99856  24569  -  0.00263  59177  COB  2  0'  +  0.00000  37322  cos  4  tf  -  0.00000  00039  cos  6  tf. 
From  the  same  data  is  obtained 

0  =  6'-  696".8767  sin  2  tf  +  0".9578  sin  4  0'  -  0".0021  sin  6  0  . 
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PART  II. 
Effect  of  Departure*  from  the  Ideal  Earth. 

The  departure  of  the  actual  from  the  ideal  earth  is  so  small  that,  at 
least  in  a  first  approximation,  quantities  of  the  order  of  the  product  of  the 
departure  by  the  centrifugal  force  may  be  neglected.  Thus,  in  estimating 
the  effect,  we  may  always  start  from  a  centrobaric  earth. 

Of  all  volumes  the  centrobaric  sphere  has  the  simplest  expression  for 
the  potential.  The  effect  of  the  earth  as  an  attractive  body  may  be  con- 
ceived as  equivalent  to  that  of  a  number  of  centrobaric  spheres  superposed 
on  each  other.  With  a  finite  number  of  spheres  of  course  we  obtain  only 
an  approximation  ;  however,  this  augments  as  the  number  is  increased  ;  and, 
in  the  last  analysis,  when  the  spheres  become  material  points,  the  approxi- 
mation ends  in  exactitude.  With  a  very  moderate  number  results  are 
reached  having  a  practical  value;  and  this  may  be  considerably  reduced  by 
admitting  the  fiction  of  spheres  of  negative  mass. 

Let  us  apply  this  notion  to  the  explanation  of  the  mode  in  which  sea 
and  land  are  distributed  over  the  earth's  surface.  This  subject  is  rarely 
alluded  to  in  our  treatises  on  geography  and  geodesy.  The  prevailing 
notion  is  that  the  coast  line  is  determined  solely  by  what  may  be  called  (he 
asperities  of  the  surface,  or  that  the  theory  which  explains  the  shore  line  of  a 
mountain  turn  may  also  be  used  for  the  Pacific  Ocean.  If  a  fluid  is  placed 
upon  the  ideal  centrobaric  earth,  it  will  form  a  sea  having  everywhere  the 
same  depth,  and  there  will  be  no  land-surface.  But  let  the  earth's  surface 
first  undergo  an  irregular  carving,  the  fluid  will  form  a  sea  of  irregular 
depth,  and,  if  the  amount  of  fluid  is  small  enough,  some  land-surface  will 
appear.  These  notions  are  correct;  but,  when  it  is  added  that  the  depth  of 
the  sea  is  in  precise  relation  to  the  depth  of  the  carving,  we  must  demur. 
This  theory  takes  no  account  of  the  shifting  of  the  barycentre  through  the 
carving.  The  latter  may  be  so  performed  that  what  appears  as  the  bottom 
of  the  ocean  is  no  nearer  this  point  than  the  top  of  the  highest  mountain. 
For  instance,  in  the  case  of  a  homogeneous  sphere,  the  carving  may  be 
nothing  at  a  point  on  one  side  and  deep  at  the  point  directly  opposite,  and 
yet  the  resulting  body  be  a  homogeneous  sphere  to  which  there  may  belong 
an  ocean  of  uniform  depth.  The  present  disposition  of  land  and  water  on 
the  earth  is  not  to  be  accounted  for  on  the  asperity  theory.  To  what  then 
must  it  be  attributed?  It  is  evident  that  in  an  irregular  distribution  of 
matter  in  the  interior  of  the  globe  we  have  a  competent  cause.  We  should 
expect  that  density  would  be  superabundant  on  the  side  where  the  ocean 
predominates  and  defective  on  the  side  where  the  continents  appear.  The 
subject  is  well  illustrated  by  a  series  of  suppositions. 
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/Supposition  I. 

The  adjacent  diagram  shows  two  centro- 
baric  spheres  superposed,  of  which  the  larger 
represents  the  ideal  earth,  and  the  smaller  is  a 
sphere  of  negative  mass.  Let  M  denote  the 
actual  mass  of  the  earth  (the  mass  of  the  cover- 
ing fluids  not  being  included),  —  m  the  mass  of 
the  smaller  sphere,  d  the  distance  oo'  between 
the  centres  of  the  spheres,  and  a  the  radius  of  the 
earth.  The  origin  of  coordinates  being  at  o  the 
centre  of  figure  of  the  earth,  the  positive  direction 

of  x  towards  the  right,  let  h  be  the  depth  at  X1  of  the  ocean  supposed 

without  mass.     Then  the  equation  of  sea-level  will  be 
M+m  m  _ M  + m 


m 


d' 


or,  adopting  polar  coordinates  such  that 

x  =  r  COB  ft',        y  =  r  sin  ft', 
M-\-m m  M  +  m 

r  V  r2  —  2  dr  cos  ft'  +  d1  ~  a  +  h 


m 
a  +  h  —  d' 


\f 


and  the  downward  force  of  gravity 


m  (r  —  d  cos  ft') 


2  dr  cos  ft' 

md  sin  ft' 


md 


Calling  the  geographical  colatitude 
g,  this  potential  furnishes  the  equations 

«,cos(ft-ft')  =  j^- 

*•*(*-*'>=  -[r'-Srfrcosft' 

The  x  coordinate  of  the  centre  of  gravity  of  the  earth  is  —  ^;  and 

M  ' 

if  we  wish  to  have  the  difference  of  the  geographical  colatitude  over  and 
above  the  colatitude  measured  from  the  latter  centre  instead  of  the  centre 
of  figure,  it  will  be  sufficiently  approximate  for  points  near  the  earth's 
surface  to  subtract  the  arc  given  by  the  formula 

—  ^  sin  ft'. 

For  numerical  illustration  we  assume  M=  1,  m=  0.001,  a  =  1, 
A  =  0.001,  and  d  =  0.8.  If  the  smaller  sphere  touches  the  larger  interiorly, 
and  the  mean  density  of  the  earth  is  put  at  5.6  (that  of  water  being  unity) 
the  diminution  of  the  density  of  the  earth  by  the  superposition  of  the 
smaller  sphere  is  0.7.  This  is  not  an  unreasonable  supposition. 

The  following  table  shows  the  depth  of  the  ocean  at  intervals  of  30° 
in  the  colatitude,  with  the  relative  numbers  of  gravity  and  the  comparison 
of  the  different  colatitudes,  all  for  points  on  the  surface  of  the  ocean  or  on 
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the  surface  of  the  land.    There  is  therefore  a  discontinuity  in  the  quantities 
tabulated  at  the  point  where  $'  =  39°56'59".4. 


Depth  of  ocean 

_«5§U*' 

#—  ¥ 

y 

r—  1. 

t 

f  ~  ¥• 

y  m*m  T  • 

from  era.  f  r«». 

180* 

0.0010000 

0.9986926 

0" 

0" 

(T 

150 

0.0009809 

0.9987175 

-  16 

—  83 

+  67 

120 

0.0009153 

0.9988029 

—  37 

-143 

+106 

N 

0.0007748 

0.9989749 

—  79 

-165 

+  86 

60 

0.0004643 

0.9992920 

-186 

-143 

-  43 

39  66'59*.4 

0.0000000 

0.9995470 

—399 

-106 

—293 

30 

—0.0004280 

0.9986105 

—643 

—  82 

-561 

0 

—0.0035183 

0.9760000 

0 

0 

0 

We  see  from  the  table  that  the  coast  line  is  at  $'  =  40°  about,  and  the 
elevation  of  the  continent  above  the  geoid  at  the  north  pole  is  3}  times  the 
depth  of  the  ocean  at  the  south  pole.  As  to  the  gravity,  it  increases  from 
the  south  pole  to  the  coast  line  and  thence  diminishes  to  the  summit  of  the 
continent  at  the  north  pole.  As,  at  the  latter  point,  there  is  a  diminution 
of  2.4  per  cent  as  compared  with  the  value  for  an  ideal  earth,  and,  as  a 
disturbance  of  latitude  as  great  as  561"  is  noted,  too  influential  elements 
have  been  attributed  to  the  smaller  sphere. 

Supposition  II. 

As  a  second  illustration  let  us  introduce  a  second  small  sphere  of 
positive  mans  directly  opposite  the  first,  so  that  with  a  notation  similar  to 
that  just  employed,  the  equation  of  the  surface  of  the  ocean  (again  without 
mass)  will  be 


or,  in  polar  coordinates, 

M  .      I  1  _  1  \  ------  .  —  . 

~ 


If  the  limit  of  the  continent  is  to  be  at  the  small  circle  of  the  earth's 
surface  for  which  x  =  H,  tne  value  of  the  con*1*04  forming  the  right 
member  of  the  equation  will  be 


M. 

^ 


To  determine  g  and  $  we  have 

y        /        r  —  rfcoid.'  r4"*'co-f' 

•  - 


cos  (*-*     =      -  • 


Imd 
The  x  coordinate  of  the  centre  of  gravity  of  the  earth  is  -       ^ 
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For  numerical  illustration  we  put  Jf=  1,  m  =  ^innrj  a=  1,  d  =  0.9. 
Thus  the  equation  of  the  ocean  surface  is 

L  .)-    1.  ["(r2  + 1.8  r  cos  $  +  0.81)-»  —  (r1— 1.8  r  cos  0'  +  0.81)- »~|  =  0.9999522 . 

Then  results  the  following  table  exactly  analogous  to  that  of  the  first 
supposition : 


180° 

Depth  of  ocean 
r  —  1. 

0.0012187 

9- 
1.0097333 

0" 

0" 

from  cen.  grav. 
0" 

150 

0.0002291 

0.9997246 

—94 

—23 

—71 

120 
90 

0.0001029 
0.0000478 

0.9998328 
0.9999044 

—28 
—46 

—40 
-46 

+12 
0 

60 
30 

—0.0000073 
—0.0001335 

0.9999614 
0.9998169 

—28 

—94 

—23 

+12 
—71 

0 

—0.0011496 

0.9875345 

0 

0 

0 

Here  the  greatest  depth  of  the  ocean  and  the  greatest  elevation  of  the 
continent  are  about  the  same,  and  the  greatest  deviation  of  gravity  from 
that  of  the  ideal  earth  is  about  one  per  cent. 

Supposition  III. 

In  the  preceding  illustrations  the  centres  of  the  subsidiary  spheres 
have  been  placed  near  the  surface  of  the  ideal  earth.  Let  us  now  put  them 
near  the  centre  but  still  on  the  same  diameter.  If  —  d  and  —  d'  are  the  x 
coordinates  of  the  centres  of  the  subsidiary  spheres  the  equation  of  the 
ocean's  surface  will  be 

M  [~  1  in 

V  *  +  y'  +  "*  LV  (x  +  dy  +  y>      V  (*  +  dj  +  y>  J  ~ 

or,  in  terms  of  polar  coordinates, 

M,      r  1  1  1  ..    „ 

r  ""       L.V  ra  +  2drcoB<t>'  +  d1      V  r1  +  d'r  costf  +  d"J  ~ 

Let  M  =  1,  a  =  1,  h  the  depth  of  the  ocean  for  $'  =  180°,  and  k  the 
elevation  of  the  continent  for  <£'  =  0°,  also /the  value  of  cos  $'  at  the  coast, 
which,  as  we  suppose  the  surface  of  the  ocean  to  exceed  half  that  of  the 
earth,  is  necessarily  positive  and  less  than  unity.  We  will  assume  that  the 

continent  is  •&  of  the  whole  surface.     Then  /  =  cos  <£>',  where  sin  ^-  =  */&. 

Thus  log  2/=  9.9766190.      We  put  h  =  0.00125,  and  Tc—  0.00025.     For 
brevity  let  H  stand  for  1  +  h,  and  K  for  1  —  k.     These   assumptions  give 
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only  three  relations  to  determine  four  quantities.  There  ia  nothing  to 
determine  the  value  of  m,  only  it  must  be  reasonably  small  ;  we  put  it  =  0.1. 
Subtract  1  from  both  members  of  the  equation  and  still  denote  the  right 
member  by  C.  Then  we  have  the  three  relations  to  determine  d,  d',  C: 


"  L  v  i  -»-  a/a  +  <f  ~~  v  1  +  */d  •  +  «*"  J  " 

For  brevity  putting 


and  eliminating  C,  we  have 


-     ..  . 

—  d)(H  —  d')      DU'  {U  +     ')  ml? 

These  equations  are  solved  most  easily  by  the  tentative  process,  and,  with 
the  assumed  numbers,  give 

d  =  0.0977710  ,        d'  =  0.0904648  . 

Using  D  and  D  now  to  denote  general  distances  from  the  two  subsidiary 
centres,  the  equation  to  sea-level  may  be  given  the  form 

^  +  0.00073062  *rgy'(jffijyM  =  0.00036056  , 

where 

d>,       D"  = 


To  determine  g  and  $  we  have 

f«i»-«.*+ 

g  tin  (*  -  *')  =  -  m 

The  x  coordinate  of  the  centre  of  gravity  of  the  earth  is  --  —g— 
Exactly  as  in  the  preceding  illustrations  we  have  the  table  : 


Depth  of  ocean 

»<**~"«U*' 

•-f 

IP. 

r—  1. 

g. 

f  ~  ¥• 

Jf 

from  oea.  f  rat. 

180" 

0.0012500 

0.9994624 

V 

0" 

0" 

150 

0.0010850 

0.9993768 

—121 

—  75 

—46 

120 

0.0006995 

0.9992432 

—168 

-131 

-37 

90 

0.0002928 

0.9992134 

-145 

—161 

+  ' 

61  43'34*.63 

0.0000000 

0.9992719 

—  99 

-133 

+84 

60 

—0.0000142 

0.9992483 

—  96 

-131 

+8» 

30 

—0.0001926 

0.9989678 

-  46 

—  75 

+29 

0 

—0.0002500 

0.9988836 

0 

0 

0 
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In  this  illustration  gravity  never  deviates  much  more  than  TV  per  cent 
from  that  obtaining  in  the  ideal  earth,  and  the  arcs  in  the  last  column  of 
the  table  do  not  exceed  the  deviations  of  latitude  which  have  been  attributed 
to  local  attraction.  The  effect  of  the  two  subsidiary  spheres  is  to  add  a 
meniscus  of  density  0.7  and  having  a  maximum  thickness  of  about  29  miles, 
situated  immediately  beneath  the  ocean;  and  to  subtract  a  meniscus  of  the 


same  volume  and  density  situated  in  the  opposite  hemisphere.  If  the  sub- 
sidiary spheres  are  homogeneous  the  region  between  the  menisci  is  unaltered 
in  density.  If  the  change  of  0.7  in  the  density  is  regarded  as  inadmissible. 
it  can  be  diminished  by  assuming  a  smaller  value  for  m.  If  m  is  assumed 
at  0.05,  we  have  0.35  in  place  of  0.7,  and  the  maximum  thickness  of  the 
menisci  will  be  about  58  miles. 

This  illustration  is  of  use  in  showing  what  variations  may  be  expected 
in  g,  and  what  differences  in  the  comparison  of  geodetic  and  astronomical 
latitudes.  The  diagram  exhibits  the  general  conditions  assumed  in  this 
supposition. 
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Supposition  IV. 

Thus  far  the  subsidiary  spheres  have  been  confined  within  the  contour 
of  the  ideal  earth ;  but,  as  asperities  exist  on  the  earth's  surface,  let  us  see 
whether  our  apparatus  can  be  employed  to  evaluate  their  effects  on  gravity. 
It  is  natural  to  suppose  that  the  continents  may,  in  the  lump,  be  regarded 
as  menisci  lying  upon  the  surface  of  the  ideal  earth,  their  outside  surfaces 
having  a  curvature  slightly  greater. 

Let  the  adjacent  figure  represent  a  section  through 
the  centre  of  the  ideal  earth  and  the  summit  of  the  conti- 
nent. The  equation  of  the  section  of  the  ideal  earth  is 


If  we  take  a  subsidiary  sphere  of  radius  a(  1  — a),  where 

a  is  a  small  quantity  of  the  order  of  the  altitude  of  the 

summit  of  the  continent,  and  let  it  be  tangent  to  the 

ideal  earth  immediately  beneath  the  summit,  the  equation  of  its  section 

(represented  by  the  broken  line  in  the  figure)  will  be 

(z-o-y  +  jf  =  «•  (I--)'. 

We  suppose  this  sphere  to  contain  within  its  contour  matter  of  the  density 
of  the  material  of  the  continent.  Then  let  it  be  moved  outward  from  the 
centre  of  the  ideal  earth  (taking  its  matter  with  it)  a  distance  h  the  eleva- 
tion of  the  summit  of  the  continent  (the  smaller  continuous  circle  in  the 
figure  represents  its  section  after  this  transference).  Its  equation  is 

(X  —  aa  —  k)1  +  y»  =  tf  (1  —  «)• . 

If  the  angular  radius  of  the  continent  is  y,  we  shall  have 

foot  r  —  »  —  -Y  +  sin*  r  =  (1  —  «)*• 
whence  results 


The  potential  of  the  earth,  in  this  condition,  is 


JT  /  _  1  ___  1 

=  r  "  U  (*-««-  A)1  -rY      <f(*  — 

M,  I                             1 

=  r  H 
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where  m  denotes  the  mass  contained  in  the  subsidiary  sphere.     We  have 
-T^  =  -p-(l  — a)3,  if  p  denotes  the  surface  density  and  R  the  mean  density 

of  the  earth  :   we  have  used  if  for  the  value  of  -W . 

H 

To  determine  gravity  and  its  direction  we  have 

g cos (0 -  0')  =  5+  m  fr^ _ o <* lfo.+  *}  ?°8 *' r  — aacoay 

-f-  A aa 


g  sin  (0-0)  =  m  sin  -  cos 


For  points  on  the  surface  of  the  continent  we  take  the  value  of  r  from 

r  =  (aa  +  K)  cos  0'  +  V  o'  (1  —  «)*  —  (aa  +  &)'  sin  '  0'', 

but,  for  points  on  the  surface  of  the  ideal  earth  ($'  greater  than  y)  we  put 
r  =  a.     The  »  coordinate  of  the  centre  of  gravity  is  -5>  . 

These  equations  are  rigorous,  but,  on  account  of  the  smallness  of  a 
and  h,  we  may  substitute  for  them  the  following 


It  is  worthy  of  remark  that  here  the  direction  of  gravity  is  towards  the 
centre  of  gravity  of  the  actual  earth,  precisely  as  it  was  before  the  intro- 
duction of  the  subsidiary  sphere  ;  hence,  in  the  following  table  the  two  last 
columns  are  omitted. 

We  here  make  application  of  the  preceding  to  the  five  continents  of 
Eurasia,  Africa,  Australia,  North  America,  and  South  America,  as  Prof. 
Helmert  has  done.*  The  elements  of  each  continent  may  be  derived  from 
its  area  and  the  altitude  of  its  centre  counted  from  the  surface  of  the  ideal 
earth.  In  reference  to  the  latter  it  must  be  noted  that  while  the  centres  of 
Eurasia,  Africa,  and  North  America  lie  quite  near  the  coast  line  of  Supposi- 
tion III,  the  centre  of  Australia  is  quite  near  the  pole  of  the  water  surface 
of  the  earth,  hence  to  the  elevation  of  this  centre  above  sea  level  ought  to 
be  added  the  greatest  depth  of  the  sea,  and  its  area  extended  accordingly. 

•Qeodaiie,  Vol.  II,  p.  313. 
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Aa  to  South  America,  its  centre  lies  in  the  just  mentioned  water  surface  at 
a  distance  of  18°  16'  from  the  coast  line  ;  hence  the  depth  of  the  ocean  at  this 
point  ought  to  be  added  to  the  elevation  of  the  centre  above  sea  level.  It  ia 
supposed  that  the  elevation  of  the  centre  of  a  continent  is  a  fourth  greater 
than  its  mean  elevation.  The  area  of  the  earth  being  represented  by  4n, 

the  area  of  a  continent  is  4n  sin'  ^  .  With  the  explained  modification  of 
Prof.  Helmert's  numbers  we  have  the  following  table: 


Continent 

Eurasia 

Africa 

Australia 


990000 


540000 

•  161238 

800000 


Altltnda. 

625- 
625 


9261238 
N.  America  8000000 

9261238X7 
a  America  2280000 

9261238X7 


5124 


3008.4 


r- 
38°  10* 

27  57 

34  11 

24  50} 

33  54.2 


0.0000981 
0.0000981 
0.0012489 
0.0000804 
0.0004723 


0.0008606 
0.0007256 
0.0059327 
0.0007881 
0.0022983 


From  these  elements  we  obtain  the  following  table  of  the  values  of 
gravity  as  modified  by  the  action  of  each  continent  (the  horizontal  lines 
show  the  interval  in  which  discontinuity  occurs). 


Earaala. 

Africa.          Auitralla. 

N.  America. 

^f. 

9- 

f  —  f*- 

9- 

*-f-    9 

f  —  ¥• 

9- 

»—  r- 

ISO- 

0.9999067 

0" 

0.9999068 

0"   0.9988316 

0* 

0.9999236 

0* 

ISO 

0.9999192 

+  5 

0.9999193 

+  5   0.9989881 

+  60 

0.9999338 

+4 

120 

0.9999533 

8 

0.9999534 

8   0.9994159 

104 

0.9999618 

7 

90 

1.0000000 

10 

1.0000000 

10   1.0000000 

121 

1.0000000 

8 

60 

i  in 

8 

1.0000466 

8   1.0005842 

104 

1.0000382 

7 

30 

1.0000076 

+  5 

1.0000807 

+  5   1.0004813 

+  60 

1.0000662 

+4 

0 

0.9998971 

0 

0.9998970 

0   0.9986706 

0 

g  ,....r-: 

0 

8.  America. 

ft. 

9       *-?• 

ISO8 

0.9995534    0* 

150 

0.9996132  +23 

120 

0.9997767   40 

90 

1.0000000   46 

60 

1.0002233   40 

30 

1.0001864  +23 

0 

0.9995018    0 

Vou  IV.- 
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Supposition  V. 

The  foregoing  distribution  of  density  is  extremely  improbable,  as  the 
meniscus  of  negative  density,  intended  to  counterbalance  the  continent,  is 
situated  close  to  the  surface  of  the  opposite  hemisphere.  Therefore  this 
hypothesis  must  be  rejected.  It  is  proposed  to  counterbalance  the  positive 

meniscus    of    the    continent    by    a 
~"~-^N  negative  meniscus  of  the  same  mag- 

S--N        nitude,  but  reversed  in  position  and 
\      so   placed   that   the   edges   of  the 
\    menisci  are  in  contact.     The  adja- 
i  cent  figure  exhibits  a  plane  section 
I  of  the  two   menisci  through   their 

/    common  axis. 

/ 

i  The  combined  action  of  the  two 

/  menisci  is  equivalent  to  the  differ- 
ences of  the  action  of  four  spherical 
segments  standing  on  the  same  base 
QQ'.  if  the  action  of  the  segment  QH'Q'C  is  denoted  by  the  symbol  (1) 
and  the  action  of  QHQ'C  by  (2),  the  action  of  this  reversed  by  (3)  and  the 
action  of  the  first  reversed  by  (4),  the  action  we  seek  for  our  two  menisci  is 


or  the  segments  of  (2)  and  (4)  should  be  regarded  as  having  negative 
densities.  Thus  if  we  were  in  possession  of  the  general  formulae  for  the 
attraction  of  the  general  spherical  segment  on  an  exterior  point  we  should 
need  nothing  more.  But  no  formulae  suitable  for  use  are  at  hand  and  we 
must  avail  ourselves  of  the  circumstance  that  the  menisci  may  be  regarded 
as  infinitely  thin. 

Let  xf,  0,  0  be  the  coordinates  of  the  attracted  point,  p  the  density  of 
the  menisci,  the  expressions  for  the  forces  are 

(x  —  a/)  dxdydz  y—  „  fff          y  dxdy  da 


Z=P 


T=P 


Z  evidently  vanishes.     The  equation  of  the  convex  surface  of  the  meniscus  is 


=  a 


Let  a  be  the  maximum  thickness  of  the  meniscus,  y  its  angular  radius,  $ 
the  angle  its  axis  makes  with  the  axis  of  x  ;  q>  ranges  from  0  to  n.  Let  us 
suppose  that  the  equation  of  the  concave  surface  is 

(x  -\-  k  cos  <£)'  +  (y  +  k  sin  </>)'  -\-  z*  =  a"  , 
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where  k  and  a!  are  constant*  to  be  determined.    This  sphere  must 
through  the  three  points 


y  =  a  tin  ($  —  y)        i  y  =  a  tin  ($  +  r) 


*  =  («-«)  OCM  4 
y  =  (a  -  «)  sin  * 
i  -  0 


i  =  0  [M  =  0 

Thus  result  the  two  equations 

2too«r  =  «"-«•  —  **,        2/t(a-a)=o"— (a  —  «)'-*•, 
whence 

i-        •  (!«-•) 


i— a  —  aooTjr)' 
Rejecting  quantities  of  the  second  order  these  values  become 


The  section  of  the  meniscus  by  the  plane  z  =  x  is  the  whole  or  a 
portion  of  the  circular  ring  in  the  plane  yz  having  the  radius 

y  +  t^o'-*', 
and,  if  the  area  of  the  section  is  A,  we  have 


According  to  the  position  of  the  meniscus  on  the  sphere  in  respect  to 
the  attracted  point  we  have  three  different  cases  of  limits  in  reference  to  z. 

I.     When  *  +  y>  180°, 

f<KXM(«  +  v)  faOO«(«-T>,. 

2T=/>|  (full  ring)rfx  +  />l  (incomplete  ring)  rfx. 


II.  When  both  <p  —  y  and  <p  +  y  lie  between  0°  and  180°. 

fa<XM(4-T> 

X  =  p\  (incomplete  ring)  ax. 

Jaoo«(«+T) 

III.  When$  —  y<0°. 

T>  (incomplete  ring)  <Lc  ^-/>f  (full  ring)  oz. 


In  the  first  integral  of  Case  I,  A  is  the  difference  of  the  areas  of  the 
two  circles  whose  radii  are  v^o^  -  (x  +  k  cos  $)*  and  »/cf  —  x1;  hence,  for 
this  term 


r 

= 
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la  the  second  integral  of  the  same  case  the  circles  bounding  the  section 
cross  at  two  points  whose  coordinates  are 


acosr  —  a;  cos  <fr         z  —  ±  Ag'  —  x'  —  la  cos  r  — 
sin*  CV  ^          sin* 


Taking  6  from  the  equation 


sin*  Va2  —  ^ 

between  the  limits  0°  and  180°,  the  area  of  the  small  circle  diminished  by 
the  sector  between  —  z  and  +  z  is  (n  —  6)  (a2  —  x2);  and,  similarly,  the 
area  of  the  large  circle  diminished  by  its  corresponding  sector  is 

(rr  —  e'}  [a"  —  (X  +  k  COS  *)']  . 

If,  to  the  first,  we  add  the  area  (0  —  0')  (a2  —  x'),  and  subtract  the  area  thus 
obtained  from  the  latter  area,  we  have  the  section  of  the  meniscus 

A  =  OT  —  6'}  [a"  —  (x  +  k  cos  *)']  —  (*  —  e')(at—x')  =  —  —  (*  —  <?)  [a  cos  r  —  cos  *.*]. 

sin'  I 

Consequently  the  second  term  in  Case  I  has  the  value 


=         «      f 

Bin'lJ 


a  oos  <*—  »>  (x—  a?)  (n  —  g)  [a  COB  y  —  cos  ^.  .  x] 

~  [«'  '  +  a1  — 


has  the  value  0  at  the  beginning  of  the  integration  and  n  at  the  end. 
Integrating  by  parts,  the  second  part  of  X  is 


sin' 


a  cos  (*  - 


f  (a;  —  x')(a  cos  x —  cos*. a;)  ,  , 

I  J _    ,'t  ^  j — s_ — j — -     r f.  dx 


This  joined  to  the  first  part,  some  of  the  terms  cancel  each  other,  and  we 
have  for  the  complete  value  of  X  in  this  case, 


X  =  -  JU2-  K  (of  +  a)~l  +  d,  (of  +  a) 


8jn»_? JOCOS(*  +  Y)  aa: 

li 

where 

—  (a/1  +  a1)  cos  0],        rf,  =  -^-,  [2  ax'  cos  >- — 2  a'  cos  0], 

,  COS*. 
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From  the  preceding  value  of  coe  0  we  obtain 
do       _       a  ooty.T  —  a*  o<*» 
2*  "(a*  —  **)  ^af  (tin*  +  —  &*•?)  +  *aoot  +  CM  r-*  —  *' 

The  radical  of  the  denominator,  as  it  vanishes  for  z  =  a  cos  (9  +  y)  and 

x  =  o  cos  ($  —  y),  must  be  equivalent  to 

V  [a 


And  the  factor  a*  —  z1  maintains  a  finite  value  throughout  the  movement  of 

x.     Hence  we  put 

x  =  a  cot  <f>  cot  r  —  a  «in  <f>  lin  j-  c<*  w  , 
and  thus  have 

dx 

" 


df  ,^  _  _      —  «n  r  [co«  »  «in  r  +  «in  $  oos  r  oo«  «] 
die        =  1  —  co»'$co«V  +  *«n2</>sin2>-  ooiw—  nn'f  l 


The  unintegrated  part  of  A'  is  then 


=     "  "n  r  f  _  [oo»$»inr  +  iin$o 
/"«in'r  J*  [1—  <XM>coaV+  in»  2$  ti 


.  c<»a'u] 


-  oo«  «*-iin>  tin  V  oot' 

where 
dt  =  *^-f  a*  —  2or'  coa^coar.        d,  =  2or'  gin^  sin^,        rf,  =  d,  +  rf,  rf. 


, 


This  definite  integral  depends  on  elliptic  integrals  ;  a  sufficiently  accu- 
rate value  of  it  can  be  obtained  by  computing  the  values  of  the  quantity  under 
the  sign  of  integration  for  the  five  values  of  u,  0°,  45°,  90°,  136°,  180°; 
calling  them  U*  U},  Ut,  Ut,  Ut,  the  value  of  the  integral  is 

X=  I  Ut  +  k  Ut  +  J  U,  +  J  Ut  +  I  Ut. 

In  the  second  case  we  simply  omit  the  part  corresponding  to  the  first 
term  of  Case  I,  and  thus  have 

'1  -I-  *.[*"— 


rinr  {*        [cot  ^  tin  y  -f  iin  »  co6  r  <»•  »]  [rf^  -f-  rf,  <x»  M  +  «^  cot'n 
jn«  ^  J»  [l-oo^^co^r-f-^smZ^dnarooin  +  rin'^sui'roo^KJV^-l 


™*  1 


In  Case  III  the  first  term  is  the  same  as  the  second  term  of  Case  I,  but 
the  second  term  will  need  to  be  separated  into  two,  in  the  latter  of  which 
we  do  not  employ  a  development  in  powers  of  a.  Thus  this  term  will  be 


-  *("  ("  fa-^fremr-coM.*),!,.          *        - 

ta     )<•-<*-*>        [A--**1*/ 
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£C0  being  an  arbitrary  quantity  which  will  disappear.     In  the  latter  of  the 
terms  we  can  suppose 


The  indefinite  integral  of  the  quantity  under  the  signs  of  integration,  with 
respect  to  r,  is 

x  —  af 

~  V  (x  —  x'y  +  r>' 

Taken  between  the  limits  r  =  0,  r  =  r,  this  gives 


reading  the  upper  member  of  the  ambiguous  sign  when  x  >  x',  and  the  lower 
when  cc<a;'.  But  if  the  segment  is  cut  off  from  the  exterior  sphere, 
r2  =  a2  —  »*,  and 

x=  2xP  f  °  r±  i  —  /  >,xrf  o 

JzoL  >J  x"  +  d'  —  2 

This  gives  for  the  exterior  sphere 


The  limits  for  the  interior  sphere  are  r2  =  0,  r2  =  a'2  —  je2  —  lit,  cos  <p  .  x, 
and  from  a;  =  »otoa5  =  a'  —  Te  cos  $.    Then 


fa'—  ftoos*r  x 

=  27r/>k  L*     "V^  +  tf- 

Consequently 


«'-*  cos  0)  -    2MB'     ^  a;'>+a'z—  »(*'  +  *  cos^,)  (a'—  *  cos0) 


Proceeding  to  get  the  latter  subtracted  from  the  first,  consider  the  terms 
which  involve  x0.  For  brevity  putting  D  for  a/2  -f  a2  —  2*'a;0  the  quantity 
we  seek  arises  from 
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in  which  as  receives  the  augmentation  2a(a'  —  a),  x*  the  augmentation  kcc*}, 
and  D  the  augmentation  2a(o'  —  a)  —  2ak  COB  9.    Consequently  we  have 


But 


Hence 


2«n'| 


On  putting  V/)  =  a  —  z7  this  reduces  to 
JT= 


And  the  quantity  resulting  from  the  first  integral  at  the  upper  limit  is 

X= 


The  sum  of  these  is 

JT  =  —  ^-  [2  o«  *  oo*  r  +  (-  1  *"  - 


If  V/>  =  i'  —  a  this  expression  should  be  negatived.    In  fine,  the  difference 
of  the  two  Z'e  as  far  as  it  results  from  the  terms  independent  of  *,,  is 


X  =  _^_  [_  «V  co.  r  +  (i  *" 
*"sin'-5 

Hence  the  complete  value  of  -Tin  Case  III  is 

X=  ±—  ^—  [oV  oo.  r  +  (- 
*"•"»' 


faooi(«—  T)  .. 

4-  />  (incomplete  ring)  dt, 

J«OM(»-fT> 
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where  the  upper  member  of  the  ambiguous  sign  must  be  taken  when  a>  x', 
and  the  lower  when  a  <V. 

Taking  up  Y,  the  indefinite  integral  of  the  quantity  under  the  sign  of 

integration  is 

1 


The  limits  of  integration  are  y  =  ±  \/a2  —  y?  —  z2  and 

y  —  —  k  sin  <f>  ±  V  a"  —  (x  +  k  cos  #)'  —  z1. 

In  the  second  portion  of  the  course  of  integration  with  respect  to  x,  we  must 
integrate  with  respect  to  y  from 


y  =  — Va2 —  ie2 —  z2  to  y  =  —  &  sin  $  — Va'2-  -  (a  +  k  cos  <£>)2  —  z2, 


and  again  from  y  =  —  Jc  sin  $  +  «/a'2  —  (a;  +  A;  cos  $)2 — z2  to  y  =  V a2 —  x' — z2. 
This  gives 

=  p  jj  1_V  (as  —  aO'  +  o"  —  («  +  *  cos  0)' +  2 /fc  sin  0  V  a"  —  3?  —  z' 

I 

r  V  (a;  —  *0'  +  a"  —  (x  +  kcos^  —  2 

In   the    first  course   of  integration  with  respect  to  x,  the  limits  of 
integration  with  respect  to  y  are  from 


y=.  —  &sin$>  -r-VV8-  -  (x  +  &cos$)2  —  z2  to  y=*/a?  —  a2  —  z2, 
which  gives 


=  p  }}  [_ 


V  (x—  x'y  +  a'1  —  (x  +  kco&<t>y—  2kem<p  V  a'  —  «'  —  «' 

--  /  x          >^ 

V  (a;  —  a;')  +  a'  —  ^  J 

Rejecting  quantities  of  the  order  of  Jc?,  the  two  expressions  become 

•cr         (  f  2  *  sin  d>  V  «'  —  3?  —  z1 
= 


The  limits  of  integration  with  respect  to  z  are  from  z= —  Va2 — a2  to 
z  =  Va2  —  y£f    in  the  terms  involving  the  radical  \/o2  —  or5  —  z2  we  can  put 

z  = Va2  —  a2  sin  »;  with  limits  for  >?  from =-  to  -=— .     Thus 


~. 


_  ^j 

C 2  [a  (a'  —  a)  +  k  cos  <f>,x]  V  a1  —  «"  +  2  *  s'n  0  (°'  —  ; 

J^    ^~*  i 


a'  — 
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The  complete  value  of  Y  is  the  sum  of  these  two  definite  integral*  when  the 
first  is  extended  to  all  values  of  x  for  which  the  plane  x  =  *  intersects  the 
bounding  surfaces  of  the  meniscus  four  times,  and  when  the  second  U 
extended  to  values  for  which  the  plane  intersects  once  both  the  concave  and 
convex  surfaces.  The  values  of  x,  for  which  the  plane  intersects  only  the 
convex  surface,  contribute  nothing  to  the  value  of  F. 
The  indefinite  integral 


,  .. 

—  «y*)l 


Similarly  as  in  Xt  we  have  the  three  cases  as  follows  : 
I.    When  $+>  180°. 


v 

= 


f«HA  {_  (E^^T^-  2  ^  oo.  (*-,)  +  «>)-' 
*      l  L 


-I-  (f  -  2  ax1  cos  (+  +  r)  +  «•)-*  - 


(^  +  r)  +  a»)»  -  1  (^  +  a)] 


-  2  **  oos  («  -  r)  +  «')• 


II.    When  both  $  —  y  and  $  +  y  lie  between  0°  and  180°. 
Y=-t 


-(/•-»  a*'  oos  (4  +  r) 

_  2 a*'  oos  (+  -  r)  +  «")* 

-  (*>  -  S  of  OM  (+  -»-  r)  +  ••)•] 

-  »  a*'  oof  (*  -  r) 
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III. 


-      Pa    f  a  coa  (*—  *)  [a  cos  f  +  COB  <$>.x\  V  a*  —  ar*  , 

-~  ~  - 


8 


-  O"  -  2  a*'  cos  ft  +  y)  +  «')-»  ±  7 
-  y)  +  a!)* 


—  (a"  —  2  az'  cos  (0  +  y)  +  a1)*  ±  2  (V  —  a)~| 

~  (:B"  ~  2  aa/  C°S  (*  ~  r)  +  flJ)  * 

-  (a/1  —  2^  cos  (<.  +  r)  +  oJ)J  ±  2*'  — 


The  upper  member  of  the  ambiguous  sign  must  be  taken  when  K'  >a, 
and  the  lower  when  o;'<  a.  The  definite  integral  appearing  in  all  the  cases 
is  elliptic,  and  may  be  reduced  to  the  simplest  form.  In  order  to  do  this 
we  assume  the  change  of  variables 

a  —  x  _   ,  a  —  a!  1  —  y 
a  -\-x  ~       o-fa7l  +  y' 

the  ambiguous  sign  to  be  so  read  that  ±  (a  —  a/)  shall  be  positive  (the  case 
a  —  x'  =  0  will  be  treated  shortly).     Thus 

Ax  dy 

—  —  jn  3  — 

V  (a'-  ^)(«"  +  o'  —  zx'x)        V(i—  y')(i 
When  a/  >  a  the  values  of  m  and  fe  are 


and  when  x1  <^a, 


When  »'  >•  a  the  limits  of  integration  are  from 

_  a  cos  (0  +  r)  +  x'  to     _  a  cos  ((j>  —  y)  +  *' 
y      a  +  ^cos(0  +  y)      y      a  +  d  cos  (0  —  y)  ' 

and  when  x'<^a  the  reciprocal  of  these. 
In  the  first  case 

[a  coa  y  -f  COB  <j>  .  x]  (a1  —  g1)  _         ,  [(q  +  ofy)  cos  y  +  (a/  +  ay)  cos  <^]  (1  —  y*) 
"        '  —  (a  -f  x'y)'  (a  — 


and,  in  the  second  case, 

[a  COB  y  -f  COB  ^-^  (a>  —  g*)  _    _„«  [(s'  +  ay)  cos  y  +  (a  +  yly)  cos  <ft]  (1  —  y') 
«"  +  a1-2,^  (x1  +  ay)'  (tf  —  ay) 
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We  can  put  y  =  sin  6,  and  then 


L  ™    **  —    —  J    "  ¥         — '  . 

and,  in  the  second  case, 


It  seems  that  farther  prosecution  of  the  reduction  would  lead  to  more 
complication.  Thus  it  will  be  less  laborious  if  mechanical  quadratures 
are  used.  For  this  purpose  we  transform  by  making  x  =  a  cos  >j.  Then 
the  definite  integral  becomes 

£00*  f  *+*  (cot  r  +  <**  *  cot  s)  tin*  ji  . 
,jn.  rj«-r   [(*'—  a)--«afoo«,]l 

After  X  and  Knave  been  determined  for  the  anti-meniscus,  as  these 
forces  are  referred  to  the  centre  of  its  sphere,  they  must  be  changed  to  the 
centre  of  the  meniscus.  Let  the  forces  here  determined  with  a  positive 
density  for  the  anti-meniscus  be  called  A''  and  Y'.  Then  the  forces  which 
ought  to  be  added  to  A"  and  Y  are  severally 
—  (af  —  2 


The  preceding  equations  have  purposely  been  made  general.  How- 
ever, a  great  reduction  results  when  we  suppose  that  z'  =  a.  In  the  case  of 
the  attraction  of  the  continent  on  any  point  situated  on  the  earth's  surface, 
this  supposition  can  be  adopted  as  the  meniscus  is  assumed  to  be  infinitely 
thin.  But  in  the  case  of  the  anti-meniscus  the  relation  holds  only  when 
the  attracted  point  is  at  the  edge  of  the  continent  The  principal  modifica- 
tions in  the  formulae  may  be  noted. 

For  X  we  have 


In  the  first  integral  of  Case  I, 

_ 

And  the  second  term 


448  COLLECTED  MATHEMATICAL  WORKS  OP  G.  W.  HILL 

Integrating  by  parts 

X__  __  p  a  ,    _  p.  fa  cos  (»-Y)  a  COS  y  —  COS  ft.  a:  , 

~ 


pa        _  faco»(»-Y)  dO  facosy  —  COSft.a;  ,  , 

'0008'*-1-10  dx> 
We  have  here 


. 

and  the  complete  value  of  X  in  this  case  is 
x_  —  ^L. 
*• 


Also  here  we  have 

dt  =  2a'  (1  —  cos  $  cos  r)  ,        dt  =  2aJ  sin  0  sin  /-, 

d,  —  .  a  (1  —  cos  <^  cos  r)  [|  (cos  ;•  —  cos  $)  +  1  sin3  0  cos  r]  , 

d,  =  a  sin^  sin  ^  [|(cos  r  —  cos  <£)  +  |sin'^  cosy],        dt  =  ^cos<^  sina<^  sin'y. 

The  definite  integral  in  X  is 

g  __  pa.  sin  Y  sin  ft  f»      [cos  ft  sin  y  -f-  sin  ft  cos  r  cos  u]  [cos  y  sin  ft  4-  sin  r  cos  ft  cos  M]       , 

sin2-^      J°  [!  +  cos  ft  cosy—  sin  ft  sin  >«  cos  M]  Vl—  cos  ft  cos  y  +  sin  ft  sin  y  cos  M 
8 

In  the  second  case 

X  =  --  ^-  ["(cos  y  —  cos  ft)  sin  £i-£  +  |  cos  ft  sin  •  ^±^1  +  same  definite  integral. 
sin1-?1-  *    J 


sin1- 

A 


The  complete  value  of  X  in  Case  III  is 

X=  --  ——    cos  y  +  £  cos  ft  -}-  (cos  ?•  — 
sin  '  -?  L- 


sn  '  -    - 

2  -)-  same  definite  integral. 

The  two  expressions  for  F  become 

r_  Trf&Binft  f  _a  +  x, 

' 


ziZ 


The  indefinite  integral 

1       f  a  +  x   j  1     /5  ,  lx 
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The  indefinite  integral 


f  C"  T  «•?.—  «•  f  -*J  V  ^F? 

(VJ^)§(a-») 


In  consequence  the  definite  integral  which  appears  in  all  three  cases  of  Y, 
is  integrable  and  has  the  value 


iT-log 


The  subsidiary  terms  which  must  be  added  to  this  in  each  case  are 

in'*--_r  +  «n'*fr-»]}, 


CMelll. 


When  the  attracted  point  is  on  the  axis  of  the  menisci,  F  vanishes  and 
for  X  the  action  of  the  meniscus  we  have 


where 


The  action  of  the  anti-meniscus  is 


where  D  and  A  have  the  same  signification  as  before,  but  u'  =  z7  — 
This  must  be  subtracted  from  the  action  of  the  meniscus. 
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Some  remarks  should  be  added  respecting  the  degree  of  approximation 
obtained  in  the  preceding  investigation.  While  it  is  true  that  when  the 
attracted  point  is  at  a  finite  distance  from  the  surface  of  the  meniscus,  the 
attraction  can  be  developed  in  a  series  arranged  according  to  ascending 
integral  powers  of  a,  this  is  no  longer  true  when  the  point  is  on  the  surface, 
when  the  proper  form  of  the  series  is 


If  a  is  about  Ttsfanr,  in  taking  Al  a  as  the  value,  we  must  expect  that  the 
error  committed  is  about  1  per  cent,  instead  of  a  -nrfinr  part.     Also  the 


expansion  of  the  potential  in  a  series  of  integral  powers  of  —pis,  in  this  case, 

divergent.  Thus  the  method  proposed  by  Tisserand*  is  quite  nugatory. 
The  trouble  appears  to  be  that  the  surface  of  the  meniscus  is  discontinuous 
at  the  edge. 

I  have  computed  the  values  of  g  from  the  preceding  data  for  the  five 
continents  at  their  summits  and  their  antipodes  ;  the  results  are  in  the 
following  table  : 


Eurasia. 

Africa. 

Australia. 

N.  America. 

8.  America. 

180° 

0.9999993 

g- 
0.9999998 

9- 
0.9999946 

g- 
0.9999999 

g- 
0.9999980 

0 

0.9998669 

0.9998557 

0.9982539 

0.9998796 

0.9993395 

As  in  the  former  suppositions  we  must  ascertain  the  displacement  in  the 
centre  of  gravity  of  the  earth  produced  by  the  new  arrangement  of  the 
matter.  Let  Vlt  Vz,  V3t  V±  be  the  volumes  of  the  spherical  segments  in  the 
order  of  their  previous  consideration.  We  have  V8  =  Vlf  and  F4  =  F2.  Next 
let  Xi,  xz,  x8,  a;4  be  the  x  coordinates  of  their  several  centres  of  gravity  ;  we 

have 

xt  =  2a  cos  j  —  xlt        Xi  =  2  a  cos  y  —  #,  . 

The  shift  of  the  centre  of  gravity  of  the  earth  along  the  axis  of,  and  towards, 
the  summit  of  the  continent  will  be 


On  making  the  just  mentioned  substitutions  this  becomes 


*  M<':cauique  Celeste,  Tom.  II,  p.  819. 

t  Foisson,  Mdcaniqe,  Tom.  I,  pp.  155-156. 
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But  if  H  denote  the  altitude  of  the  first  segment  and  J  the  radius  of  its  base, 
we  have 


In  order  to  obtain  the  values  of  Ff—  F,and  F^  —  F,*,,  we  must  suppose 


that  a  receives  an  increment  =  -  Y  ,  and  H  an  increment  a.    Thus 

2  sin1 


*  (a  -J5T)] 


lste'| 


Recalling  that  H=a  (  1  —  cos  y)  and  /  =  a  sin  y,  If  =  43n  JW,  on  making  the 
substitutions  we  get 


°2iin  ^ 
The  corresponding  changes  in  the  colatitude  are  tabulated  below  : 

luraaia.  Africa,  Aaitn.Ua.  N.  America.  8.  America, 

f'-                   f  — f-  »-f-  *-f-  f-f-  f— f'. 

180°                    0*                  0"  0"  0'  0* 

150                +1  +2  +18  +2  +7 

120                    2                  3  30  3  12 

90                     2                   3  35  3  13 

60                   2                  3  30  3  1* 

30                +1  +2  +18  +2  +7 
000000 

After  having  considered  the  irregularities  of  distribution  of  matter  in 
the  solid  portion  of  the  earth,  it  remains  to  consider  the  actions  of  the  fluids 
upon  the  earth's  surface  on  the  intensity  and  direction  of  gravity.  It 
suffices  to  suppose  that  the  ocean  has  the  form  of  a  meniscus  invaded  how* 
ever  by  the  continents.  Of  the  latter  there  may  be  several  sorts.  A  conti- 
nent may  be  untouched  by  the  ocean,  or  a  certain  portion  of  its  rim  be  under 
water  or  again  the  whole  of  it  while  the  summit  is  still  above,  and,  lastly, 
the  continent  may  be  wholly  submerged.  In  all  these  cases,  except  the  first, 
the  proper  allowance  must  be  made  for  the  displacement  of  the  water. 
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As  to  the  action  of  the  atmosphere  on  gravity,  it  is  plain  that  it  is  too 
minute  to  need  consideration.  For  this  fluid  may  be  supposed  to  form  a 
spherical  shell  whose  action  on  interior  points  is  nothing.  Nevertheless  the 
mass  of  the  earth  for  use  in  pendulum  experiments  ought  to  be  less  than 
that  used  for  the  action  on  distant  bodies,  as  the  moon,  by  the  amount  of 

the  mass  of  the  atmosphere.     A  sufficiently  approximate  value  of  the  latter 

• 
is  obtained  by  supposing  it  equivalent  to  that  of  a  sea  of  mercury  0.75  deep 

and  covering  the  surface  of  the  earth.  The  protrusion  of  the  continents  tends 
to  diminish  this  estimate,  but  the  diminution  of  gravity,  in  going  upward, 
tends  to  increase  it.  These  two  causes  may  nearly  offset  each  other. 


INDEX 


Tb«  Roman  numeral*  Indicate    lh«    Tolimca,  UM  Arabic 
wbtr*  Roman  ar«  n§ed  (or  both. 


«ic«pt  for  UM  Ulrod«cUo« 


Aberration — i,  64. 

Acceleration  of  moon's  mean  motion — 

i,  382. 

Adams  ( J.  C.)— i,  326,  342 ;  ii,  64 ;  ir,  13. 
Air— empirical  formula  for  the  volume  of 

atmospheric,  i,  271. 

Airy— ii,  64,  79. 
Andoyer — IT,  41,  49. 
Argelander — i,  26. 
Anwers— i,  26,  72,  75,  76. 
Axe*— invariability  of  the  greater,  in  an 
ordinary  planetary  system,  it,  287. 

Bailly— n,  11. 

Baily— i,  26. 

Bar — equilibrium  of,  i,  200. 

Bernouilli — ii,  57. 

Bertrand— iT,  140,  223. 

Bewel— i,  23,  25,  26,  75,  114,  115,  295, 
352;  ii,  130,  137,  144,  331;  iii,  13,  18, 
544;  iT,  6,  60,  124. 

Binefr— i,  227;  ii,  124. 

Bodies — elementary  treatment  of  the  prob- 
lem of  two,  i,  286 ;  illustrations  of  per- 
iodic solutions  in  the  problem  of  three, 
ir,  244,  254. 

Bohlin— IT,  108. 

Bow— iT,  51,  53,  60,  65,  77. 

Bouquet— iT,  191,  194. 

Bour— JT,  219. 

Bourget— i,  206. 

BouTard— i,  rrii ;  iii,  12, 13, 15, 20;  iT,  74. 

Bowditch — i,  Tii. 

Boyle— ii,  125,  129. 

Bradley— i,  75,  76,  90,  243 ;  JT,  51,  65,  66. 

Breen— iii,  13,  20. 
You  iv.-tt 


Broch— IT,  283. 

Brown  (E.  W.)— i,  XT;  IT,  83,  M. 
Briinnow — i,  30. 
Burckhardt— JT,  111. 

Cardan— i,  195. 

Cavendish — ii,  130. 

Cauchy— i,  287;  ii,  47,  55,  58,  61,  116; 
iT,  102. 

Cayley— i,  222,  360  ;ii,  329. 

Ceres— perturbations  and  mean  elements 
of,  JT,  111 ;  normal  positions  of,  IT,  212. 

Challis— i,  26. 

Chauvenet— i,  115. 

Clairaut— theorem  of,  i,  13;  IT,  41. 

Clark  (Samuel)— iT,  280. 

Clark— iT,  411. 

Clausen — ii,  1. 

Comet — discussion  of  the  equations  which 
determine  the  position  of  a,  i,  2;  dis- 
cussion of  the  observations  of  the  great, 
of  1858,  i,  25. 

lyAk-mbert— IT,  41. 

Damoisean— i,  342;  IT,  41,  111,  ItO. 

Darwin — ii,  108. 

Delambre — IT,  11. 

Delaunay— i,  x,  xi,  xii,  xiii,  X!T,  XT,  xrii, 
XTiii,  179,  206,  227,  870,  285,  286,  Mf, 
312,  316,  359,  362;  ii,  50,  98,  W,  100, 
102,  103,  104,  105,  135,  181,  182,  183, 
188,  189,  190,  194,  196,  199,  206,  «15, 
222,  244,  254,  302,  316,  324,  326,  M7, 
329,  330,  333,  334,  336,  337;  iii,  IT;  IT, 
1, 2,  3,  4,  5, 13, 14, 15, 17,  20, 100, 101, 
102,  103,  104,  109,  167,  169,  17»,  ITS, 
174,  178, 183, 184, 185, 191, 144,  245. 
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Differences — useful  formulas  in  the  cal- 
culus of  finite,  i,  181. 

Distance  between  two  planets — develop- 
ment of  odd  negative  powers  of,  iv,  398. 

Donkin — i,  342. 

Drawbridge — on  the  curve  of  a,  i,  1. 

Dynamics — differential  equations  of,  i, 
192. 

Earth — on  the  conformation  of,  i,  5 ;  equa- 
tion of  the  surface  of,  i,  14 ;  equation  of 
the  geodesic  on,  i,  14;  areas  on,  i,  15; 
force  of  gravity  on  the  surface  of,  i,  16 ; 
interior  constitution  of  as  respects  den- 
sity, ii,  125;  effect  of  departures  from 
the  ideal,  iv,  429. 

Earth  and  Moon — motion  of  the  center  of 
gravity  of,  i,  336. 

Ecliptic — lunar  inequalities  produced  by 
the  motion  of  the,  ii,  64 ;  motion  of  the, 
iii,  509. 

Encke — i,  89,  90 ;  ii,  3 ;  iv,  150. 

Equations — solution  of  cubic  and  biquad- 
ratic, i,  195;  differential,  employed  by 
Delaunay  in  the  lunar  theory,  i,  227; 
differential,  with  periodic  integrals,  ii, 
116. 

Euler— i,  vii,  286;  iii,  11;  iv,  41. 

Ferrari— i,  195. 

Fischer — ii,  306. 

Fourier— i,  306;  ii,  137;  iv,  99. 

Functions — developments    of    in    power 

series,   iv,   296;   representation   of  by 

power  series,  iv,  308. 
Function   W — certain   properties   of,   iv, 

396. 

Gauss— i,  ix,  185,  222;  ii,  1,  2,  11,  41,  42, 
151,  152;  iii,  511;  iv,  111,  120,  219, 
223. 

Gautier— iv,  100. 

Gay-Lussac— i,  271,  272. 

Geodesy — dynamic,  iv,  419. 


Gogou— ii,  99,  181. 

Gould— i,  75,  90. 

Grant — iv,  100. 

Gravity — deflection  of,  at  the  foot  of  a 
conical  mountain,  i,  203;  effects  of  the 
earth's  rotation  on,  iv,  420;  effect  of 
the  ocean  on,  iv,  451;  action  of  the  at- 
mosphere on,  iv,  451. 

Gylden— i,  xvii;  iv,  104,  105,  106,  107, 
136,  275,  280,  296,  320,  321,  323,  327, 
344,  345,  398. 

Hall  (Asaph)— ii,  137;  iii,  544. 

Halley— iv,  11. 

Halphen — iv,  219. 

Hamilton — i,  194. 

Hansen — i,  x,  xv,  xvi,  xvii,  89,  102,  103, 
109,  111,  114,  151,  155,  162,  168,  206, 
282,  284,  312,  348,  349,  350;  ii,  47,  51, 
54,  64,  77,  79,  80,  85,  98,  99,  181,  183, 
316,  325 ;  iii,  12,  13,  15,  16,  17,  18,  20, 
22,  23,  24,  51,  72,  140,  141,  199,  341, 
361,  487,  488,  509,  512,  518,  544,  545; 
iv,  104,  106. 

Harkness — iv,  11. 

Harzer — iv,  135,  262. 

Hecuba  type — application  of  Delaunay's 
method  to  the  minor  planet  of  the,  iv, 
185. 

Helmert— iv,  436,  437. 

Henderson — i,  26. 

Hesse — i,  236. 

Hestia — long  period  inequality  of,  from 
the  action  of  the  earth,  i,  167. 

Houzeau — iv,  151. 

Hyperion — motion  of,  ii,  135. 

Integrals— table  of  the  values  of  three 
elliptic,  ii,  27. 

Jacobi— i,  xiii,  206,  244,  289,  296,  302, 

330,  332;  iv,  140,  141,  223. 
Johnson — i,  26. 
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Jupiter — mass  of,  from  the  motion  of  < 
tain  asteroid*,  i,  105;  element*  and  per- 
turbations of,  ii,  80 ;  second  order  term* 
of,  ii,  144;  secular  perturbation*  of,  ii, 
148;  new  theory  of,  iii,  11;  additional 
terms  in  the  great  inequality  of,  iv,  6; 
discussion  of  the  observations  of,  iv,  51 ; 
eccentricity  and  longitude  of  perihelion 
of,  iv,  123 ;  comparison  of  new  tables  of 
with  Greenwich  observations,  ir,  293; 
protomvter  of,  iv,  39$. 

Kepler — i,  186;  ii,  106;  iii,  11. 
Kotteritzsch — i,  xiii. 

Lagrange— i,  viii,  87,  194,  227,  233,  236, 

285,  338;  ii,  98,  107,  108,  120,  148; 

iii,  11;  iv,  85,  287,  320,  321,  408,  411, 

412,  414. 

Lalande — i,  25,  26 ;  iii,  11 ;  iv,  111. 
Lambert — iii,  11. 
Landen — ii,  20. 
Laplace — i,  vii,  viii,  x,  5,  106,  151,  177, 

185,  215,  282,  355;  ii,  150,  181,  305; 

111,  11,  12,  26;  iv,  26,  41,  100,  102,  103, 
233,  321,  392,  398,  399. 

Latitude — geographical,  i,  14. 
Legendre— ii,  1, 18, 21, 41 ;  iii,  26 ;  iv,  138, 

140,  150,  151,  223. 
Leverrier— i,  xvi,  rvii,  26, 89, 90, 103, 104, 

112,  114,  167;  ii,  26,  47,  144,  146,  147, 
148,331 ;  iii,  13, 14, 15, 18,  26,  497,  509, 
510,  512;  iv,  25,  73, 123, 191,  192,  194, 
254,  257,  262. 

Linstedtr-iv,  108,  109, 110,  261,  276,  279, 

291,  292. 

Liouville— i,  177,  206. 
Listing— ii,  305. 
Longitudes  and  latitudes— conversion  of, 

into  right  ascensions  and  declination*, 

i,  85. 

Maclaurin— ii,  150;  iii,  517;  iv,  34,  291. 

Midler— i,  26. 

Haps— construction  of,  iv,  468. 


Mariotte— i,  271,  87S,  273,  176,  MO. 

Meier— ii,  184. 

Meniscus — attraction  of  an  infinitely  thin, 
iv,  438. 

Mercator— iv,  413,  417. 

Mercury— secular  perturbations  of,  by 
Venus,  ii,  24 ;  note  on  the  mass  of,  iv, 
150. 

Moon— secular  acceleration  of,  i,  342; 
long  period  inequalities  of,  ii,  47;  in- 
equalities produced  by  the  figure  of  the 
earth,  ii,  179;  planetary  perturbations 
of,  ii,  98;  inequalities  of,  due  to  the 
action  of  Jupiter,  ii,  321 ;  secular  vari- 
ation of  the  motion  of  the  perigee  of, 
iv,  1 ;  literal  expression  for  the  motion 
of  the  perigee  of,  iv,  41;  the  periodic 
solution  as  a  first  approximation  in  the 
theory  of,  iv,  78;  intermediate  orbita  in 
the  theory  of,  iv,  136;  inequalities  of, 
proportional  to  the  solar  eccentricity, 
iv,  153. 

Neison— i,  xvi;  ii,  98,  99,  100,  10»,  103, 

104,  105,  321,  323,  337. 
Newcomb— i,  viii,  89, 258;  ii,  87, 148, 184, 

323;  iii,  109,  161,  458,  480;  iv,  51,  65, 

108,  109,  236,  242,  293,  294. 
Newton— i,  186;  iv,  99,  280. 
Nicolai — ii,  1. 
Numbers— solution  of  a  problem  in  the 

theory  of,  i,  169. 
Nutation— i,  63;  connection  of,  with  the 

figure  of  the  earth,  iv,  11. 

Olufsen— i,  89,  10«,  103, 114 ;  ii,  77,  S16; 
iii,  512. 

Oppolxer — Si,  3. 

Orbit— determination  of  the  element*  of  a 
circular,  i,  77;  example  illustrating  tl» 
determination  of  an,  i,  83 ;  second  solu- 
tion of  the  same  question,  i,  170. 

Orbits — intermediate,  iv,  22 ;  example*  of 
periplegmatic,  iv,  275. 
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Perigee — motion  of  the  lunar,  i,  243. 

Perturbations — a  method  of  computing 
absolute,  i,  151 ;  of  the  first  order  with 
respect  to  disturbing  forces,  i,  159;  of 
the  second  order  with  respect  to  disturb- 
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